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“Ye knowe eek, that in forme of speche is chaunge 
With-inne a thousand yeer, and wordes tho 
That hadden prys, now wonder nyce and straunge 
Us thinketh hem ; and yet they spake hem so, 
And spedde as wel in love as men now do,” 
CHAUCER. 


“In the vocabulary of the Sciences, words are fixed and dead, a botanical collec- 
tion of colourless, scentless, dried weeds, a hortus siccus of proper names, each 
individual symbol poorly tethered to some single object or idea. No wind blows 
through that garden, and no sun shines on it, to discompose the melancholy workers 
at their task of tying Latin labels on to withered sticks.” 

RALEIGH. 


“The method of ‘postulating’ what we want has many advantages; they are the 
same as the advantages of theft over honest toil. Let us leave them to others.” 
RUSSELL, 


PREFACE 


HE vitality of the mathematical form of speech is of a peculiar kind. 

Words grow, not by continuous and subtle variations in meanings already 
possessed, but by the acquisition of meanings entirely* new; meanings that are 
outgrown are neither dead nor discarded, but survive unchanged to be used 
when they are appropriate, and it often happens that an assertion can be 
interpreted to give a number of different theorems that are all true. 

The first half of the present work is an account of the principles under- 
lying the use of Cartesian axes and vector frames in ordinary space. The 
second half describes ideal complex Euclidean space of three dimensions, that 
is, three-dimensional ‘space’ where ‘coordinates’ are complex numbers and 
‘parallel lines’ do meet, and develops a system of definitions in consequence 
of which the geometry of this space has the same vocabulary as elementary 
geometry, and enunciations and proofs of propositions in elementary geometry 
remain as far as possible significant and valid. 

The arrangement of the material has been dictated by convenience for the 
structure as a whole, without regard to the logical relations between the 
initial assumptions. For this reason I have not called the volume a treatise 
on the foundations or on the principles of analytical geometry. Either 
description would have suggested a discussion of axioms, and the field to which 
this work belongs is not part of the region that extends for English readers 
from Russell’s earliest work to Baker’s latest; as far as I can judge yet, this 
work has no ground in common with the Principles of Geometry, and my debt 
to Russell, great as it is, is for the methods of the Principles of Mathematics, 
not for the philosophy of the Foundations of Geometry. The title ‘ Principles 
of Analytical Geometry’ would have been no less misleading if the word had 
been associated with the formal logic of Principia Mathematica, or with the 
wide survey of general methods to which Darboux gave that very name. 

The discussion falls into five parts. There is a preparatory book, that deals 
first with such fundamental matters as the avoidance of ambiguity in the 
measurement of angles and the meaning of the sign attached to the volume 
of a tetrahedron, and afterwards with the simplest kind of projection. 

The second book is an introduction to vector analysis, and was written 
only after many efforts to utilise one or other of the current text-books. While 
ready to take for granted an acquaintance with the formal laws, I wished to 
protest both against the confusing notion that a vector zs a piece of a line but 


* Hence the bewilderment of the man in the street, who does not suspect, for example, 
that when an event is described as ‘a point in a four-dimensional space where time is 
imaginary’, five terms with which he is familiar are being used with technical meanings 
that he does not know. 

N. 6 
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is in some mysterious way indistinguishable from equal pieces of parallel 
lines, and against the assumption that lengths, curvatures, speeds, and the 
tensors of vectors generally, are intrinsically either signless or positive, a 
mischievous supposition which not only would encumber the geometry and 
mechanics of real space beyond endurance if 1t was not in practice ignored 
whenever it becomes inconvenient, but also is an insurmountable barrier to 
the extension of vector analysis from real to complex space. It seemed 
necessary to shew that the formal development of vector analysis 1s not com- 
plicated by the view* of the vector as duplex, and ultimately a compound of 
quotation and qualification gave place to a straightforward summary of the 
subject. 

The beauty of the calculus of quaternions does not alter the fact that the 
geometer deals with the actual cosine of an angle and the actual square of a 
distance, not with the negatives of these numbers. I have therefore taken the 
line of Grassmann and Gibbs, and regarded as fundamental the negative of 
Hamilton’s scalar product, and this I have ventured to call the projected 
product. 

Some novelty will I think be found in the treatment of rotors. Much use 
has been made of the conception of the momental product of two rotors or of 
two sets of rotors, and the consideration of sets of rotors begins before couples 
have been mentioned. These are details of economy, not matters of principle, 
and everywhere I have refrained from lengthening the work by attack or 
defence. 

The third book applies vector analysis to obtain formulae for use with 
Cartesian axes and with vector frames. The Cartesian frame is not assumed 
to be trirectangular, nor are the Hamiltonian unit vectors i, j, k mentioned. 
The claim that oblique frames are not more cumbersome than trirectangular 
in theoretical work is less extravagant than might be supposed. Vector frames 
are discussed partly because the discussion introduces in its simplest form a 
quantity of analysis that is fundamental in differential geometry, and partly 
because in complex space nul vectors are invaluable as vectors of reference but 
nul lines can not serve as axes of a Cartesian frame. Problems that involve 
the locating of lines by means of frames of reference explain the range of the 
second book by illustrating the utility for analytical geometry of the idea of 
the vector product and of the elements of the theory of rotors. 

The following book is devoted to the construction of algebraic space. 
Mathematicians used complex space for many years without perceiving that 
the question of its existence or of its definition was one that needed to be 
considered. No flaw was recognised in the argument that because the points 


* With regard to this view, I can not do better than repeat the words of the rétisseur’s 
son: “Au reste, je ne me flatte pas de tirer grand honneur de ces révélations. Les uns 


diront que j’ai tout inventé et que ce n’est pas la vraie doctrine; les autres que je n’ai dit 
que ce que tout le monde savait.” 
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of intersection of a line and a circle are given by a quadratic equation, there- 
fore a circle cuts every line in its plane in two points, which if they are not 
real are upso facto imaginary. The success that waited on audacity blinded 
criticism. “The metaphysician, who should invent anything so preposterous 
as the circular points, would be hooted from the field. But the mathematician 
may steal the horse with impunity *.” 

By the time the mathematical conscience had become uneasy, dispute 
on the desirability of admitting complex numbers as coordinates was not 
possible, but on the justification to be offered different views have been held. 
The elegance of the theory by which von Staudt reduced every proposition 
which in analytical geometry would be described as involving a complex point 
to a proposition about real involutions, has led some writers to look for com- 
plex space within real space. The search is not to be encouraged: ‘real’ space 

‘with Euclidean properties is no less a creation of the mind than the complex 
space that is wanted. Accordingly, other mathematicians have constructed 
metrical geometry by means of quasi-geometrical axioms imposed on undefined 
‘points’ and ‘lines’. But the process is slow; the whittling of the set of 
axioms down to a logical minimum is a tedious exercise in which the student 
of analytical geometry may feel no interest and by which he should not be 
delayed. 

There is a third method. “Il semble que, pour l’introduction et linterpréta- 
tion des imaginaires”, wrote Darboux?, “il vaut mieux s’en tenir a la méthode 
analytique qui repose sur l’emploi des coordonnées rectilignes.”. In other words, 
analytical geometry is to be developed from axioms expressed in the language 
of analytical geometry. As far as I know, the details of such a development 
have not previously been worked out. . 

It is perhaps necessary to emphasise that complex space can not be con- 
structed by the simple plan of attaching complex points to real axes. The 
assumption that we can take an ordinary Cartesian frame and ‘let’ coordinates 
relative to it have complex values is a mistake of the same kind as the illusion ¢ 
that the natural numbers occur among the real numbers. A theory of algebraic 
space must account for the framework as well as for the points. 

The fundamental axioms used in this book are axioms that involve vectors, 
and points are introduced only by their relation to vectors. The only reason for 
my adoption of this plan is that I have not found one that is simpler. To achieve 
a logical construction of complex space and a logical construction of ideal space 
is of the highest importance, but attempts to distinguish particular construc- 

* Russell, Foundations of Geometry, p. 45, 1897. 

+ Principes de Géométrie Analytique, p. 3, 1917. 

+ See Russell, Principles of Mathematics, (1903), p. 150, and elsewhere. Without 
disputing that “the confusion of entities with others to which they have some important 
one-one relation...has produced the greatest havoc in the philosophy of mathematics”, may 
we suggest that when we are aware of the confusion, it is no longer an error but a valuable 


economy? See pp. 243, 244 below. 
b2 


PREFACE 


x 


tions as the best would be unprofitable* if not futile; so long as complex 
geometry and ideal geometry mean something, it does not much matter what 
the meanings are, nor is it even desirable for the geometer to be conscious 
continually of an interpretation of his words and symbols. It is however in- 
teresting to notice that in the axioms which Peano, deeply concerned with 
their interrelations, has formulated + for Euclidean space, vectors take the same 
precedence of points as here, and that Silberstein has shewnt that the question, 
irrelevant to us, whether this method introduces assumptions distinctive of 
Euclidean geometry at a stage that is premature from the standpoint of pure 
logic, must not be answered hastily. 

The notions most difficult to extend to algebraic space are those in which 
direction is involved. In the substance of the chapter explaining the extension, 
T have not as far as I know been anticipated, and a comparison with the chapters 
of Darboux’s Principes de Géométrie Analytique on the foundations of metrical 
geometry is interesting. Applied to anisotropic lines, the assertion§ that to 
determine a sense on a line is the same as to choose between the two values 
of a square root, is adequate for practical purposes, but a Frege-Russell de- 
finition of direction has the advantage of being applicable to nul lines. 

An unusual degree of attention has been given to the isotropic plane, and 
the explicit appreciation of what are here called the two aspects of an isotropic 
plane is original. 

This fourth book concludes with a proof that whatever are the values of 
the magnitudes fundamental in the frame from which space happens to have 
been constructed, a frame with assigned values for its fundamental magnitudes 
can be found: complex space is unique. 

This work was begun as a preliminary chapter to an introduction to differ- 
ential geometry. A collection of formulae for use with oblique axes was wanted. 
Such formulae are proved most readily by vector analysis, which for this 
purpose it would be barbarous to suppose established by means of rectangular 
axes, or by the equivalent means of i,j, and k. The first three books having 
been designed, the extension to the fourth book was inevitable. 

But when it became clear that I was engaged not on the sections of a 
preliminary chapter but on a substantive treatise, the question of the scope 
of the work as a whole had to be faced. Callous though it might be to leave 
complex space without embracing infinity and the circular points, it seemed 
unnecessary to add another to the accounts of ideal space, and unprofitable to 
touch on this subject unless I was prepared to go as far as to include the 
expression of distances and angles by means of the absolute. The difficulty 

* Compare De Morgan, on p. 94 of the little masterpiece Trigonometry and Double 
Algebra, 1849: “The student, if he should hereafter inquire into the assertions of different 


writers, who contend for what each of them considers as the explanation of ,/—1, will do 
well to substitute the indefinite article,” 


t See Russell’s' Principles of Mathematics, p. 432. 
{ Projective Vector Algebra, 1919. § Principes, pp. 188, 140, 180, 182. 
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vanished with the appearance in 1917 of Darboux’s Principes; it is easy to leave 
off where a Darboux is beginning, and the questions with which this volume is 
concerned are precisely those whose answers Darboux assumes to be known. 

The logical construction of ideal space from actual space, of which Darboux 
says nothing, was effected many years ago*, and the connection between the 
use of homogeneous coordinates and the recognition of points at infinity, on 
which Darboux touches in his introductory chapter, is familiar. The sub- 
stitution of complex space for real space makes no difference to the arguments, 
but as exhibiting for Euclidean space the geometrical and the analytical 
theories in intimate relation, the account of ideal space in the first three 
chapters of book five is more than a mere transcript of existing material. Also 
the geometrical theory of quadriplanar coordinates given here has a generality 
that is uncommon. 

The next chapter is somewhat outside the scheme of the volume. Its 
primary object is to explain, in preparation for the chapters that follow, how 
for algebraic curves and algebraic surfaces the ideas of tangents and tangent 
planes and of multiple points can be introduced without reference to limits; 
the subject has been developed considerably beyond the actual requirements. 
The restriction to algebraic loci is in many respects unnecessary, since the 
multiplicity of a number a as a root of an equation f(z)=0, where f(z) is 
regular near a, is a definable integer without the assumption that f(z) is a 
polynomial. 

Chapter five of this book deals with circles, and chapter six with spheres. 
Stress is laid on the points at which the complex or ideal nature of the plane 
or of space hecomes relevant, on the peculiarities of circles in an isotropic 
plane, and on the parabolic character of the section of a sphere by such a 
plane. The classification of coaxal systems of circles occupies two long sections, 
and illustrates well the variety of cases that can be covered by a single enun- 
ciation. To avoid misunderstanding, I may say here that I should be the last 
to discourage the student from asserting theorems as true ‘in general’ without 
delaying to examine exceptions and to frame conventional interpretations for 
their avoidance; it may be that these sections will play their most useful part 
as a warning. The book ends with a section on the rectilinear generators of 
the sphere. 

The nature of limits in complex space and in ideal space is the subject of 
a brief appendix. A discussion of limits in the body of the work on a scale 
comparable with that on which other questions have been treated would have 
changed the balance entirely, but since the two extensions of space with which 
the volume is concerned introduce characteristic difficulties into the conception 
of a limit, some reference to these difficulties seemed desirable. The divorce 
of the notion of a limit from that of distance, which is essential if space is to 


* See e.g. Russell, Principles of Mathematics, ch. xlvi, or Whitehead, Axioms of Descrip- 
tive Geometry, ch. iii (1907); both writers give references to the original sources. 
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be made complex, was effected by Jordan. But whereas J ordan defines a point 
P at infinity to be a limit of a set of points Tifa homographie projection of 
P to an accessible point P’ transforms T into a set of which P’ is a limit, the 
definition proposed here is one directly in terms of tetrahedral coordinates, to 
which the distinction between accessible and inaccessible points is irrelevant; 
the two definitions are easily reconciled. see 

Nothing is said of cross ratios, nothing of the generality which is conferred 
on theorems that are nominally about circles and spheres by the arbitrariness 
of the coefficients in the fundamental expression for the square of a distance. 
These omissions place me in the happy position of being able to offer this 
volume as a preface to Darboux’s, and I hope that they will also encourage 
the ‘practical’ reader to look here for the kind of account of complex space 
that he wants. 

For the lack of uniformity in the scale and style of different parts of the 
volume I can only crave indulgence. The work grew spasmodically, sometimes 
forwards and sometimes backwards, during six years, and, as I have hinted, the 
reader whom at first I had in view was the beginner; hence some ‘instructive’ 
foot-notes and too free a use of italics. A preoccupation with differential 
geometry accounts for the wish to reserve suffixes for the indication of deriva- 
tives, and accounts therefore for a use of superior affixes that within the limits 
of the present volume is both unnecessary and unnatural. On the other hand, 
the extent of the cross-references made it impossible for me to make any con- 
siderable changes when the final scope of the volume had become apparent. 
A certain amount of formal repetition is inevitable, since one object of the 
work is to shew that formal repetition can be made possible; I have tried to 
exercise a reasonable moderation. 

The background has long been common ground to mathematicians. The 
one individual debt is to Mr. Russell, whose influence will be recognised 
throughout; on its logical side, the work is an application of the Frege-Russell 
method of definition to problems that the pure mathematician, however ill- 
disposed to philosophy, can neither ignore nor delegate. 

For fourfold assistance in passing the volume through the press I am very 
grateful to Mr. A. Robson of Marlborough College, who has read the proofs, 
criticised the arguments, verified the references, and compiled the indexes; 
this is a bald acknowledgment of laborious and invaluable help. 

To praise the workmanship of the printers is superfluous; the reader has 
the result before him. But the author alone experiences the unfailing courtesy 
and forbearance of Mr. Peace and his staff, and I am glad to acknowledge my 
obligations; the casting of the semicircular brackets (see p- 123) is only one 
instance of the ready humouring of my whims. 
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NOTE ON NUMERATION 


It seemed necessary to present many of the logical chains in this volume in 
some detail, both to guide the beginner and to save time for the expert. To 
print as a theorem, with a paragraph to itself and the dignity of italics, every 
assertion of which subsequent use was to be made, would have been preposterous. 
The marginal numbers are designed to make reference easy with a minimum 
of adaptation of the text; the precise incidence of a number that does not 
refer to a formula or to a theorem set out formally is indicated by the mark °, 
which does not interrupt reading. 

The system of numeration will be found, I hope, both simple and economical. 
The seventh section of the fourth chapter of the fifth book is called section 547. 
Within each section are subdivisions marked ‘1, ‘2, and so on, and definitions, 
equations, and assertions bear decimal numbers usually of two digits but 
occasionally of three; these decimal numbers are in order, but their second 
digits do not always run consecutively. When reference is made, the decimal 
part of the reference number is given in full, but the integral part is filled in, 
from the right, only as far as it differs from the number of the section in which 
the reference occurs. Thus the references in section 333 to ‘14, 1-75, 23°4, 
and 23425 are to a sentence in the text of the same section, a formula whose 
complete number is 331°75, a paragraph 323-4 in the preceding chapter, and 
a proposition in an earlier book. Ambiguity is impossible, but in the vast 
majority of references decimal entries only are required. 


TABLE OF PARAGRAPHS RELATING TO THE 
ISOTROPIC PLANE 
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SUMMARY ACCOUNT OF SYMBOLS IN FREQUENT USE 


Directions and their images are denoted by capital Greek letters, and 0 is 
used for the centre of the unit sphere; P’ stands for the direction reverse to 
P or the point diametrically opposite to P. Rays are denoted by small Greek 
letters, unprepared lines by small Latin letters. 

Clarendon type is appropriated to undissected vectors; r’ is the reverse of 
r, and 0 is the zero vector. The vector in which the number is associated 
with the direction P is denoted by rp. A rotor is represented in the form r; 
or in the form r, according to the light in which it is being regarded. A couple 
is expressed in terms of its component rotors as (r;, r/), or in terms of its 
momental vector and the lines in which it is located as Ry. 

The uses of script letters with vectors and rotors are explained as follows: 


A rs, areal product ie bes Pr Pp..00, 20 
6.¥, &¥, vector derived by rotation ie AT, 217 
Yrs, projected product ... we 54, 190 
Mr,8,, Md FG, momental Pcdice Hur OS 
J rst, spatial product... aN eon 62, 196 
Y rs, vector product aa es fe sie, PADI 


The angle of a plane Cartesian frame is denoted by w; in space, a, 8, y are 
angles between axes of reference, A, B, I‘ angles between planes of reference, 
and T is the sine of the frame. The polars of OXY, OX YZ are denoted by 
OLM, OLMN. 

For a plane vector frame xy, the fundamental magnitudes are H, F, G, the 
areal magnitude is C’; in three dimensions, the fundamental magnitudes are 
eat, P,Q, A, the one magnitude is J. The polars of xy, xyZ are 
ees of the vectors of reference are denoted by U, V or U, v0 W ; for ite 
use of amounts in an isotropic vecplane, see p. 221. 

With reference to OX YZ, coordinates and components are #, y, 2, projections 
are 1, m, n; with reference to a vector frame attached to an origin O, the 
corresponding numbers are &, 7, € and A, p, v. The symbols by which umbral 
notation is most frequently applied are given by 

c= Cay), p=mm, x=E2D, v= Own, 
G18 =@ Cres = F preps = SXxrXs = Survs. 

The determinant whose typical element is Gm, 1s denoted by [[a]]. 

When single letters are adequate, the distinction between actual and ideal 
is not reflected in the symbols used. But the ideal point which is determined 
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from an actual origin O by the vector r and the number ¢ is written as (r, £), 
and the ideal vector which the vector r and the number & combine to specify 
as (r, R). 

The two focal points in an anisotropic plane are J and J; K is used for the 
one focal point in an isotropic plane, and also for an unspecified focal point 
either in an anisotropic plane or in space. 

General rectilinear coordinates in a plane are a, ®, y, in space a, B, ¥, 6; 
Cartesian coordinates rendered homogeneous become a, y, t or a, y, 2, t, and 
the coordinates derived from an attached vector frame become &, n, 7 or &, », 
f, 7. By the use of e for Ca, B, y) and Ca, B, y, 5), it is possible to denote a 
homogeneous polynomial of degree m in rectilinear coordinates by Pe”, and 
the corresponding muitilinear function of n sets of coordinates by Pee, ... En. 


BOOK I 
MEASUREMENT AND SIMPLE PROJECTION 


CHAPTER I 1 
DIRECTIONS AND ANGLES 


110. Introduction. 111. The unit sphere and unit circles; spherical and circular 
images of directions. 112. Cyclic conventions. 113. Angles between coplanar directions. 
114. Spatial conventions. 115. Angles between directions in space. 116. Prepared lines, 
prepared planes, and prepared space. 


110. INTRODUCTION. 

In the application of analysis to geometry the need first to be felt is of 
definiteness. There is a bewildering multitude of angles between one straight 
line and another, and there are numbers, such as the area of a triangle in a 
plane, that acquire in an algebraic treatment signs for which primitive de- 
finitions are unable to account. Our immediate object is to develop a language 
in which freedom and precision are not incompatible, and we have to begin 
by paying elaborate attention to elementary considerations relating to directions 
and measurements. 

Generality is as desirable in analytical geometry as in pure algebra, but we 
can not follow the search for generality, leading in one direction to the em- 
ployment of complex numbers and in another direction to the construction of 
a space with points at infinity, until we know what are the ideas and modes 
of expression that deserve generalisation. 


111. THE UNIT SPHERE AND UNIT CIRCLES; SPHERICAL AND 
CIRCULAR IMAGES OF DIRECTIONS. 


‘1. The study of relations between directions, either in a plane or in three- 
dimensional space, is much facilitated by a device familiar in optics and 
astronomy and used in pure geometry by Gauss as long ago as 1827*. If O 
is any point, the points at unit distance from { compose a sphere; each point 
of this sphere is in a definite direction from 2, and conversely in each direction 
from © there is one and only one point of the sphere; by “taking the point P 
of the sphere to represent the direction OP we have a one-to-one correspondence 
between the points of the sphere and directions in space, and °when it 1s 
difficult to visualise particular relations between directions in space it is often 
easy to understand the corresponding relations between the associated points. 

* In the great memoir, “Disquisitiones generales circa superficies curvas” (Comment. Soc. 
Scient. Gottingensis recentiores, vol. v1, and Ges. Werke, vol. tv; reprinted also in Liouville’s 
edition of Monge’s Application del Analyse & la Géométrie, and translated into Germanas Nr. 5 
of Ostwald’s Klassiker der Exakten Wissenschaften and into French for Gauthier- Villars’ series 


of Mattres dela Pens¢e Scientifique). The spherical representation of directions, which is often 
called the Gaussian representation, is explained in the first section of the paper. 
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A sphere of unit radius used for the representation of directions is called a 


14,:15 “unit sphere, and the point corresponding to any direction is called the “image 


or the spherical image of that direction. We use 2 always to denote the centre 
of the unit sphere we employ, and we use capital Greek letters to denote 
points of this sphere; also if P is any point of the sphere we denote by P’ the 
point diametrically opposite, so that °the direction of which P’ is the image is 
the reverse of the direction represented by P; often we speak of the direction 
whose image is P simply as the direction P. 


‘2. If p is any plane in space, there is one and only one plane through 2 
parallel to p, and if this plane is q, every direction parallel to p is represented 
by a point common to qg and the unit sphere: 

All directions parallel to a single plane are represented spherically by points 
of one great circle; 
the two poles of the great circle represent the two directions at right angles 
to the plane. 

Directions which are parallel to one plane are described briefly as °coplanar 
directions, but we have to remember that lines in different planes may have 
directions that are coplanar; °any two directions are coplanar, since through 
any two points on a sphere a plane can be drawn to pass also through the 
centre of the sphere, but between three or more directions coplanarity is a 


significant relation. 


*3. If all the directions with which we must deal are coplanar, and in par- 
ticular if we are developing the theory of plane curves, a unit sphere gives 
place to a° unit circle. When our whole investigation is concerned with a single 
plane, naturally we use a unit circle lying in that plane, but in a study of 
three-dimensional space the unit circles corresponding to different planes have 
a, common centre 0 and can not be assumed to he in the planes which they 
represent. Parallel planes are represented by the same circle. 


112. CyYcLic CONVENTIONS. 


‘1. If P, = are points of a unit circle, there are many lengths from one of 
these points to the other round the circle, and a length from P to © is also a 
length from & to P unless measurement in one direction round the circle is 
distinguished from measurement in the reverse direction. The first step 
therefore in the study of coplanar directions is to distinguish as positive and 
negative the two directions of measurement round a unit circle whose points 
represent the directions. We call an agreement to use the word positive of 
measurement in a particular direction round a circle and negative of measure- 
ment in the opposite direction a°cyclic convention for the circle. There are 
two cyclic conventions for any circle; in an investigation which uses only one 
unit circle we may adopt universally one of the conventions for that circle, and 
in every mathematical formula and theorem it is a matter of indifference which 
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convention is chosen, all that is essential being adherence to a choice once 
made. A cyclic convention actually adopted in a particular plane figure can 
be indicated, as on pp. 15 and 18 below, by the use of a barbed circle; if this 
indication is commonly omitted, that is because the counterclockwise conven- 
tion is taken for granted. 

A circle to which a definite cyclic convention is attached will be called a 
“prepared circle. 


1138. ANGLES BETWEEN COPLANAR DIRECTIONS. 


‘1. Even after the adoption of a cyclic convention for a unit circle, there 
is an infinity of angles, some positive and some negative, from any one direc- 
tion OP whose image is in that circle to any other such direction OS, but 
“any two of these angles differ by an integral multiple of 27. We say that 
two angles are *congruent when they differ if at all by an integral multiple 
of 27; °angles congruent in this sense have the same sine and the same 
cosine, and for many purposes two congruent angles are equivalent. It is not 
legitimate to speak of the angle from OP to OX, but °with a cyclic convention 
for the great circle P> we may speak of the cosine and of the sine of the 
angles from QP to OX, and we denote these functions by cos PS and sin PZ; 
we speak also of °the smallest positive angle from QP to O%, remarking that 
this angle is 0, not 27, if P and & coincide*. 

*2.°The angles from QO to NP are the negatives of the angles from QP 
to OS, and therefore 

cos SP = cos PS, sin SP=—sin PS: 

we can speak of the cosine of the angles between the two directions, but for 
the sine the measurement must be explicitly from one of the directions to the 
other. Unless P and & coincide or are diametrically opposite, the smallest 
positive angle from 02 to OP differs from the smallest positive angle from 
OP to Q%, and the smaller of these two angles is the smallest positive 
angle ° between the directions; in the case in which P and = represent opposite 
directions the smallest positive angle between the directions is zr. 


*3. When P is neither © nor >’, whether the smallest positive angle between 
OP and © is an angle from OP to OS or an angle from OF to OP depends 
on the cyclic convention for the great circle P=. Conversely, ° it is often con- 
venient to choose the cyclic convention by the condition that the smallest 
positive angle between two particular directions QP, OF is an angle from 
OP to QS, and it is to be noticed that this condition is ineffective only in 
the cases in which the points P, © fail to determine a unique great circle on 

* The peculiarity of the zero of directed numbers is not that it has no sign but that 
it has both signs. If we wish to exclude zero, we shall speak of numbers that are strictly 
positive or strictly negative as the case may be. Language in this matter is elastic; all 
that is incumbent on us is to be consistent, and the usage which we are here describing 
proves on the whole the most convenient for our purposes. 
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the unit sphere whose centre is 0; this method of defining a particular 
direction of measurement round a unit circle is so common that instead of 
saying that the angle from {P to QS which rs numerically less than wis to 
be positive we say briefly that the angle from OP to Q is to be positive. 


‘4, We may add that °when the cyclic convention is known for a particular 
unit circle containing a point P, we can distinguish between the point in that 
circle which represents a direction which makes a given angle e with OP and 
the point in the circle which represents a direction with which OP makes the 
angle e; the distinction is especially valuable when e¢ is $7, each of the 
directions distinguished being then the reverse of the other. 


‘5, If P, >, T are points of a prepared unit circle and P>, >T, and PT are 
definite angles from P to >, from = to T, and from P to T, it does not usually 
happen that PT is the sum of PY and ST. But° PT is always congruent with 
PS + =T so that 

cos PT =cos(P]+=T), sin PT=sin(P>+ 3T). 


If we regard PS, ST, and PT as indefinite symbols, each of which may denote 
any one of the angles of the congruence to which it belongs, then every value 
of PZ +T is a possible value of PT, and conversely, since every value of 
PT — XT is a value of PT +TS and therefore of PZ, every value of PT is a 
possible value of P2+T. With this interpretation of the symbols, we can 
invest the equation 
PL=Py 4 >) 

with the meaning that any value of either side is a value of the other side 
also. 

An alternative method of introducing this equation is to regard such a 
symbol as AM as denoting not a single angle but the actual congruence of 
which the angles from A to M are the members; it must then be shewn that 
the class of angles obtained by adding a variable member of one congruence 
to a variable member of another is itself a congruence, and ‘55 can be read as 
stating that the congruence formed in this way from P and ST 7s the con- 
gruence PT. The difference between the two modes of treating the equation 
is not in the theorem that is asserted but in the meaning borne by the 
symbols. The second method is open to the objection that it would become 
necessary to allow symbols for congruences with differences other than 27, 
since, for example, the halves of angles from A to M form a congruence with 
difference a; in consequence, the congruence-difference would have to be 
shewn explicitly, and this would rob the notation of its advantages. 

To say that the equality ‘55 does not usually hold if the symbols stand for 
definite angles is to understate the case; there is no rule which picks out 
a definite member of every congruence in such a way as to secure this 
equality. For example, if AM was defined to denote always the smallest 
positive angle from A to M, then if PS and =T were both greater than 7 it 
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is P2 + =T— 27 that would be PT. Or if AM was restricted to denote an 
angle numerically not greater than 7, then if PS and ST were both between 
—m and — }7, the angle denoted by PT would be PE+ 51427. A refusal 
to contemplate limitations on the magnitude of angles might be defended 
adequately on the ground that restrictions are unnecessary, but we can in fact 
take the stronger position that any restriction must involve the denial of 
‘55 and must sooner or later prove tiresome, on that account if for no other 
reason. 


114. SPATIAL CONVENTIONS. 


‘1. Cyclic conventions for different great circles on a unit sphere are not 
sufficient to dispose satisfactorily of the difficulties connected with angles 
between directions in space. We can indeed frame a rule assigning the cyclic 
convention for every great circle on the sphere, but “every such rule involves 
a kind of discontinuity fatal either to brevity or to accuracy. 


‘2. Consider for example only the great circles through a point TI and its opposite; 

let P=P’S’ be the great circle of which 0, I’ are the poles, let positive measurement round 

this great circle take the four points in the order named, 

> T and let positive measurement round the great circle 

through II and P take these points and their opposites 

in the order Il, P, I’, P’; the position of any point T in 

the semicircle PP’ may be defined by the length + of the 

arc PT, and the cyclic convention in the great circle 

Pi p through 11 and T being by hypothesis given by some 

definite rule, let us say that T is a positive point or a 

negative point according as positive measurement round 

the great circle takes T after I and before I’ or after 1’ 

and before II; since by definition P is a positive point 

1h eae and P’ is negative, and since every point of the semi- 

Fig. 1. circle is either positive or negative, it follows that there 

are a positive point and a negative point indefinitely close 

together on the semicircle, and therefore that any formula involving the cyclic convention 

for a variable great circle through II must present a discontinuity either as r leaves 0 or 
as r approaches 7 or as r passes through at least one of the intermediate values. 


-3. The simple but fundamental fact enabling us to deal with angles 
between directions in space is that although standard directions are not to be 
imposed prematurely upon great circles, nevertheless ° by a universal convention 
each of the two directions round a great circle on any sphere may be associated 
with one of the two hemispheres separated by the circle. ‘Travelling on the out- 
side of a sphere round a great circle in one direction we have one hemisphere 
always on the right and the other always on the left, while if the direction in 
which we travel is reversed the hemispheres exchange characters; with respect 
to all the points in.one of these hemispheres the circle is said to be described 
positively, while with respect to the points in the other hemisphere it is said 
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to be described negatively. ° It is entirely immaterial whether the word positive 
is associated with the hemisphere on the right or with the hemisphere on the left, 
but in any one investigation the association must be the same in all the cases 
which occur. A convention that associates in this connection the word positive 
with one of the words right and left and the word negative with the other we 
call for brevity a°spatial convention. There are two spatial conventions, and 
in our figures we shall adopt that which associates positive with left*, but the 
deduction of formulae and theorems from definitions is valid with either con- 
vention provided that no change of convention is permitted in the process. 


‘4. To appreciate the use of a spatial convention, let us revert to the example used 
already in this article. Since we are no longer attempting to assign only one direction of 
measurement round the circle ITH’, we can no longer describe the point T as ecther 
positive or negative, and if we make any use of the words we must say that every point is 
both positive and negative. If the spatial convention is such that I is positive with respect 
to measurement from P to P’ through 3, then if E is the point whose distance from P round 
the circle PSP's’ is r+4n, measurement from II to II’ through T is positive with respect to 
E, whatever the value of +; if the spatial convention is reversed, and E is still defined as 
distant r-+4z from P, then for every position of T measurement from II to II’ through T is 
negative with respect to E; with neither convention can there be an abrupt change of sign 
if r changes continuously. 


115. ANGLES BETWEEN DIRECTIONS IN SPACE. 


‘1. Having made a choice between the two spatial conventions, we can 
describe with precision the angles between directions in space. “If P, = are 
distinct points of the unit sphere not diametrically opposed, and T is any 
point of the sphere not on the great circle through P and &, one of the two 
directions of motion round the great circle is positive with respect to T and 
negative with respect to T’, and the other of these directions is negative with 


* This convention is much the more natural in view of the universal convention that in 
a plane the standard rotation is counterclockwise; the most important works in which 
the contrary convention is’ adopted are Hamilton’s, and his practice is not followed even 
by Tait and Joly, the chief of his disciples. The two conventions are usually distinguished 
as right-handed and left-handed, and here we have to record an anomaly: the convention 
that associates positive with left is often called right-handed. By de Candolle the botanist, 
to whom is attributed the first use of the words right-handed and left-handed in a geo- 
metrical sense, by Listing, the first to emphasise (Géttinger Studien, 1847; see pp. 817, 
818, and figures on pp. 842, 850) the importance of a number of elementary distinctions, 
by Hamilton, who uses this convention in all his illustrations, and to the present day by 
writers on the circular polarisation of light, it is the association of positive with right that 
is called right-handed; nevertheless the majority of mathematical writers call the alterna- 
tive convention right-handed, influenced either by the language of workshops or by a 
prejudice against using the word left-handed of the convention which they feel to be 
natural—the prejudice indeed which moved Hamilton to adopt the less natural usage 
because to him it appeared right-handed. It would be well if the use of the words right- 
handed and left-handed in geometry could be suspended for a generation, so that their 
reappearance with their original meanings might lead to no confusion. 
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respect to T and positive with respect to T’; if the first of these is the positive 
direction for the great circle through P and &, the angles which QS makes 
with QP are called the angles from the direction represented by P to the 
direction represented by = round the direction represented by T, while the 
angles which O makes with OP if the positive direction of motion in the circle 
is reversed are the angles from the direction of QP to the direction of QS 
round the direction represented by T’. °If is one angle of the first class, the 
angles of the first class are the angles congruent with e and the angles of the 
second class are the angles congruent with —e; all the angles between two 
directions OP, O& have the same cosine, and this is denoted simply by cos PS, 
but the sine common to all the angles from OP to OY round a third direction 
OT is the negative of the sine of the angles from QP to O& round the reverse 
direction QT’. We have occasion often to notice that just as a choice of one 
of two opposite directions as the direction round which to measure the angles 
from OP to OQ determines the sign of the sine of these angles, so on the 
other hand “to choose this sign arbitrarily is to determine the one of any two 
opposite directions QT, OT’ round which the angles are measured, provided 
only that the different directions OP, QO, OT are not coplanar. For the sake 
of completeness we add that the angles from one direction to a coincident 
direction are the even multiples, negative and zero as well as positive, of 7, 
and the angles from any direction to its reverse are the odd multiples, 
negative and positive, of 7; in these cases no reference is necessary to a third 
direction. 


116. PREPARED LINES, PREPARED PLANES, AND PREPARED SPACE. 


‘1. Every line in space has two directions, one the reverse of the other, and 
°a line associated specifically with one of its two directions we call a directed 
line, a prepared line, or a ray*, describing the ray as situated in the line 
and calling the line the °aavs of the ray; a line is the axis of two different rays, 
and each of these rays is said to be the °reverse of the other. The spherical 
image of the direction of a ray is called simply the spherical image of the ray, 
and by an angle between two rays is meant an angle between their directions. 
On a unit sphere a line has two images, the points representing its two direc- 
tions; to overlook the existence of one of these images is to be inaccurate; to 
deal with both of them is to be prolix; to use instead of a sphere a surface on 


* It is possible to define a ray as a line with one of its directions chosen as positive, 
thus allowing to each ray a positive and a negative direction; the effect is a complication 
of language, as far as I can see without compensation, for it is hardly simpler to speak of 
the negative direction of a ray than to speak of the reverse of the direction of a ray, while 
to speak of the direction rather than of the positive direction is a considerable advantage. 
The reader should know that the word ray is not consecrated wholly to the usage we 
adopt; Hamilton for example uses the word sometimes as equivalent to vector (Lectures on 
Quaternions, lect. 2, 1853) and sometimes as equivalent to half-line (Zlements of Quaternions, 
p. 119, 1866; vol. 1, p. 121 of Joly’s edition). 
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which every line has a unique image* is to secure accuracy at an excessive 
price: the advantages of dealing rather with rays than with lines whenever 
direction and changes of direction have to be considered are exemplified 
abundantly in the course of our work, but they are only such as we should 
expect. 

-2. Ina plane as in a line there are two directions of measurement; in a 
line they are directions of linear measurement, but in a plane they are direc- 
tions of angular measurement or as we may say “cyclic directions. 

°A plane associated with one of its cyclic directions is called a directed or 
prepared plane, and if the cyclic direction is reversed the directed plane itself 
is said to be “reversed. °Rays in a prepared plane are represented on a unit 
sphere by points in a great circle; this great circle, which is said to represent 
the plane, is a “prepared circle. An angle from a ray » to a ray # measured 
in a prescribed cyclic direction will often be denoted by eu. 


‘3. The use of a spatial convention in three-dimensional geometry 1s ana- 
logous to the use of a cyclic convention in plane geometry, and it is natural 
to say that the space with which a theorem deals is a °dzrected or prepared 
space if the statement of the theorem involves implicitly or explicitly a spatial 
convention. The one feature that appears to dwellers in a three-dimensional 
world to indicate an intrinsic difference between spatial conventions and cyclic 
conventions is that they themselves can perceive no process analogous to the 
continuous rotation by which a movable prepared great circle on a sphere can 
turn from coincidence with one directed circle to coincidence with the reverse 
circle or by which a movable prepared plane can turn from coincidence with 
one prepared plane to coincidence with the reverse plane. 


‘4. In figures, the direction of measurement in a ray is commonly indicated 
by an arrow-head; figure 2 shews a useful method of in- 
dicating the spatial conventions in figures drawn in per- f f 
spective. ee 

Fig. 2. 

* Such a surface is easily defined: let y be half of a great circle on a unit sphere, y being 
defined to include one of its end points but not the other; then the surface consisting of 
the points of y and of all points on one side of the great circle to which y belongs is eat 
strictly a hemisphere, and in this surface every line has only one image. To use such a 
surface as this is obviously inconvenient, and is moreover not to deal with lines instead of 
rays but to take account of only one of the rays contained in each line. 


CHAPTER I 2 
MEASUREMENT IN PREPARED LINES AND PLANES 


121. The partition of a ray by a point. 122. Steps; the lengths and directions of 
a step; congruent steps; addition of steps. 123. Distances from one line to another. 
124. The partition of a prepared plane bya ray. 125. The sign of a triangle in a prepared 
plane. 126. Distance from a ray in a prepared plane; normals to a ray. 127. The area 
of a triangle; the universality of trigonometrical formulae. 


121. THE PARTITION OF A RAY BY A POINT. 


‘1. Ordinary language recognises that it is natural to distinguish the points 
on one side from the points on the other side of a point in a line, of a line in a 
plane, and of a plane in space, but with unprepared lines, unprepared planes, 
and unprepared space, any association of the two sides with two antithetical 
words such as positive and negative or right and left is purely arbitrary *. 
In the case of a point in a line, it is obvious that if direction is given to the 
line a satisfactory convention, independent of any special point on the line, 
can be framed, and we shall see shortly that the use of prepared lines and 
planes and prepared space renders a definite treatment of the cases of a line 
in a plane and a plane in space equally within our power. 


‘2. If Q is any point of a ray p, the direction of another point R of p from 
Q is the direction of p or the reverse of this direction according as Ff is on one 
side or on the other side of Q; accordingly, °F is said to be on the positive side 
or on the negative side of Q in p according as # is in the direction of p or in 
the reverse direction from Q. 


122. STEPS; THE LENGTHS AND DIRECTIONS OF A STEP; 
CONGRUENT STEPS ; ADDITION OF STEPS. 


‘1. °The pair of points Q, & taken in this order is called+ the step QR, or 
the step from Q to R; the same pair of points taken in the opposite order is 


* Tt does not follow that the association is useless. For example, the use of areal co- 
ordinates x, y, 2 with the identity +y+z=1 depends on the convention that each vertex 
of the triangle of reference is on the positive side of the corresponding side of the triangle, 
but no convention is implied as to the use of positive and negative with regard either to the 
sides of other lines in the plane or to directions along the sides of the fundamental triangle. 

+ In identifying the step with the ordered pair of points instead of regarding the step 
as some abstract entity determined by the pair of points, we are following the trend of 
modern logical mathematics and encouraging an attitude from which for example the use 
of complex numbers in geometry can be treated as something better than an ingenious 
analytical device. One advantage of the identification the reader can appreciate at once: 
as an abstracted entity a zero step presents formidable difficulties to the imagination, but 
an ordered pair of points does not become elusive if the two points coincide. 
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the °reverse step RQ. If R coincides with Q, the step degenerates to QQ, the 
°zero step at Q; steps which are not zero steps are distinguished if necessary 


14,15 as °proper steps. A proper step lies ina definite line, called its °aas, and to 


specify a proper step QR whose origin @ and axis are known to us, we must 
describe also the distance between Q and R, and the side of Q on which F is 
to be found; it follows that the steps which are simplest to describe are steps 
in a directed line. 

‘2. °A proper step QR in a ray p is called a positive step or a negative step 
according as R is on the positive or the negative side of Q in p; if # is on the 
positive side of Q in p, then Q is on the negative side of R in p and F is on 
the negative side of Q in the reverse of p; thus °the sign of a step in a ray is 
changed by a reversal either of the order which distinguishes the step QR 
from the step RQ or of the direction of the ray. 


‘3. By the ‘length of a step QR in a ray p is meant the distance from Q to 
R in the direction of p; this length is a real number, zero if the step is a zero 
step and having the sign of the step if the step is proper; the magnitude of 
the length is the signless number which is the distance between Q and R, and 
this number is denoted by | QR}. 


*4.°A proper step QR in space has two directions, the two directions of its 
axis, and two lengths, its lengths in these directions; the direction from Q to 
R is called the positive direction of the step, and the direction from R to Q 
the negative direction, and the corresponding lengths are the positive length 
and the negative length. °A zero step has the single length zero but has all 
directions. 


‘5. Two steps which have a common direction and the same length in that 
direction are said to be °congruent*; if P represents a common direction of 
two congruent steps and r is their length in that direction, either r is different 
from zero, both steps are proper, and the steps have in common the reverse 
direction P’ and have the same length — r in that direction, or 7 is zero and the 
steps are both zero steps. Whether zero or proper, congruent steps have all 
their directions common and have a common length in each of their directions; 
“all zero steps are congruent. 


“6. °A sum of two steps is defined as a single step only if the second of the 
components begins where the first ends;°the sum of two steps QR, RS is 
defined to be the step QS, and “if n steps can be arranged in a single chain 
QR,, R,R,, R,R,... Ry S their sum can be expressed as a single step QS. 
Since the sum of QR and RQ appears as QQ and the sum of RQ and QR as 
RR, °we are compelled to allow that the sum of a number of steps is not 
independent of the order in which the steps are taken, even if the addition 
can be performed in more ways than one. °If two steps begin at the same point 


* Or by some writers equivalent. 
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there is a unique step which can be added to one to produce the other, and 
this step is a difference between the two steps; more precisely, °QS — QR = RS. 
“If O is any point, any step QR can be expressed in the form OR—OQ, and 
therefore °all questions concerning steps may be replaced by questions con- 
cerning coinitial steps with an arbitrary origin. 


123. DISTANCES FROM ONE LINE TO ANOTHER. 


‘1. Ifa ray v with direction represented by N cuts one curve or surface in 
a point F and in no other point and cuts another curve or surface in only one 
point G, the distance from the first curve or surface to the second along py is 
the length of the step FG in the direction N. In general, we can not describe 
this distance except by specifying the actual ray in which it is measured, but 
there are two cases of exception which are important because examples of 
them occur in the most elementary geometry: “if all the steps from one curve 
or surface to another along different rays with the direction N are congruent, 
the common length of these steps is the distance from the first curve or surface 
to the second in the direction N, and °if there is one and only one ray which 
has the direction N and cuts each of two curves, it is the length of the step 
in this\ray which is the distance from one curve to the other in the direction 
N. The first of these cases arises with two parallel planes and any direction 
which is not parallel to them, with a plane and a line parallel to the plane 
and any direction which is not parallel to the plane, and with two parallel 
lines and any direction which is parallel to a* plane containing the lines but 
is not a direction of the lines themselves; the second case, as we are about to 
shew, arises with two lines which are not parallel and any direction which is 
not coplanar with their directions. 


‘2. Two lines ina plane either meet or are Paaliel and conversely if two lines 
meet or are parallel there is a plane containing them both; for two lines in space 
either to meet or to be parallel is the exception. If two lines meet, each is said t 
to be a° tractor of the other; if several lines have a common tractor, the lines are 
said to be°cotractorial, or each of them is said to be cotractorial with the others. 
Two lines which neither meet nor are parallel are described as ° skew to each other. 


‘3. °If two lines /, m are parallel, every plane through one is parallel to the 
other, but if the lines are not parallel, the tractors of / which are parallel to m 
compose a plane L,,, the plane through / parallel to m, and the tractors of m 
which are parallel to l compose a parallel plane M;, the plane through m parallel 
to 1. If n is any line not parallel to the planes Lin, Mi, the planes L,, M, 

* If the parallel lines are distinct, we may speak of the plane containing them; if they 
coincide, every direction is parallel to a plane containing them, but the statement is still true. 

+ The word is Cayley’s (Zrans. Camb. Phil. Soc., vol. XI, p. 297, 1869 ; Coll. Works, vol. 
VII, p. 73); naturally the use of the word depends on the use of the word meet ; in pro- 
jective geometry a line is a tractor of a parallel line, but in metrical geometry, with which 
alone we are at present concerned, the only line which is both parallel to a line 7 anda 
tractor of @ is / itself. 
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through 1, m parallel to n neither coincide nor are parallel, and therefore they 
meet ina definite line: °if there is no plane to which three lines are all parallel, 
there is one and only one tractor of two of them which is parallel to the third, 
and in particular, taking the third at right angles to the planes which are 
parallel to the other two, °two lines which are not parallel have a single normal 
common tractor. These theorems remain true if the lines whose tractors are 
considered themselves intersect, but not if they are distinct and parallel; if 
two distinct lines 1, m cut in O, and if n is a line not parallel to the plane 
containing J and m, the line through O parallel to n is the one line parallel to 
n which cuts both J and m, and their one normal common tractor also passes 
through 0. Distinct parallel lines have no tractors which do not lie in the 
plane containing them, but they have an infinity of normal common tractors. 


‘4, °Measurement of distances between two lines by means of real numbers 
becomes possible if we consider the lines in a definite order and give direction 
to a tractor. If 1, m are two lines which are not parallel and N is the image 
of any direction not coplanar with the directions of the lines, there is one and 
only one line n of which N is a direction which cuts both J and m, and “the 
distance from | to m in the direction N is the distance in that direction from 
the point at which n is cut by / to the point at which nis cut by m; the normal 
distances from / to m are “the distances from / to m along their normal tractor. 
If J and m are concurrent, their distance apart along every common tractor 
which is not in their plane is zero, and in particular their normal distance 
apart is zero, but their distance apart along a tractor coplanar with them 
depends on the position of the tractor as well as on its directions. If however 
the lines are parallel, their common tractors are coplanar with them, but the 
distance from one to the other depends only on the direction in which it is 
measured, and in particular “the normal distances from one to the other remain 
definite. In practice the distance in a given direction from one line to another 
can be calculated more readily than we might expect, for as we shall see * °it 
is sometimes possible for us to find this distance without discovering a par- 
ticular ray in which it is to be measured. 


124. THE PARTITION OF A PREPARED PLANE BY A RAY. 


‘1. To.give direction to the line does not assist us to give names to the 
sides of a line in a plane unless+ we give direction, that is, cyclic direction, to 

* On p. 74 below; the method is applied later, on p. 162. 

+ An unwary reader may imagine for a moment that it is possible to perceive a right 
side and a left side of a ray in a plane, unassisted by a cyclic direction; the perception 
however implies a choice of a particular side of the plane in space from which to observe, 
and the substitution of positive and negative for right and left or for left and right requires 
a convention similar to the spatial convention. Given a spatial convention, the choice of 
one side of a plane as positive is in fact equivalent to the choice of a cyclic direction for 
the plane, but since the choice of a cyclic direction does not logically imply the use or the 
existence of a third dimension, to appeal to a third dimension at this stage is inartistic, 
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the plane, but it is easy to give a universal definition of the positive side of 
a ray in a prepared plane. °If @ is any point of a ray p in a prepared plane, 
and R is a point of p on the positive side of Q, then if S is any point of the 
plane not on p, the sign of the one angle from QR to QS which is numerically 
between 0 and w depends on the cyclic direction for 
the plane and on the side of the ray on which S is 
situated, but is independent of the position of Q on 
p and of the position of S on that side of p; °S is 
said to be on the positive side or on the negative side 
of p according as this sign is positive or negative. 
Fig. 3. “If the cyclic direction of a prepared plane is reversed, 
the positive and negative sides of every ray in the 
plane exchange characters, a fact to which we may direct attention by calling 
the sides of a ray positive and negative with respect to the cyclic direction 
of the plane. 


125. THE SIGN OF A TRIANGLE IN A PREPARED PLANE. 


‘1. Understanding the association of signs with the portions of a prepared 
plane on the two sides of a ray, we can appreciate the characteristic known 
as the sign of a triangle. If to the sides of a triangle QRS in a prepared plane 
are given the directions from R to S, from S to Q, and from Q to R, then 
*either every point within the triangle is on the positive side of each of the 
rays so formed or every point within the triangle is on the negative side of 
each of these rays; °the triangle is said in the first case to be positive, in the 
second case to be negative. In other words, °if P is any point inside a triangle 


Fig. 4. 


QRS, the angles numerically less than 7 from RS to RP, from SQ to SP, and 
from QR to QP are either all positive for every position of P within the tri- 
angle or all negative for every position of P within the triangle, and the sign 
of the triangle is the sign of these angles. °A reversal of the cyclic direction 
changes the sign of every triangle in the plane. 


-2. In elementary geometry, two triangles ABC, FGH whose corresponding 
sides and angles are equal are themselves said to be equal, but if the triangles 
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are in one plane their equality may be accompanied by an intrinsic difference; 
although the angle numerically less than 7 from AB to AC is equal in amount 
to the angle numerically less than 7 from FG to FH, the directions of measure- 
ment of these two angles may differ. The triangles in a plane which are equal 
to a given triangle accordingly fall into two classes, and the division is often 
of importance; two coplanar triangles are said to be “congruent with each other 
in the plane containing them if the triangles are equal and the assumption 
of a cyclic direction by the plane confers on them the same sign, but if the 
triangles are equal and acquire different signs when their common plane is 
given cyclic direction, each triangle is said to be a “reverse of the other. For 
triangles in different wnprepared planes the relation of equality is not analysed, 
but naturally two triangles in prepared planes are said to be congruent in 
those planes if they are equal and have the same sign, and a triangle in one 
prepared plane is said to be reverse of a triangle in another prepared plane if 
the triangles are equal and have different signs; a reversal of one only of 
the two planes interchanges congruence and reversion, but a simultaneous * 
reversal of both planes is without effect on congruence in the planes and on 
reversion. The difference which we are forced to recognise as possible between 
equal coplanar triangles we can perceive also as one of the possible differences 
between unequal triangles in a plane; even while dealing with an unprepared 
plane we can see that the difference is appropriately marked by a use of the 
words positive and negative, and when we have given a cyclic direction to the 
plane we remain in no doubt as to the manner in which the words are most 
suitably to be apphed. 


‘3. It is to be noticed that “the sign of a triangle depends not only on the 
position of its vertices but also on the order in which those vertices are taken*+: 
the sign of the triangle QSR is opposite to the sign of the triangle QRS; 
explicitly, “sign is a property of an ordered triangle} with respect to a cyclic 
direction of its plane. 


* It is for this reason that the definitions relating to triangles in a common unprepared 
plane are satisfactory ; if-one cyclic direction gave to the triangles a common sign and with 
the reverse direction their two signs were different, then from the definitions each triangle 
would be both congruent with and a reverse of the other; the definitions are adequate 
because this case can not occur. 

+ This is why we are apt to overlook for a time the importance of sign except with 
equal or similar triangles. Given two unrelated triangles we automatically denote their 
vertices in such a way as to give the triangles the same sign, but if equality or similarity 
determines the order of one set of vertices from the order of the other a fundamental 
difference of sign cannot escape our notice. 

{ As we regard the step QZ as nothing but the ordered pair of points Q, Rk, so we may 
say that the ordered triangle QRS is the ordered triplet @, R, S; the ordered triplet is 
naturally changed if its order is changed, but certain functions of the triplet are in- 


dependent of the order, and certain functions are unaltered by some changes of the order 
though other changes affect them. 
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126. DISTANCE FROM A RAY IN A PREPARED PLANE; NORMALS TO A RAY. 


‘I. The distance of a point from a ray is a number to which in a prepared 
plane we can now attach a sign whenever the number is not zero, this sign 
being the sign attached to the side of the ray on which the point is situated ; 
the distance to a ray from a point is the negative of the distance of the point 
Jrom the ray. To put the matter otherwise, °in a plane containing a point R 
and a line ¢, there is one line e through R perpen- 
dicular to ¢, and this line cuts ¢ in a definite point 
Q; if definite directions are given both to ¢, which 
becomes a ray 7, and to angular measurement in 
the plane, the direction of e, for the measurement 
of distances to and from 7, is defined as the direc- 
tion which makes a positive right angle with the 
direction of 7, and the distances of R from + and 
to 7 from F are the distances from Q to R and from 
R to Q measured in this particular direction. Using 
the second form of definition we should not describe a vicious circle were we 
to define the positive side of a ray in a prepared plane as the side on which 
are the points whose distances from the ray are positive, but the distinction 
of sign is in reality more elementary than the ideas involved in perpendicu- 
larity, and there is no technical simplification to justify an inversion of the 
natural order. 


9 


Fig. 5. 


*2. The rays at right angles to a ray 7 in a prepared plane may be classified 
into those whose direction is from the negative side of 7 to the positive and 
those whose direction is from the positive side of 7 to the negative; rays of 
the former class are called °normals to 7, and rays of the latter class are 
therefore normals to the reverse of + or reversed normals to 7 itself. In 
a prepared plane °we make a practice of using Ep or Ez for the image of the 
normals to rays whose direction is OP, and E alone in the case of normals to 
rays whose direction we are denoting consistently by OT. 


*8. °The normal to the normal to a ray 7 is not 7 but the reverse of 7; in 
other words Kg is identical with T’ and never with T; to the unsymmetrical 
nature of the relation between rays and their normals in a prepared plane can 
be traced a want of symmetry in many regions of geometry. 


127. THE AREA OF A TRIANGLE; THE UNIVERSALITY 
OF TRIGONOMETRICAL FORMULAE. 


‘1. The area of a triangle is not suffered to remain signless, an only survivor 
from the geometry of an unprepared plane, but °to this area is attached the 
sign of the triangle itself. To see the appropriateness of such a sign, we have 
only to consider a number of triangles with a common base SZ’ and vertices 


2 
N. 


13 


21 


w 
bo 


31 


sali 


“31 


18 MEASUREMENT AND SIMPLE PROJECTION 127 


on a single line through a point Q on ST at right angles to the base; if the 
altitude QR of such a triangle is to receive a sign, 
by the specification of a direction of measurement 
along the line containing F, and if the area is to 
be See to 4QR.ST, the area also must acquire 
a sign; to give the area the sign of the triangle 
itself is the practice that enables us to make 
unreflecting use of familiar trigonometrical for- 


\ 


mulae. Fig. 6. 


-2. To avoid detailed examination of different cases in subsequent work, 1t 
is worth our while to notice at once that ° we can use the formulae of plane 
trigonometry without modification for steps of negative length, provided only 
that the directions between which we measure the angles from one step to 
another are the directions in which we measure the lengths of the steps. 


*3. If ABC is a triangle, and D is the foot of the perpendicular from A on 
BO, the fundamental formulae 


BD=BAcosCBA, DA=BAsinCBA, A=4BC.DA, 


which contain implicitly all formulae relative to the triangle, do not depend 
in the least on the actual directions in which the steps are measured or on the 
signs of any of the steps involved, but require only that BD and BOC should 
be measured in the same direction, that the direction in which DA is measured 
should make a positive right angle with this common direction, and that CBA 
should denote an angle from the direction in which BD and BC are measured 
to the direction in which BA is measured. °It is necessary to allow of the 
angles of a triangle either that at least one of them may be numerically 
greater that a or that their sum may be — 7, but it is no drawback actually 
to make both of these admissions. 


‘4. For example, if the angle at B is obtuse and BC and BA are measured towards B, 
the numerically smallest angle denoted by OBA is the obtuse angle vertically opposite to 


the internal angle at B, and therefore cosCBA is negative. Measured towards B. the 
length of BC is negative ; hence the product BO cos CBA is positive, while since 0 ent D 
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are on opposite sides of B the length of BD, measured in the same direction as the length 
of BC, also is positive. With the same triangle, the direction which makes a positive right 
angle with the direction of B from C is the direction from D to A or the direction from 
A to D according as the numerically smallest angle denoted by OBA is negative or 
positive ; hence the sign of DA is opposite to the sign of sin CBA, in agreement with the 
hypothesis that the length of BA is negative. Lastly, the triangle is positive or negative 
according as sin CBA is positive or negative, that is, according as DA is negative or 
positive, and therefore the sign of A is the sign of BO. DA. Of course the generality of 
the fundamental formulae -31 does not require to be established by a direct consideration 
of all possible cases, but depends on the generality belonging to the circular functions 
themselves. On this subject see also 311 below. 
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CHAPTER I 3 
MEASUREMENT IN SPACE 


131. The partition of space by a prepared plane. 132. The sign of a tetrahedron. 
133. The normals to a prepared plane; distance from a prepared plane. 134. The volume 
of a tetrahedron. 135. Angles between prepared planes. 


131. THE PARTITION OF SPACE BY A PREPARED PLANE. 

‘1. A plane divides space asa line divides a plane, and just as by giving 
direction to the line and to the plane we can distinguish the positive from the 
negative side of the line, so “by giving direction to the plane and to space 
we can describe a point not in the plane as on the positive side or on the 
negative side. If Q is any point of a directed plane and RF is any point not 
in the plane, the sign attached by a given spatial convention to angular 
measurement round QR in the cyclic direction of the plane depends on the side 
of the plane on which & is situated, and is otherwise independent of the positions 
of Q and R; °the side of the plane on which A lies is called the positive or 
the negative side according as this sign is positive or negative. 


2. The bearing of the spatial convention on the naming of the sides of a 
directed plane is seen most clearly if we suppose a unit sphere described with 
its centre actually in the plane. The circle 
representing rays in the plane is then the circle 
in which the plane cuts the sphere, and the cyclic 
convention in this circle agrees with the cyclic 
direction of the plane. The spatial convention 
describes the points of the sphere on one side 
of the directed circle as positive, and the positive 
side of the prepared plane is the side on which 
these points are to be found. 


132. THE SIGN OF A TETRAHEDRON. 


‘1. “In prepared space an ordered tetrahedron has a definite sign which is 
reversed if the spatial convention is changed and may be reversed if the order in 
which the vertices of the tetrahedron are taken is disturbed. If cyclic direction 
is given to the face QRS of the tetrahedron QRST by the convention that in 
this face the triangle QRS is to be positive, “the ordered tetrahedron QRST is 
said to be positive or to be negative according as J’ is on the positive or the 
negative side of the prepared plane QRS; if p, o, 7 are the rays in which the 
steps VR, QS, QT have positive lengths, °the sign of the tetrahedron is the 
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common sign of the angles numerically less than + from o to r round p, from + 
to p round o, and from p to o round 7. It is easy to shew that °the sign of 
the tetrahedron RQST' is opposite to the sign of QRST, and thence that°a 
derangement of the order of its vertices leaves unaffected or reverses the sign 
of an ordered tetrahedron according as the derangement is even or odd*. 


‘2. Iftwo tetrahedra have corresponding edges equal in absolute length, then 
any angle, length, area, or volume intrinsic to one of the tetrahedra is equal 
numerically to the corresponding angle, length, area, or volume derived from 
the other, and the two tetrahedra are said to be equal. In spite of equality, 
two tetrahedra may exhibit the intrinsic difference which presents itself as 
a difference in sign if the space containing the tetrahedra is prepared, and 
two tetrahedra are said to be ° congruent if they are equal and if they acquire 
the same sign when a spatial convention is adopted; if two tetrahedra are 
equal but not congruent, each is said+ to be a °perverse of the other. 


133. THE NORMALS TO A PREPARED PLANE; DISTANCE FROM 
A PREPARED PLANE. 

‘1. Ifa line is perpendicular to a plane, both of the rays in the line are at 
right angles to each of the corresponding prepared planes, but in prepared 
space “each ray bears a special relation to each plane; a ray is said to be 
“normal to a prepared plane if it is at right angles to the plane and if its 
direction is from the negative side to the positive side of the plane; moreover, 
°to say that a ray is normal to a plane is held to imply that the plane is pre- 
pared. If with one spatial convention a ray is normal to a plane, then with 
the same convention the reverse of the ray is normal to the reverse of the 
plane, and with the alternative convention the ray itself is normal to the 
reversed plane. 


‘2. °The normals to a prepared plane are the rays represented by the 
positive pole of the corresponding prepared unit circle. Through any point R 
of space passes one of these normals, this ray cuts the plane in a definite point 
Q, and the distance of R from Q in the direction of the ray defines the 
distance of the point from the plane, while the negative of this distance is 
the °distance from the point to the plane. 


134. THE VOLUME OF A TETRAHEDRON. 

1. °The volume of an ordered tetrahedron QRST is given the sign of the 
tetrahedron, and is °one-third of the product of the area of the ordered triangle 

* Every derangement of a finite ordered class can be effected in many ways by a finite 
succession of simple interchanges: for example, to pass from YRS7T to TROS we may 
interchange first 7’ with Q and then Q with S, or proceeding on another plan we may pass 
through the orders QRTS, RYOTS, RTQS; but for a particular derangement, either the 
number of interchanges must be even or the number of interchanges must be odd, and 
derangements are classified accordingly as even and odd derangements. 

+ Following Listing (loc. cit. p. 8 above, p. 830). 
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RST by the distance of Q from the plane of this triangle; either cyclic direc- 
tion may be given to the plane containing the triangle, provided only that the 
same cyclic direction determines the signs both of the triangle and of the side 
of the plane on which Q is to be found, but a spatial convention has to be 
adopted before the sign of a tetrahedron is determinate. 


‘2. The area of a triangle ABC is one-half of the area of the parallelogram 
of which AB, AC are adjacent sides, and is equal to 4AB.AC.sin BAC; 
the volume of a tetrahedron QRST is one-sixth of the volume of the paral- 
lelepiped of which QR, QS, QT are adjacent edges, and it is written in the 
form }QR.QS.QT. sin QRST, where the last factor is calied* the °sine of the 
solid angle subtended at Q by the ordered triangle RST. Just as sin BAC 
depends only on the directions of B and C from A, so °sin QRST depends only 
on the directions of R, S, 7 from Q and not on the lengths of the edges QR, 
QS, QT; indeed, if B, T represent AB, AC on a unit circle we can write 
sin BI instead of sin BAC, and if P, =, T are spherical images of QR, QS, QT 
we can write sin OPST instead of sin QRST, and it is only because sin PZT 
might be used to denote the sine of an angle at } between the great circles 
<P and ST that it is unwise to use this simpler symbol for the sine of the 
solid angle. 

If the lengths QR, QS, QT are all different from zero, the volume of the 
tetrahedron QRST is zero if and only if the lines QR, QS, QT are all in one 
plane; hence 


The sine sn QPST is zero if and only if the directions P, &,T are coplanar. 


*3. The expressions given in ‘1 and ‘2 for its volume regard a proper or un- 
degenerate tetrahedron as derived from a triangle by the introduction of a third 
dimension: in the one case Q is taken as a point outside the plane of the triangle 
RST, and in the other case Q7 is taken as a step not coplanar with the steps QR, 
QS. ° Another derivation from a triangle regards the tetrahedron as generated 
by a variable triangle of which the base is fixed and the vertex traces a line 
of finite length, the plane of the triangle revolving round the fixed base; thus 
“a triangle XS7' whose vertex X moves from Q to R along the line joming 
these points traces the tetrahedron QRST, and the same tetrahedron may be 
generated similarly in five other ways. Viewing the construction in this light, 
we concentrate our attention on two opposite edges of the figure instead of on 
one vertex and a face or on three conterminous edges, and since the edges 
which we choose play different parts ° there are two distinct modes of generation 
corresponding to each pair of opposite edges. There is however a generation 
of the tetrahedron by means of opposite edges in which the chosen edges play 
similar parts, and this is among the most useful modes of developing the figure. 

* This application of the word sine as well as the introduction of the function is due to 


von Staudt (Crelle’s J. f. d. M., vol. xxIVv, p. 255, 1842). A line of argument different from 
that in the text is indicated in a foot-note on p. 103 below. 
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"4. Let l,m be the lines containing opposite edges QR, ST of a tetrahedron, 
let U be any point of J, and let V be any point of m; the tetrahedron being 
Supposed not to degenerate into a plane figure, there passes through any point 
Z of UV a definite plane K to which both / and m are parallel, and if this 
plane cuts the four lines QS, RS, RT, QT in A, B, C, D, the lines AB, DC are 
parallel to 7 and the lines AD, BC are parallel to m;°the figure A BOD is a 
parallelogram whose sides depend in length on the position of Z but have the 
directions of / and m, and the tetrahedron may be regarded as generated by 
the motion of this variable parallelogram as Z moves from U to V, the sides 
parallel to 7 decreasing uniformly in numerical length from |r|, the length of 
QR, to zero, the sides parallel to m increasing uniformly in numerical length 
from zero to |s|, the length of ST, and the vertices describing straight lines. 


‘5. The volume of a tetrahedron is determinate if a pair of opposite edges 
is known, and the actual expression for the volume is both simple and valuable. 
With the notation of the last paragraph, let 2, » be rays in J, m, let v be a ray 
in the line through U and J, and let 7, s, t be the lengths of QR, ST, UV in 
r, #, v. Since the distance of any point 
X in 2 from the plane through U and 
w is a constant multiple of the distance 
of X from U, the volume of the tetra- 
hedron UXST, as far as this volume 
depends on the position of X, also is a 
constant multiple of this distance, and 
therefore °the volume of the tetrahedron 
QRST is the product of r and a factor 
independent of the positions of Q and 
Rin». Hence °this volume is the pro- 
duct of rs and a factor independent alike 
of the positions of Q@ and RF in 2X and of 
the positions of S and 7’ in yw. The value 
of the independent factor is readily ob- 
tained: if Z, M are the points at unit 
distances from U, V along X, p, the factor 
is the volume of the tetrahedron ULV, and if the line through M parallel 
to UV meets the line through U parallel to VM in P, this volume is that of the 
tetrahedron ULVP and is 4¢sinQANM, where A, M, N are the images of 
A, Mf, V: 

The volume of a tetrahedron of which opposite edges have lengths r,s in rays 
r, w is —Frsdyysin QAMN, where dry os the distance from » to w along any 
ray v which cuts them and A, M, N represent the directions of r, fb, V- 


If we wish to take v at right angles to both and uw, we may appeal to the 
general formula or we may note that in this case the area of the triangle UST, 
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with the cyclic direction that is positive with respect to X, is —}sd,, and the 
distance of Z from the plane of this triangle is sin ¢,,: 

The volume of a tetrahedron of which opposite edges have lengths r, s in rays 
A, w is —krsdy, sin €,, where da, is a normal distance from Xr to w and ery vs 
an angle from » to » round the direction in which dy, ts measured, 
a result which is probably more used than the general theorem which includes 
it. It is to be remarked that °the last two theorems are true without any 
restrictions on the directions of the rays concerned, for if the rays X, » are 
parallel the factors sin QAMN and sin ¢,, are zero, while if A, w are concurrent, 
then in the one theorem the factor dy, or the factor sin QAMN is zero ac- 


cording as vy is not or is coplanar with \ and y, and in the other theorem the 
factor d,, 1s zero. 


‘6. The two theorems ‘54, ‘55 may of course be deduced from the generation 
of the volume by the area of a variable parallelogram. The area of the paral- 
lelogram described in ‘4 is (UZ.ZV/UV*)rssine,,, and if $z.UV is the 
distance of Z from the midpoint of UV this area is } (1 — 2?) rs sin e,,; more- 
over, the perpendicular distance of Z from the plane parallel to 7 and m and 
bisecting UV is $zd,,; hence the volume is numerically 


; +1 
grsdy, Sin crn (1 — 2?) dz, 
=I 


which agrees with ‘55, but the entry of the negative sign is more difficult to 
understand if the volume is calculated in this way. 


‘7. The equivalence of ‘54 and ‘55, and the equivalence of 
4QOR.QS.Q7 sin QRST 
and the product } x 4QR.Q7 sin RQT x PS, where P is the foot of the 
perpendicular from S on the plane QR7, establish what is perhaps the most 
useful of all formulae involving the sine of a solid angle: if P, =, T are three 


points of a sphere whose centre is ©, and II is a pole of a great circle through 
> and T, then if the angles from = to T are measured round I], 


sin OQP=T = cos PII sin ST. 


135. ANGLES BETWEEN PREPARED PLANES. 


‘1. °An angle from one prepared plane to another may be defined as an 
angle from the direction normal to the first prepared plane to the direction 
normal.to the second ; the angles between two prepared planes have a common 
cosine, but if the planes are not parallel we can not give a definite sign to the 
sine of angles from one prepared plane to another except by reference to a 
direction which is not at right angles to their line of intersection. °The direc- 
tions of the actual line of intersection are usually the most convenient directions 


GIFT OF CARNEGIE CORPORATION 
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round which to measure the angles between prepared planes which are not 
parallel; round each of these directions the angles from one of the planes to 
the other compose a single congruence. 


‘2, Angles between prepared planes may be studied on a unit sphere. °If 
two such planes are parallel, the prepared great circles which represent them 
coincide in position and have the same direction or opposite directions ac- 
cording as the cyclic directions of the planes are identical or opposite. °If two 
prepared planes are not parallel, they are represented by two distinct circles, 
and their line of intersection is represented by the points of intersection of 
the circles; let these points be A, A’, and let the points at distances 47 
from A along the two circles be P, ©; the points P, = and the opposite 
points P’, >’, as well as the positive poles M, N of the two prepared circles, 
are situated on the great circle whose poles are A and A’, and whichever 
direction of measurement round this circle is adopted, the congruences of 
angles from P to =, from P’ to &’, and from M to N, are identical. At A, the 
prepared circles have definite directions, which are the directions of rays in 
the tangent plane to the sphere at A, and are in fact also the directions of 


Fig. 10. 


OP and 1; instead of measuring angles from the one prepared plane to the 
other round QA as angles from M to N, we may measure them as angles 


°from P to &, or as angles°at A from the direction of the quadrant AP to -2: 


the direction of the quadrant A, that is, from the first prepared circle to the 
second. °The directions of the two circles at A’ are represented not by P and 
> but by P’ and ’, but the angles from one plane to the other round the 
direction whose image is A’ can still be described as the angles at A’ from 
the first circle to the second; figure 10 is intended to shew the same sphere 
from different points of view, and to illustrate that °the angles at A’ are the 
negatives of the angles at A. 
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CHAPTER I 4 
PARALLEL PROJECTION 


141. Parallel projection in a plane; its effect on lengths. 142. The two kinds of 
parallel projection in space. 143. Parallel projection on a ray; its effect on lengths ; 
distances between lines in space. 144. Parallel projection on a prepared plane; its effect 
on lengths, areas, and angles. 


141, PARALLEL PROJECTION IN A PLANE; ITS EFFECT ON LENGTHS. 


‘1. If J and p are any two intersecting lines in a plane, and S is a point of 
the plane, there is one line through S parallel to J, and this line meets p in 
a definite point P which is called the °l-projection of S on p; if / is at right 
angles to p, the J-projection is called the °normal projection, or briefly the 
projection, of S on p, and if we wish to indicate that a projection is not assumed 
to be normal we call it a projection by parallels or an oblique projection. 


*2. Astep ST has for its /-projection on pa definite step PQ. The lengths of 
PQ depend on the lengths of S7 and on the directions of / and p and of ST, and 
‘the length of PQ in either of the directions of p can be compared with the 
length of S7’ in either of its directions; in other words, if a step of length e in 
a ray o has for its /-projection on a ray @ a step of length f, the ratio of f to 
é is expressible trigonometrically in terms of the directions of o and w and the 
directions of 1. 

‘3. Parallel projection in a plane from one ray on another has one charac- 
teristic which is not numerical. If the /-projection on @ of S in o is P, then 
the /-projections of the points on one side of S in o are the points on one side 
of P in a, so that “the positive side of Sin o projects as a whole either into the 
positive side of P or into the negative side of P in w; moreover, ‘either the 
two sides of all points in o retain their signs after projection or the two sides 
of all points in o exchange signs after projection, and we say that °l-projection 
from o on @ or between o and aw is negative or positive according as the signs 
of sides of points are affected or unaffected by the projection. °The points 
representing o and » on a unit circle le on the same side or on opposite sides 
of the diameter parallel to the axis of projection according as the projection 
is positive or negative, 

‘4. Three methods suggest themselves for determining the ratio of the 
length of a projected step to the length of the original, and they lead to three 
different expressions. With the notation of the preceding paragraphs, if v is 
a ray at right angles to J, and if the lines through S and 7 parallel to 1, which 
contain the points P and Q, meet vin G and H, the step GH is the normal 
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projection on z of both ST and PQ; if then the directions of o, a, 1 are repre- 
sented by the points &, IT, I, the length of GH in « can be expressed both as 
ecos 1 and as fcos III and therefore °the value of f/e is cos [X/cos IIT; if the 
reverse of ¢ is used the expression obtained for f/e is cos I'S/cos III, which has 
of course the same value as the expression found from IJ. - Alternatively, 


Ime, Il 


if A represents either direction along J, and PV, SU are steps in the direction 
of A with the same arbitrary length g in that direction, then since the areas 
of the triangles PQV, STU are equal in sign and amount, it follows that 


dgfsin IIA = dgesin SA, 


and therefore that °f/e is equal to sin AX/sin AII, on the assumption that angles 
from A to >} and from A to II are measured in the same direction. The relation 
between the two expressions found for f/e is obvious; the expression in terms 
of sines involves only directions immediately concerned in the projection, but 
is slightly ambiguous in form. In view of the three-dimensional problem to 
which we must proceed, we may mention a third method of expressing the 
result. If Es, Eg represent the directions normal to the rays o, a, cyclic 
direction having been given to the plane, then the distances of U from o and 
V from @ are gcos AEs and gcos AEn, and the areas of the triangles STU, 
PQV are 4ge cos AEs, $gfcos AEn; thus °f/e is expressed as cos AEs/cos AEn, 
a ratio easily identified with cos I2/cos ITI. 

*5. The reader will not fail to observe the advantage we have gained from our freedom* 
to use triangles of which the sides are real numbers and the angles may be negative or 
greater than 7. Fettered to triangles with signless sides, we should have first to prove the 


formula ; ; 
fsin AIl=e sin AS 


or an equivalent for rays in the positive directions of the steps S7, PQ, and then to 
generalise the result by means of the identities 

fsin All= —fsin All’, esin AS= —esin Ad’, 
Generalisation of results is a tedious distraction, whose avoidance justifies any attention 
devoted to first principles. 


* In fig. 11, g is negative, U is on the negative side of o, and V is on the positive side 
of @; A is Ey, and cos AEs, cos AEy are the negatives of cos IZ, cos III. 
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‘6. Altogether independent of the quantitative results of ‘4 is the theorem 
that 

Tf one step is the sum of a finite number of coplanar steps, any parallel 
projection, normat or oblique, of the sum on a line in the plane of the components 
is the sum of the corresponding projections of the indwidual components, 
an immediate deduction from definitions ‘11 and 22°63, which might well be 
described as the fundamental theorem of plane trigonometry. 

The success of the investigation in “4 emphasises a theorem on which the 
very possibility of success depends: 

In any parallel projection in a plane, congruent steps project on parallel 
lines into congruent steps. 
In other words, 

Ina parallel projection in a plane, if two steps that are congruent are projected 
on two rays that have the same direction, the projections have the same length. 

We must not attempt to prove 62 or the corresponding theorem relating to 
projection in space. These theorems, in some form or other, are asswmed in 
the geometrical definitions of the circular functions and in the spherical repre- 
sentation of directions, if not in the use of the word ‘direction’ itself, and to 
disentangle hypotheses from deductions would carry us back into that discussion 
of the logical foundations of elementary geometry which it is our intention to 
avoid; the assumptions that distinguish Euclidean geometry have been made, 
though not avowed, on alinost every page of our first two chapters. 


142. THE TWO KINDS OF PARALLEL PROJECTION IN SPACE. 


‘1. In space of three dimensions there are two kinds of oblique projection, 
projection on a line and projection on a plane. Through any point S of space 
there pass a single plane parallel to any given plane K and a single line 
parallel to any given line /; the plane cuts any line p which is not parallel to 
K in a definite point called the °K-projection of S on p, and the line cuts any 
plane NV which is not parallel to 7 in a definite point called the °J-projection 
of S on N; if KX is at right angles to p and / at right angles to N, the 
K-projection and the /-projection are called °the projections, or more fully the 


normal projections, of S on p and N, and a projection not assumed to be normal 
may be called “oblique or parallel. 


‘2. There is an obvious relation between projection on a plane and projection 
on any line in the plane: 

If pis a line in a plane N, and if K is a plane not parallel to p and 1a line 
parallel to K but not to N, then the K-projection on p of any point S is the 
m-projection on p of the l-projection of S on N, where m is parallel to the line 
of intersection of K and N. 


Particular cases of this theorem in which only one of the projections -is 
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normal need not delay us, but we remark that if K is at right angles to p, the 
lines at right angles to N are parallel to K, whence 

If p is a line ina plane N, the projection on p of any point 8 is the projection 
on p of the projection of S on N. 


‘3. A step in space projects on a line or ona plane into a step, and one 
characteristic of parallel projection is that 


In parallel projection congruent steps project into congruent steps, 

a theorem that we shall be content to recognise, as in 1°6, from the success 
of calculations which would inevitably fail if the result were not true. 

The numerical effects of projection on steps, on triangles, and on angles can 
be found without difficulty, but we have not to appeal to calculations for the 
theorem that 

If one step is the sum of a finite number of other steps, any parallel pro- 
jection of the sum, normal or oblique, on a line or on a plane, is the sum of the 
corresponding projections of the individual components. 

‘4. It is interesting to compare the values of the analogous theorems 1°61, °32. Since 
the whole of plane trigonometry may be made dependent on 1°61 without reference to 
“32, the range of application of 1°61 is far wider than the range of application of °32, in 
spite of the fact that the latter range includes the whole of spherical trigonometry. On 
the other hand, the fundamental theorems derivable from 1°61 can be proved and often 
have been proved without reference to the theory of projection, but the study of space 
offers such difficulties to perception and such variety in the different aspects of a single 
problem that to satisfactory progress in this study generality of treatment is essential and 
not merely desirable ; whereas advance without 1°61 is sure but tiresome (the proof of the 
elementary expression of cos(A +8) as cos 4 cos B— sin A sin B, for example, requiring the 
consideration of a number of different cases), advance without °32 is all but impossible. 


143. PARALLEL PROJECTION ON A RAY; ITS EFFECT ON LENGTHS ; 
DISTANCES BETWEEN LINES IN SPACE. 

‘1. Projection from one ray on another in space, as in a plane, has a definite 
sign, and “this sign is positive or negative according as the images of the rays 
on a unit sphere lie on the same side or on opposite sides of the great circle 
representing the plane which guides the projection. 

2. If a step ST’ in a ray o is projected on a ray w by planes parallel to 
a plane K, the ratio of the length e of ST to the length / of its projection PQ 
can be expressed in three different forms in terms of the directions of ¢ and a, 
whose images we suppose to be >, I, and of the directions at right angles to 
the plane, which we represent by K and K’. If « is a ray in the direction of 
K, the normal projections of SZ’ and PQ on « are identical, and ecos KE 
and fcosKII are alternative expressions for a single length; hence “/ is 
equal to ecos K>/cosKII. If a* great circle through = and II cuts the 
great circle representing K in the points A, A’, then SZ’ can be projected 

* In general we might say the great circle, but the result is formally valid if = and I 
coincide or are opposite to each other. 
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in a plane parallel to QA® by lines parallel to AA’ ona ray parallel to #, and 
the projected step is congruent with PQ; hence 2 f 38 
equal toesin AS/sin AII, on the assumption that Ax 
and AIl are measured in the same direction round the 
great circle to which they belong. If on the great circle 
just used, I is a point distant by a quadrant from A, 
then °f is equal to ecos1S/cos III. A comparison of 
the third of the expressions for f with the first gives 
the equation 
cos KE/cos KI = cos I2/cos IIT; 

if we are acquainted with the rudiments of spherical 
trigonometry we recognise this equation as a conse- 
quence of the two formulae* 


cos KY =cos KI cosI£, cos KH = cos KI cos III, 


but °the simplest basis for spherical trigonometry is the theory of projection, 
and if ‘24 is to be connected with ‘25 it is best to replace ‘24 by 


cos K/cos 1= = cos KII/cos ITI, 


an equation which shews that the ratio cos KE/cos I= is actually independent 
of the position of > in IA, and to deduce+ that the value of cos KE/cos I for 
every such position of = is cos KI, its value when & is at I. Viewed apart 
from the theory of projection, ‘24 shews that the value of cos K/cos KIL is 
cos 1=/cos II] for every position of K in the great circle through I and K, and 
enables us to state a result including ‘21 and ‘23: °if H represents any 
direction in a plane at right angles both to K and to a plane to which ¢ and 
@ are parallel, other than a direction to which o and a are both at right 
angles, then fis equal to e cos H/cos HII. 


Fig. 12. 


*3. A valuable application of the idea of projection on a line is to the 
determination of the distance from one line to another in a given direction. 
Let K be a plane parallel to each of two lines J, m, let n be any line which is 
not parallel to K, let J, m meet their tractor parallel to n in F, G, and let 
P,Q be any two points on J, m; then the step FG is the K-projection of the step 
PQ on the tractor, and is therefore “congruent with the K-projection of the 
step PQ on n itself; hence we can find the lengths of the step FG in its two 
directions without determining the actual positions of F and G. In particular, 
if J, m are not parallel and n is any line at right angles to each of them, or if 
i, m are parallel and is any line at right angles to them and parallel to a 
plane containing them, and if P is any point of 7 and Q any point of m, the 


* See 31314 on p. 102 below. 

+ We hasten to add in defence of the claim made in -26 that this is not the natural 
method of deriving the elementary theorem used in ‘25 from the theory of projection; as 
we shall see in 313°2, this theorem is an immediate corollary of 2-23. 
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distance from / to m in either direction of n is the distance in that direction 
from the projection of P on n to the projection of Q on n, or in other words is 
* the projection in that direction of the distance from P to Q. From the last 
result it follows that°the distance between two lines along a normal tractor 
is numerically less than the distance between them along any other common 
tractor, and the numerical value of this distance is therefore the ° shortest 
distance between the lines. 


144, PARALLEL PROJECTION ON A PREPARED PLANE; ITS EFFECT 
ON LENGTHS, AREAS, AND ANGLES. 


‘1. More strikingly than the study of projection on a line the study of 
projection on a plane is facilitated by the use of a unit sphere. Let N, N’ 
represent the directions at right angles to the plane V on which we are to 
project, and A, A’ the directions of the axis of projection J; that the axis can 
not be parallel to the plane implies that °A, A’ are not in the great circle of 
which N, N’ are the poles. 


2. °If a line s is parallel to /, all points of s have the same J-projection ; 
* except in this case, the lines parallel to / through the points of s compose 
a plane whose intersection with the plane of projection is a line, the /-projec- 
tion of s. On the unit sphere we can recognise the points representing the 
directions of this projection; if X, =’ represent s, the great circle through A 
and & is definite, because s is not parallel to J, and does not coincide with the 
circle representing WV, because, by 12, A does not he in this circle; ° the points 
II, Il’ in which the great circle through A and & cuts the great circle repre- 
senting NV are the images of the directions of the /-projection of s on NV. 


*3. The axis of a ray o projects on a plane N into a definite line p, and 
each of the rays in p is a projection of o by lines parallel to the axis of 
projection; ° the /-projection of o is positive on one of the two rays, negative 
on the other, and the rays may be distinguished accordingly as the positive 
and the negative projection of o on N. On the unit sphere, the point > 
representing oc, the two points A, A’ representing the axis of projection, and 
the two points II, II’ representing p, lie in one great circle, and A and A’ are 
distinct from the others and divide the circle into two semicircles; of the 
points II, II’, one lies in the same semicircle as 2, and *this one is the image 
of the positive /-projection of o. 


‘4. The effect of parallel projection on the length of a step in a ray is to 
be found by an application of the results of the last article, choice having been 
made between the two projections of the ray. “A ray o and an U-projection = 
of that ray on a plane NV are contained in a single plane parallel to /, and 
projection from o to a may be regarded as effected either by lines parallel to 
1 or by planes parallel to any plane containing / other than the plane parallel 
to that in which o and @ are to be found. 
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‘5. For us the most important case of projection on a plane is parallel 
projection from one prepared plane to another, and this form of projection has 
the characteristic of sign. Let %, T represent two rays which are not parallel 
in a prepared plane M, and let II, P represent the positive J-projections of 
these rays on a prepared plane N, the axis having A, A’ for its images; then 
the angles numerically less than 7 from = to T and from II to P have 
necessarily the same sign if measured round <A, and therefore “if measured in 
the cyclic directions of the two planes M, N these angles have the same sign or 
opposite signs according as the cyclic directions have the same sign or opposite 
signs with respect to A. The condition is independent of any particular pair 
of rays in M, and is unaltered by a substitution of A’ for A, and°a parallel 
projection from one prepared plane on another is called positive or negative 
according as the cyclic directions of the two planes have the same sign or 
opposite signs with respect to a direction of the awis of projection. An analytical 
criterion is readily enunciated: ° the sign of a projection from a prepared plane 
whose, normals are represented by M on a prepared plane whose normals have 
the image N is the sign of cos AM/cos AN, where A represents either direction 
of the axis of projection. In the case of normal projection, A can be taken 
coincident with N and “the sign of a normal projection from one prepared 
plane on another is that of the cosine of the angles between the planes. 


‘6. From the considerations adduced before the sign of a projection was 
defined it follows that 

In parallel projection from one prepared plane on another, the two sides of 
a ray project into the two sides of the projection, and the sides retain or exchange 
signs according as the projection is positive or negative. 

A projection of an ordered triangle is an ordered triangle, and from the last 
result we deduce that 

In parallel projection from one prepared plane on another, every ordered 
triangle preserves or reverses its sign according as the projection is positive or 


negative. 


‘7. Perhaps the simplest general method for determining the effect of 
parallel projection on the area of a triangle in a prepared plane corresponds 
to the last method given in 14 for dealing with the corresponding question 
in two dimensions. If the /-projection of a triangle RST’ on a plane N is the 
triangle OPQ, and if RU, OV are congruent steps of length g in either of the 
directions of /, then the volumes of the tetrahedra RSTU, OPQV have the 
same sign as well as the same amount; but if the direction in which RU, OV 
have the length g is represented by A and if normals to the directed planes 
containing the triangles have images M, N, then the distances of U and V 
from these planes are gcos AM and gcos AN, and therefore the volumes of 
the tetrahedra are 4gcos AM.ARST and 4g cos AN. AOPQ; hence 


If an ordered triangle of area A in a prepared plane whose normals are. 
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represented by M is projected on a prepared plane whose normals are repre- 
sented by N, by parallel lines of which one direction has the image A, the area 
of the projection is Acos AM/cos AN; if the projection is normal, the area is 
A cos MN. 


‘8. Here we have taken the result for normal projection as a corollary of the more 
general theorem, but it is possible by an argument similar to the first argument used in 
41 in the discussion of the projection of steps in a plane to derive the result for oblique 
projection from the special case. That the area of a normal projection of a triangle is 
numerically equal to A cos MN, in the notation we are using, is a familiar classical theorem, 
and leads directly to the numerical value of the area in any parallel projection, but an 
application of ‘62 and of either ‘54 or ‘55 must be made if the simple and precise theorem 
“75 is to be deduced. 


‘9. The effect of parallel projection on angles can be found immediately 
from the effects on lengths and areas. If steps QS, QT which have lengths 
s,t in the directions 2, T project obliquely into steps OP, OR which have 
lengths p, r in the directions H, P, and if M,N represent the normals to the 
planes QST, OPR, and A represents a direction of the axis of projection, then 

AOPR/AQST = cos AM/cos AN; 

but AOPR = pr sin TIP, AQST = 3st sin ST, 

p/s=sin AX/sin AI, r/t=sin AT/sin AP, 
and therefore 

sin ITP/sin =T = cos AM sin AII sin AP/cos AN sin AZ sin AT, 

a trigonometrical formula in which the ambiguity is only apparent, since AIT, 
AP belong to the same great circles as AZ, AT and are to be measured in the 
same directions round those circles. 
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BOOK II 
VECTORS AND ROTORS 


CHAPTER II 1 
VECTORS AND THEIR DECOMPOSITION 


210. Introduction. 211. Proper vectors; the two directions and the two amounts of 
a proper vector; the zero vector; multiplication of a vector by a real number. 212. The 
representation of vectors by steps, and of sequences of vectors by chains of steps. 213. 
Addition of vectors; its associative and commutative character; subtraction and the 
minus sign. 214. Decomposition and projection of vectors in a prepared plane; rotation 
and erection. 215. Decomposition and projection of vectors in space. 216. Mean centres 
of sets of points, and of sets of loaded points. 


210. INTRODUCTION. 


In England, the word vector and its companions are usually held to belong 
to the vocabulary of applied mathematics, and their use in the proof of a 
proposition in geometry is regarded as eccentric if not unprofessional. If the 
adoption of this attitude here is mysterious, since Hamilton looked on his 
conceptions as geometrical and it was at Cambridge that kinematical methods 
and expressions were first made of service in the study of curves and surfaces, 
the attitude itself is mistaken. Nothing can be more in the spirit of analytical 
geometry than to associate numbers with directions, and it is this association 
that gives rise to the idea of a vector. 

When we have described the particular association of numbers with direc- 
tions to which the name of vector is given, the definition of a vector will be 
complete; whatever we may choose to add by way of comment, the concept 
of a vector is from that moment determinate. Moreover, we shall not have to 
explain what we mean by the equality of two vectors; the interpretation of 
such a collection of symbols as r=s, where r and s stand for vectors resulting, 
we may suppose, from distinct series of operations, is not in any sense arbitrary. 
But if into a theory of vectors we propose to introduce words and symbols 
which are not of universal application, we shall have to explain the meanings 
to be attached to them. It is open to us to adopt from arithmetic and analysis 
the words addition and subtraction and the corresponding signs, instead of 
inventing new terms and symbols, but what is to be meant by the sum of a 
number of vectors is purely a matter of definition; other special* uses of the 
word sum have logically nothing to do with the case. 


* If r and s are any two vectors, there is of course a class of vectors which includes 
x and s and does not include any other vectors, but this class is not in any sense a sum of 
r and s; it is the logical sum of the class whose only member is v and the class whose only 


member is s. 


AT 
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This is not to deny that in preferring the word addition to a new word, we 
are influenced by the discovery that the operation to which it is to be attached 
has so much resemblance to algebraical addition that in manipulating symbols 
with their new meanings we are helped and not misled by our familiarity with 


them as originally used. 


211. PROPER VECTORS; THE TWO DIRECTIONS AND THE TWO AMOUNTS 
OF A PROPER VECTOR; THE ZERO VECTOR; MULTIPLICATION OF A VECTOR 
BY A REAL NUMBER. 


‘1. A °proper vector, as we shall use the phrase * is a real number, positive 
or negative, associated with a direction, together with the opposite number 
associated with the reverse direction; if we denote the concept of the real 
number r allied with the direction P by r | P, the vector into which this 
concept enters is the “pair of concepts (7 LP,—-rJ P’). The vector is not an 
ordered pair; that is to say, it is to be understood that °(—r] P’, r | P) has 
the same meaning as (r | P, —7r | P’). The real numbers on which a vector 
partly depends are called the °amounts of the vector, and the vector in which 
the amount 7 is associated with the direction P is called briefly the vector 
°y in P and is denoted by rp; the vector r in P is identical with the vector 
—r in P’, the vector r in P’ or —r in P is called the °reverse of the vector rp 
and is denoted by —rp, and two vectors are said to be “equal and opposite if 
each is the reverse of the other. 


‘2. There is a temptation to regard the vector rp as the simple concept 

r | P and to impose the equation 

= Pag TP 

as a part of the definition of identity between vectors. Technically such a 
course introduces no errors, but logically it is indefensible; the concept 
—r | P’ is not the same as the concept r | P, and to introduce a notion of the 
technical identity of two concepts which are actually different brings us by 
questionable paths to a point which it is far better to take as the point of 
departure. In the present case, if we assert that there is a single vector which 
is both r | P and —r | P’, we have still to admit that in some sense this vector 
has two directions and two amounts, and to make this admission is to allow 
that after all the vector is not the simple concept r | P. 

* The classical account of the word vector is on p. 15 of the Lectures on Quaternions 
(1853), but Hamilton was using the word many years earlier as one that would be familiar. 
For Hamilton a proper vector has only one direction and has a signless amount; towards 
the end of his work he deals (p. 665) with concepts obeying the laws of vectors and having 
complex amounts, and these he calls bivectors, but he introduces (p. 666) definite con- 
ventions, of which he recognises clearly (p. 669) the disadvantages, to avoid attributing 
two directions and two bitensors to each bivector. Actually mathematicians have not 
hesitated to use vectors with negative amounts, but that this practice logically, involves 


giving to every proper vector two directions and two amounts is not commonly noticed, 
and there are many writers whose deductions are inconsistent with their definitions. 
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"3. “Of the two amounts of a proper vector one is positive and one negative, 
and it is possible to study systems of one-signed and signless vectors, defining 
a positive vector as a positive number associated with a direction and a signless 
vector as a signless number associated with a direction; °formulae relating to 
signless vectors are the same as formulae relating to positive vectors, and since 
the signless vector |q|J P can be taken as corresponding to the vector 
(+\¢|)P,-|¢|J P),°any chain of reasoning involving the vectors which we 
shall use certainly can be conducted by means of signless vectors. The signless 
vector is the simpler concept, having only one direction and one amount, but 
technical convenience attaches to the vector with two amounts, and in mathe- 
matics it is relations, not concepts, that it is important to keep simple. 


‘4. °Of the two directions of a proper vector we call one the positive direc- 
tion and the other the negative direction, the positive direction being that in 
which the amount is positive. There is a signless number |q| such that the 
two amounts of a vector r are +|q| and —|q|; this signless* number is called 
the °tensor of the vector and denoted by |r|; if 7 is either amount of the vector, 
we incur no liability to error in denoting the tensor also by |r|. 


5. “As in other casest, the implication of the word proper applied to a 
vector is that the amounts of the vector are not zero. The association of 0 
with a direction P can of course be distinguished from the association of 0 
with any other direction =, but it proves convenient} to identify the vector 
Os with the vector 0p; the °zero vector has all directions, and the number 
associated with each direction of the zero vector is zero; the zero vector is 
denoted simply by the symbol 0 without affix. 


‘6. It is natural to recognise in the vector of amount pr in the direction 
P the °product of the vector of amount r in the same direction by the real 
number #, positive, zero or negative, and to denote the product of the vector r 
and the real number p by pr. The vector with tensor unity and positive 
direction P is called the °wnit vector in the direction P, and °any vector can 
be expressed as the product of the unit vector in either of its directions by its 
amount in that direction; the unit vector in the direction P can of course be 
denoted by 1p. Unit vectors are known also as radials and as orts. 


‘7. A vector has no location in space, but it is often convenient to speak 
of a vector as °in a line when it has the directions of the line, and °in a plane 
when it has directions possible for lines in the plane. °Coplanar vectors are 
vectors with coplanar directions. °The zero vector is in every line and in 


every plane. 


* Here we are describing Hamilton’s first use of the word tensor (Lectures on Quater- 
nions, p. 57, 1853), abandoned with reluctance, if we may judge from a foot-note in his last 
work (Elements of Quaternions, p. 108, 1866; vol. 1, p. 111 in Joly’s edition). Nowadays 
the word tensor bears an entirely different meaning in mathematical literature. 

+ Compare 122°14 on p. 12 above. t See 3:26 on p. 43 below. 
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212. THE REPRESENTATION OF VECTORS BY STEPS, AND OF 
SEQUENCES OF VECTORS BY CHAINS OF STEPS. 


‘1, The relation between the lengths and the directions of a step in space 
is the same as the relation between the amounts and the directions of a 
vector; whether a step is proper or zero, °there is a single vector whose 
directions are the directions of the step and whose amount in each of these 
directions is the length of the step in that direction, and this vector is called 
the vector of the step; the vector of a zero step 1s the zero vector™*. 

Congruent steps are steps with the same vector, 
and a step of which r is the vector is said to°represent r. From any point 0 
one and only one step OR can be drawn to represent a given vector r, and the 
point R at which this step ends is itself said to represent r “with reference to 
the origin O. 

The vector of a step AB is itself denoted by AB when there is no 
possibility of confusion; when a distinction must be made, the vector is 
usually denoted by AB. 

2. A succession of vectors, r,, Fz, ¥3, ..., finds its most graphic representation 
in a chain of steps. The origin of the first step is arbitrary, but each sub- 
sequent step begins where its predecessor ends, and the chain shews not only 
the vectors themselves, the kth step representing r;, but the order in which 
they are to be taken. 

Tf Sy Sie, SiaSes; Sau, 20d W755, ToT; 2092, +20 are. tbwo.chains Kepre= 
senting the same succession of vectors r,, ©, Ty, ..., then because Sp_1, » Sp, pis 
and 2,3, » J», pn, are. congruent, so also are S, 3 2 7) 1, and So pit pee 
This being true for every value of p, the steps Sp Zn, Sie Tre, Sos Tos, -.. are all 
congruent : 

If two chains of steps represent the same succession of vectors, the step from 
any point of one to the corresponding point of the other is congruent with the 
step from the origin of the former to the origin of the latter. 

It is to be observed that neither the representation nor the proposition 
requires the number of vectors to be finite; the succession may be unending, 
provided that the correspondence between the vectors and the natural 
numbers 1, 2, 3, ... is maintained throughout. 


213. ADDITION OF VECTORS; ITS ASSOCIATIVE AND COMMUTATIVE 
CHARACTER ; SUBTRACTION AND THE MINUS SIGN. 


‘1. It is on the representation just described that the definition of the sum 
of a finite number of vectors is based. With the notation of the last paragraph, 
SINCE. On, nar 2 na ald! Oe 1 care congruent, so also are Sy Sn, ns, and 


* This is one reason why only one zero vector is recognised: the step 00 itself is as 
definite as any other step. 
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Tn Pn, nis that is to say, °in a chain representing a finite succession of vectors 
T,,T2,...¥,, the vector of the step from the beginning of the chain to the end does 
not depend on the origin of the chain at all, but depends only on the actual 
succession of vectors. This is the vector which is called the sum of the vectors 
r,,%,...Y, and is denoted by r,+r,+...+9p. 

For the cases of two vectors and of three vectors there are alternative 
constructions for the sum that deserve mention. 

Let OR represent a vector r, and let OS and RN both represent a second 
vector s; then by the definition, ON represents r +s, and because RN is con- 
gruent with OS, the figure ORNS is a parallelogram : 

[f the coinitial steps OR, OS represent two vectors r, 8, the diagonal from O 

of the parallelogram of which OR, OS are adjacent sides represents the sum 
r+s. 
If in addition a third vector t is represented both by O7 and by NK, then 
because OR, RN, NK represent r,s, t the sum r+s-+t is the vector of OK, 
and because NK and OT are congruent, 7K is congruent with OW and the 
plane through K parallel to ORS passes through 7: 


If the coinitial steps OR, OS, OT represent three vectors r, s, t, the diagonal 
Srom O of the parallelepiped of which OR, OS, OT are adjacent edges represents 
the sumr+s+t. 

The constructions in ‘13 and ‘14 are inferior to the general construction for 
a sum, not only because the method is essentially * incapable of direct + exten- 
sion to a larger number of vectors, but also in principle. They have however 
the merit of putting in evidence for the cases with which they deal a funda- 
mental property: since the constructions are symmetrical, 


The sum of two vectors or of three vectors is independent of the order in which 
the vectors are taken. 

In fact, in the parallelogram of :13, SN as well as OR represents r, and 
therefore ON represents s +r, and it is equally easy to associate the six orders 
of the three vectors r, s, t with the six paths from O to K along edges of the 
parallelepiped of ‘14. 


‘2. The operation of adding whole numbers in arithmetic involves, except in 
the simplest cases, assumptions of which we are apt to remain unconscious. 


* Not that there is no direct interpretation of the sum of any number of vectors repre- 
sented by coinitial steps. One that is extremely valuable is given as 6°31 on p. 51 below. 

+ Having found r,+r, by ‘13, we could of course find (r,+r,)+r3 by a second applica- 
tion of the same theorem, {(r,;+r2)+7r3}+7r4 by a third, and so on, and it is easy enough 
to prove—the result is a particular case of 22 below—that (r,+r,+...+Tn-1) +n is 
rjtret+...+2,-1+2, and that therefore the sum formed in this way by repeated use of 
‘13 would be the same as the sum defined by means of ‘11. But this is not a direct geo- 
metrical construction like that of 14, nor does the last foot-note refer to an inductive process 


of this kind. 
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An example, typical except that it does not introduce the complication of ‘carrying’, 

presents the steps of the process as follows : 
12345144341 =(100+20 +3) + (500+ 10+ 4) +(300+40+1) 

=1004+20+3+500+10+4+300+40+1 

= 100 +5004 300+ 204+10+40+3+44+1 

= (100 +500 +300) + (20+10+4 40) +(3+4+41) 

=900+70+8 

=978. 
Here the first step and the last shew the use of juxtaposition in arithmetic, and it is only 
in the step before the last that specific addition is performed. The intermediate steps 
depend on two general propositions: the second step and the fourth are valid because in 
an addition of this kind any group of successive numbers may be replaced by the sum of 
those numbers, a property expressed by saying that the addition of whole numbers is 
associative, and the third step can be taken because the value of the sum is independent 
of the order in which the numbers are added, an independence described by calling the 
addition commutative. The effect of the two properties is briefly that in adding any finite 
number of integers we may break up each of them into any number of others of which it 
is the sum and recombine the parts in any convenient manner. It is hardly necessary to 
say that merely to cal/ a vector formed in a particular way from a number of others their 
sum is not to confer any of the properties associated with addition in arithmetic and 
algebra. The proof that addition of vectors is in fact both associative and commutative 
may be based on relations between addition of vectors and addition of real numbers, but 
the direct proof is too simple to be worth avoiding. 

That 

Addition of vectors is associative 
follows at once from the construction for thesum. If Ry Ry, Ry Ros,...Rra,n Rn, nya 
is a chain of steps representing Wr, To, ... Tn, then Ryan Ra,roi, Ranga Rasa,nsay «++ 
Fin, Fz. ¢4: 18 one chain that represents Fr, P,41,... ¥, and therefore Ry, Re rs 
is one step that represents r,+¥p4, +... +1r;z. Hence the chain 
Ry Ru, Rake, tee sey ae Ry sa; Rao Ry, k+1> Rx, k41 Hiya vee tee Ten it Ra, +1 
represents the set of vectors 

Y,,T,,... Tr, (Tr st: Tri Be ce Tx), Tri. --- Tn, 
and the vector of the step Ry Ry,»+;, which is the sum r, +r, +... +f, is also 
the sum Fr, +92+ ... ++ (Tat Pats +0) tle t--s +2n- 

It follows from -22 that in forming the sum of any number of vectors we may 
replace any two consecutive members of the succession by their own sum, and 
so from ‘15 that “the result would have been the same if these two vectors had 
come originally in the reverse order. Formally, 

TM +Tet...FIMR=M t+... + Peat (TatTan) t+ Maat-.-+¥n (22) 

= Pye $I + Oa Pa) lias Fe ET, (15) 

SP bee. EI ti Ee et ee i 2a) 
But if the number of objects in an ordered class is finite—and we have 
given no meaning to the sum of an infinite number of vectors*—any one 


ee es Bae oe ; 
Series of vectors are of the utmost importance, but their study naturally begins at 
a later stage. ¥ 
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arrangement can be transformed into any other by a finite number of inter- 

changes of consecutive members*. Hence the sum of any finite number of 

vectors is wholly independent of the order in which the vectors are arranged: 
Addition of vectors is commutative. 


Taken together, ‘22 and -24 imply that °in finding the sum of any finite 
number of vectors we may replace any group of these vectors by the sum of 
its members, for ‘24 allows us to bring the vectors forming the group into 
succession, and ‘22 is then applicable. 

It is in order to secure uniqueness to the sum in all cases that we do not recognise 
different zero vectors: let r, s be vectors which are not parallel, and let 4, & be real 
numbers different from zero; hr —hr, ks — ks, (hr +hs) — (hr + ks) are three zero vectors, and 
if the first is said to have only the directions of r and the second only the directions of s, 
the third must be associated with the directions of kr+ss, and these depend on the ratio 
of h to k; if further (Ar+ks) —(hr+4hs) is to be identical with (Ar — hr) +(ks — ks) we must 
conclude either that the vectors hr —/r, ks —ks themselves depend on the values of / and £, 
or that the sum of two zero vectors is entirely indeterminate in direction even if the com- 
ponents have precise directions; briefly °we have to choose between having an infinity of 
zero vectors in a single pair of directions, having an infinity of directions for a single zero 
vector, and having an infinity of different sums to a single set of vectors, and it is the 
second convention which we adopt. 

*3. Two elementary consequences of the definition of addition are often 
used, implicitly if not explicitly: 

If a number of vectors have a common direction their sum has the same 
direction and its amount in that direction is the algebraic sum of the amounts 
of the individual vectors ; 

The sum of n vectors each with the amount r in the direction P ts the vector 

of the amount nr in this durection. 
If p is any real number and r is the vector rp, it has been already agreed 
that pr denotes the vector (pr)p; it follows from ‘32 that the relation between 
multiplication by real numbers and addition is the same for vectors as for real 
numbers. Since we can interpret, in one and only one way, any expression 
of the form p,r,+ por.+...+Pn¥n, We can use determinants in which the 
elements of one row or one column are vectors and the other elements are 
numbers. That such determinants are natural will be seen from examples in 
334°4 and 337°5 below. 

‘4. Two obvious properties of the zero vector in addition, though explicit 
reference to them is seldom made, are important in connection with subtraction. 


Addition of the zero vector produces no effect, 
since the zero vector is the vector of zero steps, and 
If any vector is added to its reverse the sum ws the zero vector, 
because a step OP followed by the reverse step PO gives the zero step OO. 


* A process that must be effective is explained adequately by an example: the passage 
from 52413 to 12345 can be made by way of 52143, 51248, 15243, 12543, 12534, 12354. 
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‘5. Subtraction is the operation which is cancelled by addition; the vector 
r—s is to be defined by the equation 
(r—s)+s=r, 
and it must be proved that there is one and only one vector which satisfies 
this condition. Let s’ denote the reverse of s. Then if there is a vector t 
such that 


t+s=r, 
this vector is such that (t+s)+s =r-+s. 
But identically (t+s)+s =t+s+s 
=t+(s+s) 
=t+0 
=t, 


by ‘22, 41 and ‘42; hence ‘53 asserts that the only value possible for tis r+s’. 
On the other hand, since 

(r+s)+s=r+s +s=r+(s'+s)=r+0=r, 
the value r+s’ ot t does in fact satisfy 52. Hence °subtraction of one vector 
from another is always possible, and 


r—s=r+s: 
To subtract a vector 8 from a vector r is to add to x the vector reverse to 8. 


‘6. In 56 we have one reason why °the vector reverse to s can be denoted 
by —8; since the reverse of —s is 8, 


-(-8)=5 
while 55 can be written r—s=r+(-s), 
and r—s=r+s 

is equivalent to r—(—s)=r+s. 


Also by the definition adopted in 1°6, “if r is 7p the product of r by —1 is 
(—r)p, and this again is the reverse of r. Thus‘ the different uses of the 
minus sign with vectors are exactly parallel to the different uses of the same 
sign with real numbers, and our familiarity with the sign in algebra must be 
a help and not a hindrance in our operations with vectors. 


214. DECOMPOSITION AND PROJECTION OF VECTORS IN A 
PREPARED PLANE; ROTATION AND ERECTION. 


‘1. °If two distinct lines m, n in a plane meet in a point O, if R is any point 
of the plane, and if P is a point of m and Qa point of n, then the figure 
OPRQ is a parallelogram if and only if P is the n-projection of R on m and 
Q is the m-projection of R on n; from the definition of the sum of two vectors 
it follows that 


If two lines in a plane are not parallel, any vector parallel to the plane.can 
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be expressed in one and only one way as the sum of vectors parallel to the two 
lines ; 

if the vector is r and the lines are m and n, the component vectors are called 
individually °the n-component of r in m or parallel to m and the m-component 
of r in x or parallel to n, and collectively they are called simply °the components 
of rin m and n. It is important to notice that +12 is true of the zero vector 
as well as of proper vectors; applied to the zero vector, ‘12 is equivalent to the 
following composite theorem : 


The sum of two zero vectors is the zero vector; the sum of the zero vector and 
any proper vector is a proper vector, and the sum of two proper vectors can not 
be the zero vector if the vectors have different directions. 


If two lines are at right angles they are not parallel, and therefore 12 can 
be applied: 


Any vector parallel to a plane can be expressed in one and only one way as the 
sum of a vector parallel to any line in the plane and a vector parallel to a per- 
pendicular line in the same plane, and the component vectors are called the 
projection of the vector on or parallel to the line and the projection of the vector 
at right angles to the line. 


‘2. °The components and projections of which we have just been speaking 
are vectors; it is only if our attention is fixed on one of the directions of one of 
these vectors that it is naturally concentrated also on a particular amount, but 
one effect of using directed lines and planes is to give in some cases precisely 
the definiteness we desire. If we form a component or projection of a vector 
parallel to the axis of a ray, we can distinguish the amount of the component or 
projection in the direction of the ray from the amount in the reverse direction, 
and this °amount we call the component or projection of the vector in the 
direction of the ray; °a component or projection of a vector parallel to a line 
is a vector, but a component or projection of a vector in the direction of a ray 
is a real number, which if it is not zero is positive or negative according as the 
direction of the ray is the positive direction or the negative direction of the 
component or projection parallel to the axis of the ray; instead of speaking of 
a component or projection parallel to the axis of a ray we may speak of 
a °vector-component or vector-projection parallel to the ray, and we may use 
the same compound words when dealing with undirected lines if we wish to 
emphasise that the concepts described are not real numbers. In a prepared 
plane, the projection of a vector r at right angles to a ray u 1s “understood to 
be the projection of r on rays normal to p, that iS, on rays making with m 
a positive right angle; like the projection on p itself, this projection 1s a definite 
real number. The values of the components and projections described in the 
present article can be obtained immediately by application of the results of 
141; in particular, °the projections of a vector rs on a ray w and at right 
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angles to « are rcos MA and rsin MA, where M is the spherical image of yp, 
and special cases of this result assert that 

If the direction of a ray ps is one of the directions of a vector r, the projection 
of r on p is the amount of ¥ in that direction, 


and conversely that 

If the projection of a vector r on a ray mw ts an amount of r, the direction of 
is a direction of ¥, 
and that 

The projection of a vector ona ray ws zero if and only if the two are perpen- 
dicular. - 


-3. If two vectors in a plane have projection zero on the same ray in that plane, 
the vectors have axes at right angles to that ray, and if further their projec- 
tions at right angles to the ray are equal the vectors coincide; it follows that 

If on every ray in a plane two vectors parallel to the plane have the same 
projection, the vectors are identical. 

It need hardly be remarked that the hypothesis of ‘32 is much stronger than 
is necessary for the deduction of identity, but there are important applications 
in which the stringent condition is known to be satisfied. We can enunciate 
a general theorem of which a particular case gives the real ground of °32; 
parallel lines which have one point in common coincide, and therefore 

If m,n, q, 7 are four lines in a plane, subject to the conditions that q and r 
are not parallel, that m and q are not parallel, and that n and r are not 
parallel, then if two vectors have the same q-projection on m and the same 
r-projection on n, the vectors are identical. 

To take q coincident with n and r with m and to assert that a vector in 
a plane is completely determined by its components in any two distinct inter- 
secting lines in the plane is only to affirm that the sum of two vectors is 
unique, but to suppose qg at right angles to m and r at right angles to n 
enables us to state in language similar to that of ‘32 that 

If on each of two distinct intersecting rays in a plane two vectors parallel to 
the plane have the same projection, the vectors are identical, 


a result that can be expressed more simply and more usefully in the form that 


A vector parallel to a plane is completely determined by its projections on any 
two rays in the plane provided that the rays are not parallel. 


‘4, From 141°61 and the definition of the sum of a number of vectors follows 
the fundamental theorem 


If a vector r is the sum of a finite nwmber of coplanar vectors, and n is any 
line in the plane of the components, the n-components of r on any line or ray wm 
this plane is the sum of the n-components on that line or ray of the vectors com- 
posing ¥, 
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with the special case 


If a vector r is the sum of a finite number of coplanar vectors, the projections 
of © on and at right angles to any line or ray in the plane of the components 
are the sums of the corresponding projections of the individual components of Yr; 


the n-components in the first of these theorems and the projections in the 
second are “vectors or real numbers according as the components and projec- 
tions are on a line or on a ray. 


‘5. If K is any direction in a directed plane and e is a given angle, there is 
one and only one direction A such that ¢ is an angle from K to A in the plane, 
and the vector 7,, said to be obtained by rotating rx through the angle «, will 
be denoted by &.7; since the direction which makes an angle e with K’ is A’, 
the reverse of A, the vector é.(—1) x is the vector (—7),, which is identical 
with 6.7; also if rg is zero so also is 7,4; thus if r is any vector °there is a 
definite vector é.r which is independent of the direction chosen, among the 
available directions, for the specification of r. 

A case of especial value is that in which the angle e is a positive right 
angle ; °the vector é,,r we denote briefly by @r and call the vector obtained 
by erecting r. It is hardly necessary to add that for any two angles 6, ¢ 

GsG-¥ = G.6sV = 654.7, 
and that 6*r = 6,r=—f7, 
é°r denoting é(ér). 

The effect of rotation on the sum of a number of vectors can be deduced 
from a series of elementary theorems. If & is any direction and T is the 
direction making with & the angle e, and if 7, is the vector & 7, the pro- 
jection of r, in the direction T is rcos AT and the projection of rx in the 
direction & is rcos K2; but by hypothesis {T is equal to KA, and therefore 
AT is equal to K2: 


The projection of the vector 6.x in the direction making an angle e with a 
direction > is equal to the projection of r in the direction =; 


in particular 


The projection of vr in any direction T 1s equal to the projection of rx in the 
direction making a positive right angle with 'T. 


Suppose now that the sum Sr”) of a finite number of vectors r”, r®, ... is 
the vector rx, that M is the direction making a positive right angle with K, 
and that A, N are the directions making a given angle e with the directions 
K, M; by ‘55, the projection of é.r on N is equal to the projection of r™ 
on M, and therefore by a double use of ‘42 the projection of } é.r™ on N is 
equal to the projection of =r™ on M; by hypothesis the latter projection is 
zero, and therefore by ‘29 the vector {é.r™ has directions at nght angles to 
N; because KA, MN are equal, one angle from A to N is a positive right 
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angle, and A is one direction of the vector >é-r™); lastly, the amount of 
> Ex in the direction A is by ‘27 the projection of > é.r” in that direction, 
and so by another double use of ‘42 is the projection of =r in the direction 
K, which a second appeal to ‘27 shews to be r: 


If each of a finite number of vectors r", T°), ... as rotated through an angle e, 
the sum of the vectors is rotated through the same angle ; 


in symbols, TEr™ = Er, 
m m 
In particular ,erma Sor: 


The sum of the vectors obtained by erecting any finite number of vectors in a 
directed plane ts the vector obtained by erecting their sum. 


215. DECOMPOSITION AND PROJECTION OF VECTORS IN SPACE. 


‘1. In space of three dimensions the definitions and propositions of the last 
section have analogues of two distinct kinds, for we may extend them either 
by partial substitution of planes for lines or by an increase in the number 
of lines considered. The two forms of extension have 
interrelations, but their uses are independent. l 

One geometrical theorem that corresponds to 4°11 ee 
is that °if a line J and a plane K meet in a point O, cae iM 
and R is any point of space, and if P is a point of wee 
1 and Q a point of K, then the figure OPRQ is a 
parallelogram if and only if P is the K-projection 
of R on J and Q is the J-projection of R on K; Ge ee K 
from this comes the theorem that ee | Q 


If a line and a plane are not parallel, any vector 0 


[en = 


can be expressed in one and only one way as the swm 
of a vector parallel to the line and a vector parallel 


Fig. 13. 
to the plane; 


if the vector is r and the line and plane are / and K, the component vectors 
are called the °K-component of r im J or parallel to J and the l-component of 
rin K or parallel to A. Taking the line and the plane at right angles we 
deduce two theorems, which justify useful definitions : 


Any vector can be ewpressed in one and only one way as the sum of a vector 
parallel to any line and a vector at right angles to that line, and the components 
are called the projection of the vector on the line or parallel to the line and the 
projection of the vector at right angles to the line; 


Any vector can be expressed in one and only one way as the sum of a vector 
parallel to any plane and a vector at right angles to that plane, and the com- 
ponents are called the projection of the vector in the plane or parallel to the 
plane and the projection of the vector at right angles to the plane. 
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As in 4:2, we can distinguish between components and vector-components 
and between projections and vector-projections, the °real numbers occurring 
with components and projections on a ray or at right angles to a prepared 
plane ; °a component parallel to a plane or at right angles to a line is essentially 
a vector-component. The values of components and projections of vectors on 
rays are to be found from the formulae of 143 and 144. 


‘2. If two lines are such that every line at right angles to one of them is at 
right angles also to the other, the two lines are parallel; arguing somewhat as 
in 4°3 we conclude that 


Tf in every direction two vectors have the same projection, the vectors are 
identical ; 


as with 4°32, the hypothesis of -22 is stronger than the conclusion requires but 
is actually known to be satisfied in certain cases which present themselves. 
To reduce the hypothesis of ‘22 to its weakest form we remark that two parallel 


planes which have a single common point coincide entirely, whence we con- 
clude that 


If three planes F, G, H have one and only one common point, and if 1, m,n 
are any three lines such that l vs not parallel to F, m to G, nor n to H, a vector 
ws completely determined by its F-component in l, its G-component in m, and tts 
H-component in n. 

The planes #’, G, H must be distinct, but there is no reason why two of the 
lines J, m, n, or even all three of them, should not coincide. 

If three directions are not coplanar, three planes to which these directions 
are at right angles have one and only one common point; hence 

A vector in space of three dimensions is completely determined by its projec- 
tions in any three directions that wre not coplanar ; 
in particular 


A vector in space vs completely determined by its projections on any three rays 
that are concurrent but not coplanar. 


*8. An alternative to ‘11 as an extension of 4°11 to space is that “if 1, m, n 
are three lines concurrent in a point O and not coplanar and FR is any point 
of space, and if F, G, H are points of J, m,n, then OR is a diagonal of a 
parallelepiped of which OF, OG, OH are edges if and only if F, G, H are the 
projections of R on J, m, n by planes parallel to the plane through m and n, 
the plane through 7 and J, and the plane through / and m. From this it 
follows that 


Provided only that the directions of three lines l, m, n are not coplanar, any 
vector ¥ in space can be expressed in one and only one way as the sum of three 
vectors parallel to the lines; the component of r parallel to | 1s the K-component 
of x parallel to l, where K is any plane parallel to both m and n, 
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a result that can be obtained otherwise by a combination of ‘12 with 412; an 
application of ‘23 shews that if two vectors have the same set of components 
in three directions that are not coplanar the vectors are identical, but unlike 
‘23 and ‘24 this is merely a particular case of the theorem that the sum of 
any finite number of vectors is a unique vector. 


-4. From 142°32 and the definition of the sum of a number of vectors follows 
the fundamental theorem that 


If a vector v is the sum of a finite number of other vectors, the K-component 
of r parallel to any line or in the direction of any ray is the sum of the K- 
components, parallel to that line or in the direction of that ray, of the vectors 
composing x, K being any plane not parallel to the line or ray, 


which we use repeatedly without explicit reference. Of ‘41 the special case 
that 

If a vector r is the sum of a finite number of other vectors, the projection 
of x parallel to any line or in the direction of any ray ts the sum of the 
projections parallel to that line or in the direction of that ray of the vectors 
composing ¥ 
is invaluable ; °if the projections or components are parallel to a line, they are 
vectors, but if they are in a given direction they are real numbers and the 
sum of the parts is an algebraic sum. The second part of ‘32 enables us to 
deduce from 142°32 also that 


If a vector r which ts the sum of a finite number of other vectors s, t, ... 
is expressed as the sum of vectors with three assigned directions that are not 
coplanar, each of the three components of r vs the sum of the corresponding 
components of the individual vectors s, t, .... 


It is possible to prove ‘32 directly from 3:14 and to apply 142°32 to prove 
‘44 without making use of 3°22 or 3:24, modifying the enunciation of -44 to 
require the order in which the components are taken to be the same as the 
order of the individual vectors s, t,..... Then 3°22 and 3:24 become corollaries 
of the theorems that in algebra the addition of real numbers is both associative 
and commutative, and the direct proofs in 3:2 are superfluous. 

Complementary to ‘41 and -42 and following in the same way from 142°32 
are the two results 


If a vector ¥ is the sum of a finite number of other vectors, and if K is any 
plane and | is any line not parallel to K, the l-component of r parallel to K is 
the sum of the l-components parallel to K of the vectors composing r ; 

If a vector ris the sum of a finite number of other vectors, the projection of 
r parallel to any plane is the sum of the projections parallel to the same plane 
of the vectors composing r; 


in these theorems the components and projections are necessarily vectors. 
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216. MEAN CENTRES OF SETS OF POINTS, AND OF SETS OF LOADED POINTS. 


‘1. Let Rie Be. Re represent the vectors r,, r,,... %, with respect to the 
origin O, and let the vectors of the steps to these same points from another 
origin Q be §,, 8, ... S,. Then if q is the vector of OQ, 

§=',—-q, &=f,—q,... S,=l,—q, 
and therefore by 3°56 and 3°25 
8, +8+...+8,=(+Mmt+...4+7r,) —7nq. 
It follows that °s,+8,+... +8, is the zero vector if and only if Q is the point 
representing (r,+1r,+...+¥,)/n with respect to O: 

Given any finite number of points R,, Re... Rn, there is one and only one point C 
such that the sum of the vectors of the steps CR,, OR,, ... OR, is the zero vector. 
This point is called the °mean centre of the set of poultedwies, a as 

It follows from 5°45 and 5:41 that 

The mean centre of the projections, normal or oblique, of any set of points on 
a plane or a line is the projection of the mean centre of the set. 


‘2. Geometrical properties of the mean centre are easy to find. It follows 
from ‘13 that 

The mean centre of a set of points R,, Re, ... Rn in a ray is the point whose 
distance from any point O of the ray is the arithmetic mean of the distances of 
R;, Re, ... BR, from O, 
and from ‘16 that 

The sum of the distances of any number of points from any prepared plane 
through their mean centre ws zero. 
The only objection to using one or other of these properties for the definition 
of the point is that the existence of a point having the property requires some 
proof. 


°3. From ‘13 and ‘12 we see that 

If R,, Ry, ... Ry, represent with respect to the origin O the vectors ¥,,%2,...Tn; 
then if C is the mean centre of R,, Ry, ... Rn, the sum ¥, +1, +... +¥p vs n times 
the vector represented by C. 

This is the generalisation of 3:13 and 3:14, but it depends on 3°24 and is 
not available, unless the whole mode of development of the subject is changed, 
to prove that the sum of the vectors is independent of their order. 


‘4. An immediate development of the idea of the mean centre is that of the 
mean centre of aset of loaded points. A ° loaded point is a point associated with 
a number, positive, zero, or negative; the idea of a loaded point is older 
and more primitive than that of a vector. 

Suppose the points R,, R,,... R, to be associated with the m numbers 
M,, Mo, ... M,. Then with the same notation as in ‘1 we have 
My 8, + My So + ... + My Sp = (MT, + Mela +..- + MnIn) — (mM, + My +... + Mn) G. 
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The conclusions to be drawn from ‘42 depend on the value of the sum 
Mm, + M+... + My, Which is called the ° total load of the set. 


If the total load of a set of loaded points is zero, the sum of the corresponding 
loaded vectors of steps to the points from an origin does not depend on the 
position of the origin. 

The case of a zero sum is exceptional. If m,+m2.+...+M™n is not zero, 
there is a definite vector (mY, + mp Ty +... + MnTn)/(m, + Mz +... + Mn), and 
therefore 

If the total load of a set of loaded points R,, R,,... Rn is not zero, there as 
one and only one point C such that the sum of the corresponding loaded vectors 
of the steps OR,, CRz,... CRy rs the zero vector. 

This point C is called the mean centre of the set of loaded points, and the set 
is said to be concentrated at the mean centre if the mean centre is associated 
with the total load of the set. 


*5. From ‘42 it follows that 


Tf mm, Mz, ... Mn are any n numbers whose sum is not zero, and if R,, Re, ... Rn 
are the points representing with respect to an origin O the vectors Y,,¥2, ... Tn, then 
the sum M,¥Y, + MY, +... + MnYy ts the product by m, +m. +...+ My of the vector 
represented by the mean centre of the loaded set obtained by associating 
Pepe Legs exe dey Ih Net, Migs ese Nts 

In other words, ° the sum of the loaded vectors is the loaded vector of the 
concentrated set of points. 

Applying 3:25 to ‘52 we find that 


In concentrating any finite set of loaded points, we may replace any group 
contained in the set by the loaded point obtained by the concentration of that 
group. 

It is ‘53 that enables us to describe an inductive construction for the mean 
centre. If m, and m, are not both zero, m,r, + m2Yr, can not be zero unless r, 
and r, are parallel; hence the mean centre of two points R,, R, with loads 
M4, Mp 18 collinear with R,, R,: it is therefore the point C, in R, R, such that. 
m,.CR, + m,.CR, is zero, that is,°the point dividing R, R, in the ratio of m, 
to m,. Having found C,, we may find the mean centre of C, loaded with 
m,+m, and any third point R, loaded with a number m, different from 
—(m,+mz,), and the process may be continued through any finite number of 
stages; the order in which the points are taken must satisfy the condition 
that none of the partial loads m,+m,, m,-+m,+ms3,... are zero, but if the 
total load is not zero this will not prevent the set from being exhausted. 

We can adapt the process just described to finding the mean centre of a 
number of unloaded points by supposing the points given equal loads. The 
fact that the point so reached is independent of the order in which the points 
are taken is even in this case a geometrical theorem of some complexity. 


CHAPIN Rell. 2 
PRODUCTS OF VECTORS 


220. Introduction. 221. The projected product of two vectors. 222. The areal 
product of two vectors in a prepared plane. 223. The vector product of two vectors. 
224. The areal vector of a triangle. 225. The spatial product of three vectors. 


220. INTRODUCTION. 


Multiplication, like addition, is a word whose use in relation to vectors is 
to be settled by definition. It was the triumph of Hamilton’s genius to 
discover how the word could usefully be applied. Our purpose is not to follow 
in his footsteps, but to describe individually the functions that are of the 
greatest service in analytical geometry, shewing their interrelations but 
making no-attempt to exhibit them as elements in a complete algebra. Our 
attitude is that there are certain numbers and vectors dependent on groups 
of vectors that are recognised to recur so persistently that it is worth while 
to attach special names and symbols to them*. These functions are all dis- 
tributive with respect to addition, that is to say, if r, any one of the variable 
vectors on which one of them depends, is expressed as the sum of a finite 
number of vectors r,,1:,... 1%, the value of the function for the argument r 
is the sum of its values for the arguments r,,1,... Tr, severally. For this 
reason the functions are all called products, the distributive property being 
among the most important characteristics + of multiplication in algebra, where 
it finds expression in such identities as 


a(p+qt...)b=apb +aqbt.... 


Numerous relations between the functions to be described in this chapter will 
be found in chapter IV 1 below. The order of development of this subject, as 
of many others, is to a considerable extent arbitrary, and some different routes 
are followed and some are indicated in the latter of these two chapters. 


* To illustrate by a particular case, to Hamilton the vector product Y vsis a vector 
associated with the product rs which is itself a definite quaternion, but to us (compare 
Burali-Forti, Proc. Fifth Int. Congress of Math., vol. 11, p. 488, 1912) V vs is a vector 
dependent on the independent vectors r, s and called a product only because 

YV (r,tr,t...)s=Urst+Urs+..., Vr(s,tst...)=Urs,+U rect... 


+ Whitehead (Universal Algebra, p. 26, 1898) regards the distributive property as the 
one property necessary to justify the name of product. 
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921. THE PROJECTED PRODUCT OF TWO VECTORS. 


‘1. If r,s are vectors of amounts 7, s in the directions whose images are 
P, S,° the product 7s cos PS depends in value, though not in appearance, only 
on the vectors themselves, for if 7’, s’ are the amounts of r,s in the reverse 
directions, then since 7”, s’ are the negatives of r, s we have identically 

rs cos PS =r's cos P’S =r 8’ cos PS’ = 1's’ cos P’ >’. 

°The product rs cos PE is symmetrical with respect to the two vectors, but 
it can be described unsymmetrically, either as °the product of the amount of 
s in either of its directions by the projection of r in that direction, or similarly 
in terms of an amount of r and a projection of s, and we call the product the 
° projected product* of the two vectors and denote it by rs. Applying 15-42 
to r and a ray in one of the directions of s and multiplying the projections 
by the amount of s in that direction, we deduce that 

Tf of two vectors r, s the former is the sum of a finite number of components, 
the projected product of r and s is the algebraical sum of the projected products 
of 8 by the several components of F, 
with the extension that 


If the vectors r, s are the sums of finite numbers h, k of components, the 
projected product of r and s is the algebraical swm of hk terms, each of which 
is the projected product of a component of r and a component of s, 
more symmetrical but less useful than the theorem from which it is derived: 
symbolically we have 


GF(lr™)s=TI/r™ g, 
m m 
I (> r)) (x 8”) = >> Grim 8”), 
me n 


mn 
where r®,r®,... are the components of the single vector r™, and s®,s®,... 
the components of =s”, There are two modes of expressing these results 
briefly: we may say that 


Lhe projected product of two vectors is a linear function of each of them, 


a magnitude #'(r) involving a vector r being called a°linear function of r if 
identically 


FS rm) = P(e); 
m v 
or we may assert that i 


The formation of the projected product is distributive Jor the decomposition 
of either of the vectors involved. 


* It is the negative of Hamilton’s scalar product and is a special case of Grassmann’s 
inner product; we do not propose to use quaternions, and the recurrence of negative signs 
in algebraical work is inconvenient. But I will not follow even Clifford and Gibbs in cone 
Hamilton’s name for a concept contradicting his, and I avoid the symbol Y deliberately ; 
FP is required later, and <¥ must be available for extracting the imaginary part of a ers 
plex expression, but % the initial of Gibbs and Grassmann, is not inappropriate. 
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"2. The projected product ¥rs of two vectors r, s, being the product 
rs cos PS, °vanishes if r or s is the zero vector or if the vectors are in perpen- 
dicular directions, and it is worth while to notice that owing to the convention 
that the zero vector has all directions we can say that °the projected product 
of two vectors vanishes if and only if the vectors have directions at right angles; 
the object of conventional language is to avoid the explicit mention of cases 
apparently exceptional, and in this example the object is completely attained. 


‘3. From the form of the projected product follow the two results that °the 
projected product of two vectors is unaltered if an amount of one vector is inter- 
changed with an amount of the other, of which the principal applications are 
applications of the particular consequence given in the following paragraph 
as “43, and that °the projected product of two vectors is unaltered if one is 
multiplied and the other divided by any real number, a trivial theorem on which 
the simplicity of the analysis connected with curvilinear coordinates in 
differential geometry is to a considerable extent dependent; in symbols ‘31, 
‘32 take the forms 

GT p$3= I Sprs, 
Srs= F(pr)(s/p), 
r, s denoting any real numbers and p denoting any real number other than 
zero; ‘34 is a particular case of the simpler theorem that if two vectors are 
multiplied by any two real numbers, the projected product of the vectors is 
multiplied by the algebraical product of the numbers : 
J (pr) (98) = pg Fr8. 

The projected product of a vector r by itself is naturally denoted by fr’? 
and may be called the “projected square of the vector; this is the square of 
each amount of the vector and is often useful in the calculation of amounts 
by means of 16. The projected square of the vector of a step AB is the square 
of the lengths of AB and may be denoted usually by AB? without risk of 
confusion. More generally, it is almost always safe to use for the projected 
product of the vectors of two collinear steps AB, CD the elementary notation 
AB.CD. 


‘4. That °the cosines of the angles between two directions is the projection in 
either of the directions of a unit vector in the other is an observation so ele- 
mentary that it is instructive to find it valuable, and a result of the same kind 
is that °the projection in any direction of any vector x is the projected product 
of x by a unit vector in the given direction, from which follows the theorem of 
symmetry that °the projection in a direction = of a vector of amount r in a direc- 
tion T is equal to the projection in the direction T of a vector of the same amount 
in the direction &, the most useful of the deductions from °31. Even simpler 
than ‘41 is the statement that 

The cosine of the angles between two directions is the projected product of 
unit vectors in those directions, 
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from which in 313°1 below we derive the fundamental theorem of spherical 
trigonometry. One advantage of replacing directions by unit vectors is that 
decomposition becomes possible, and for this purpose ‘44 allows more freedom 
than ‘41. 


2922. THE AREAL PRODUCT OF. TWO VECTORS IN A PREPARED PLANE. 


‘1. In a prepared plane, if rp, ss: are any two vectors r, s the product 
rssin PS no less that the product rscos PE is a number dependent only on 
the vectors r, 8; we call this product the °areal product of r and s, and denote 
it by “rs. 

The areal product of two vectors in a prepared plane vanishes if and only of 
the vectors have parallel directions, 
the cases in which one vector is the zero vector being formally included. 
From 113°23, 

The areal product J sr is the negative of the areal product “rs, 
and for this reason it is sometimes desirable to lay stress on the order of the 
vectors by speaking of rs as a product of r into s or of s by r. 

If r is the vector rp and II is the direction which makes a positive right 
angle with P, the vector rq is the vector Sr obtained by erecting r, and since 
sin PY is cos SI, it follows that 

Ars=f8(6r): 

The areal product Ars is the projected product of the vector s by the vector 
& x obtained by erecting r. 

This result with 14°58 enables us to apply 1:17 to deduce that 

The areal product of two vectors in a prepared plane is a linear function of 
each of them: 

A (ore) (3s) = SE Arms, 


Mm 117 m % 
A slight change in ‘14 gives a useful variation: 


As(ér)= Fre. 


‘2. The concept of the areal product enables us to replace 14°12 by a theorem 
shewing the exact magnitudes of the components. If k, a vector coplanar 
with r and s, is identically gr+hs, then since ¢r® and .Ws? are zero, 

Aks=9 Ars, Ark=h Ars; 

In a prepared plane, a vector k is decomposed into vectors parallel to given 

vectors r,s that are not themselves parailel by the formula 
k Ars=r Aks+s Wrk. 

Naturally if r and s are themselves parallel the decomposition fails, but the 
formula in ‘21, though it loses interest, does not actually become false; “rs 
vanishes, but if r, s are rz, Sz, 


r.4Aks=rslp 4kly, s Ark=rsly A lpk, 
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and so by 13 the zero vector appears on the right of the equation as well as 
on the left: for any three vectors k, r,s in a prepared plane, 


k Grs=r.4ks+s rk. 


Actually a simpler and more powerful method of dealing with the excepted 
case is to rely on the distributive property. If r and s are parallel but r is 
not the zero vector, then if d is any vector in the plane that is not parallel to 
r, the vector s—d also is not parallel to r; that is to say, Ss can be expressed 
as d +e where neither d nor e is parallel to r. Then 


k 4Grs=k “r(d+e) 
=k Wrd+k.“re 
=r Akd+dGrk+r“ke+e “rk 
=r(Hkd+ Wke)+(d+e).Wrk 


; =r.4Aks+s “rk 
as in general. 


Sometimes the vector to be decomposed is given not directly but as the 
vector obtained by erecting a given vector; the modification to meet this case 
is given at once by ‘16 and ‘13: 

6k Ars=sSkr—r Sks, 


If we suppose the vectors in -23 all rotated through a right angle we have the 
alternative formula 
k “Grs=érSks—6s Skr. 
From ‘24 and ‘16 comes 
Aik Ars = Sir (ks — Sis fk, 
where i is any fourth vector in the plane. 


*3. To be in a position to appreciate corresponding theorems in three 
dimensions, it is worth while to notice that 

The area of the triangle QRS in a prepared plane is one half of the areal 
product of the vectors of the steps QR, QS. 


223, THE VECTOR PRODUCT OF TWO VECTORS. 


‘1. If rp, ss are two vectors r, s in space, sin PS has meaning only if 
a direction T is assigned round which angles from P to = are to be measured, 
and the sign of sin P= is changed if the direction round which measurement 
takes place is reversed. If I] is one direction at right angles to both P and &, 
we can avoid ambiguity by taking for sin P> the sine of angles from P to = 
round II and associating the resulting value of rs sin P definitely with the 
direction II; then we must associate also with the reverse direction II’ a 
number which is the negative of the number associated with II, and therefore 
what we actually consider is not a number of the form rssin PX but the vector 
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(rs sin PS), and this vector, which is called the vector product of r into s and 
denoted by @ rs, depends only on r and s and on the spatial convention. Briefly 

The vector product of r into s is the vector obtained by associating with each 
direction at right angles to both r and s the areal product of r and s in a 
prepared plane to which that direction 1s normal. 

A number of simple properties can be asserted at once. 

The vector product W sr is the reverse of the vector product Y rs ; 

The vector product Yrs is the zero vector if and only if the vectors r, 8 have 
parallel directions, 

a proposition that includes the-statement that a vector product is the zero 
vector if either of the constituents is the zero vector. The symmetry of three- 
dimensional space is responsible for the theorem that 

If r,s, t are three vectors mutually at right angles of which the first 1s a unit 
vector, and if t is the vector product of r and s, then s is the vector product of 
t and r, 
which is used explicitly in 336°3. An extension of ‘14 can be expressed in the 
form 

If s, t are two vectors at right angles, then 

Vt(Vsth=s St, V(Ust)s=t Ss’, 
and we can remove the explicit condition from this enunciation by replacing the 
vector t by Yrs, where r is arbitrary, for Y rs is necessarily at right angles to s: 
For any two vectors r, s, 
V (Urs) {Us(Urs)}=s (Urs), 
V ‘Us(Urs)}s=S8' Urs. 

2. If OF is at right angles to OP and QO and if OT is the direction at 
right angles to QII and OP such that there is a positive right angle from OP 
to OT round OIL, then the vector product of rp and ty is (rt), and therefore 
V rpsy is the vector product of 7p and (s sin P&)r, that is, of rp and (s cos [T),, 
whence 

The vector product of r into s ts the vector product of r into the vector com- 
ponent of 8 at right angles to r; 
since also 


If two vectors are multiphed by any two real numbers, the vector product of 
the vectors is multiplied by the algebraical product of the numbers, 
it follows that the vector product of rp into s is the product by r of the vector 
product of 1p into the component of s at right angles to P. But if P is at right 
angles to T and II is at right angles to both of them, and if there is a positive 
right angle from P to T round II, then there is a positive right angle from T 
to II round P; hence 

If the vector t is at right angles to the direction P, the vector product V 1pt is 
the vector obtained by erecting t in a prepared plane to which P is normal, 
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It follows from 14°58 that if t®, t®, ...t are at right angles to P then 


V 1p (2t™) =F V 1pt™, 
and therefore from °22 that 


If t,t, ...t are at right angles to x, then Vr (St) =SV rt, 
It follows from ‘21 that if any k vectors s”, s®,... 8 have for their components 


at right angles to the vector r the & vectors t”, t®, ... t® and if their sum s 
has for its component at right angles to r the vector t, then: 
VUrs=WV rt, 
[Vrs™ => VU rt; 
but ‘24 gives [VU rt™ =Vr (St) 
and 15°46 gives t= >t, 


and therefore for any set of vectors, and not merely for a set at right angles 
to r, 


Vr(>s”)= lV rs, 
and 12 enables us to dispense with a separate proof of the corresponding 
equation 

V (Sr™) s=TUrims; 


combining °25 and ‘26 we have 


Y (=r™) (28) = TSU rimgm; 


If the vectors r,s are the sums of fumte numbers h, k of components, the vector 
product of r and s ws the sum of hk vectors each of which is the vector product 
of a component of r and a component of s, 


or briefly 


The vector product of two vectors is a linear function of each of them. 


*3. Since the vector product rs is at right angles to r and s, and the 
vector product @(Yrs)t is at right angles to Yrs, the vector product 
Y (UV rs)t is coplanar with r and s and is therefore expressible in the form 
gv +hs. An explicit formula is easily obtained. Consider first the case of a 
vector k which itself is coplanar with r ands. Let II be a direction of Yrs; 
then if rs is the areal product of rand s in the plane to which IT is normal, 
Mrs is of amount “rs in the direction II and therefore 7 (“rs)k is the 
product by “rs of the vector obtained by-erecting k in this plane. That is 
to say, (Urs) k is precisely the vector that is decomposed in 2°23, and 


UV (Vrs)k=s fkr—r Sks. 
But any vector t can be expressed as the sum of a vector coplanar with r 


and s and a vector perpendicular to both rand s, and if k is the first of these 
components it follows from 1:16 and 1-22 that 


fkr= tr, fks=Sts 
and from ‘21 that YU rs)k=V (Vrs) t; 


33 


ler 


*21 


22 


60 VECTORS AND ROTORS 223 


hence t can be substituted for k throughout ‘32: 
If x, 8, t are any three vectors, then Y (Vrs)t=s /rt—r Sst. 


The identity in this theorem, of which ‘15 is a trivial corollary, is invaluable. 


224. THE AREAL VECTOR OF A TRIANGLE. 


‘1. The process by which a pure number in the geometry of a prepared 
plane leads sometimes to a vector in the geometry of space deserves attention. 
The example we have had, in which occurs in the one case the areal product 
and in the other case the vector product of two vectors, is altogether typical, 
and it is easy to see the condition that renders the passage natural: by the 
spatial convention each direction normal to an unprepared plane in space is 
connected with one of the cyclical directions that can be given to the plane, 
and therefore °if a magnitude 7s such as to depend for sign but not for absolute 
amount on the cyclical direction of a plane, the association of the magnitude 
with a vector at right angles to the plane is inevitably suggested. Whether the 
introduction of the vector brings advantages is a question for discussion in 
each case, and the answer depends on the use that can be made of properties 
characteristic of vectors, that is to say, of the rules of vectorial addition and 
projection. 


‘2. It is 3:27 that justifies the introduction of the vector product; 125-16 
suggests a vector derived from a prepared plane that requires justification of 
a different kind. By the °areal vector of a triangle QRS in space is meant 
the vector obtained by associating with each direction at right angles to the 


plane of the triangle the area of the triangle in the corresponding prepared 
plane; from 2°31 and 3:11, 


The areal vector of the triangle QRS ws one half of the vector product of the 
vectors of the steps QR, QS. 


Since we have given no meaning to the addition of triangles in different 
planes, the utility of areal vectors is not to be realised from propositions such 
as 3°27; but there is one operation, that of projection, which may be performed 
both on triangles and on vectors. We may deduce the effect of projection on 
an areal vector from 144°75, but a more satisfactory plan is to discover this 
effect directly, thereby reducing 144°75 to dependence on results in 143-2. 


Suppose that the triangle QRS is projected by lines parallel to J ona plane 
K into the triangle ABC, and by the same lines on the plane through Q 
parallel to K into the triangle Q¥@; the triangles ABC, QFG have the same 
areal vector, and it is the second of these triangles that we consider. Let the 
lines through &, S parallel to J cut the plane through Q at right angles to J 
in X, Y, and to an assigned scale let QU, QV, QW represent the areal vectors 
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of QRS, QFG, QXY. Since RX, SY are parallel to QW, the tetrahedra 
QRSW, QXYW have the same volume; if however I, A are directions of 
QU, QW, and f, h are the lengths of QU, QW in those directions, the volume 
of QRS W is equal to + fh cos ['A, because of the relation of QU to the triangle 
QRS, and because of the relation of QW to the triangle QXY the same 


Fig. 14, 


product 4fhcosTA gives the volume of QX YU; it follows that the tetra- 
hedra (VX YW, QX YU have the same volume, and therefore that the plane 
through U at right angles to / passes through W; similarly the plane through 
V at right angles to / passes through the same point, and therefore QV is a 
projection of QU by planes at right angles to J: 


The areal vector of the projection of a triangle QRS on a plane K by lines 
parallel to l as the projection of the areal vector of QRS on a line at right 
angles to K by planes at right angles to 1. 


To prove the same result directly from properties of the vector product, let 
r,s be the vectors of QR, QS, and let them be expressed as b+m, c +n, 
where b, c are parallel to the plane K and m,n are parallel to the line l. 
Then b, ¢ are the vectors of AB, AC, and the areal vectors of the triangles 
QRS, ABC are 4 Vrs, $V be; what we have to prove is that these vectors, of 
which the second is necessarily perpendicular to K, differ only by a vector 
perpendicular to /, and this follows from 3:27, for 


YVrs=V(b+m)(c+n)=Vbe+Vme+Vbn+VUmn 


and of the four vectors on the right, @mn is the zero vector while V me is 
perpendicular to m and Y bn to n. 
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‘3. Although our work is to be confined strictly to the Euclidean plane and 
Euclidean space of three dimensions, we may permit ourselves the observation 
that the possibility of dealing im space with magnitudes that in a prepared 
plane depend on cyclical direction by means simply of vectors 1s a consequence, 
and analytically by far the most important consequence, of the three-dimen- 
sional character of space, which assures to a prepared plane a normal direction 
that is unique when the spatial convention is established, In space of more 
dimensions than three, directions at right angles to two directions are in- 
finitely numerous, and there is no escape from the use of hypervectors, 
numbers associated with more directions than one. 


925. THe SPATIAL PRODUCT OF THREE VECTORS. 


‘1. The most elementary problems involving three directions P, Saban 
space introduce the function sin QPST, and so with three vectors r, s, t 
expressed as rp, Sy, ty, we have to consider the product rstsin QPST; to 
reverse the direction in which r is measured is to change simultaneously the 
signs of r and sin QPXT, and therefore the product rst sin QPET depends on 
the vectors r, s, t themselves, not on the choice of directions for measuring 
them; we propose to call the product the ° spatial product* of r,s, t and to 
denote it by 7 rst. The spatial product .7 rst depends for its sign on the order 
of the vectors involved and on the spatial convention, the sign but not the 
amount being changed by a simple interchange of two vectors : 

J rst =--.J rts = — J srt. 
Also from 13426 

The spatial product of three vectors vanishes of and only if the vectors have 
coplanar directions, 
the degenerate cases in which one of the vectors is zero or two are parallel 
being formally included, and 

J (fr) (gs) (ht) = foh J rst: 

If three vectors are multiplied by any three real numbers, the spatial product 
of the vectors is multiplied by the algebraical product of the numbers. 

The simplest geometrical use of the spatial product is evident from the 
definition : 


The volume of the tetrahedron QRST is one sixth of the spatial product of 
the vectors of the steps QR, QS, QT. 


* This, like the projected product, is the negative of Hamilton’s scalar product ; still 
avoiding ¥, I have adopted .7 because the function is essentially ¢re/inear. One reason 
why I am not convinced by Burali-Forti’s arguments (op. cit. p. 58 above, pp. 487, 488) 
that any function that can reasonably be called a product should have an operational rather 
than a functional symbol, is that operational notation tends to put bilinear functions on a 
different footing from the majority of multilinear functions of higher orders. 
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‘2. Perhaps the most important property of the spatial product comes from 
13472: if II is a direction at right angles to } and T and sin ST is the sine 
of angles from = to T round II, then 


sin OPST = cos PII sin ST; 
from this equation we have 
rst sin OPT = rst sin ZT cos PII = Srp (st sin ZT)z, 

that is J rat= fr (PY st): 

The spatial product of any three vectors is the projected product of the first 
vector by the vector product of the second and third. 
An alternative proof of ‘22 is virtually contained in 4°2; sometimes the formula 

J rst= 5 (Urs)t 

is wanted instead of ‘21. From ‘22, ‘12 or 3:28, and 1°17, 


The spatial product of three vectors is a linear function of each of them, 


that is, J (2r™) (Zs) (Lt) = TSS Frm stm, 
. ™m n p mn p 
This implies J (fr + gs+ht)st=/.7 rst, 


for gs + ht, s, t are coplanar whatever the values of g and h, and so from ‘13 
J (gs + ht) st = 0. 

That the function ¥(Y rs) t is more symmetrical in fact than in appearance 
can be deduced from 3°33 by substitution of Y tr for t. Since UV tr is perpen- 
dicular to r, the coefficient of s, which becomes /r (WV tr), is then zero, and 
3°33 yields VY (VY tr) (UV rs) =r G8 (V tr). 

Interchange of s and t on the left merely reverses the vector, and therefore 
It(Vrs)= §s(Vtr). 
Incidentally we have discovered a useful identity. Since UV tr and U rs are 


both perpendicular to r, their vector product is a multiple of r, and ‘26 shews 
the multiplier to be the spatial product itself: 


UV (Utr)(Urs)=r.J rst. 

*3. The parts played by the areal product in a plane are shared in space 
between the vector product and the spatial product. In the extension of 2°21 
it is spatial products that are concerned, for ‘25 shews that if k is identical 
with fr + gs + ht, then 

f.J rst = J kst, 9. Jrst=,/rkt, h,/rst=,/rsk, 
that is, that 

For any four vectors k, r, , t, 

k Jrst=r,/kst+s,/rkt+t./rsk. 


This theorem supplies in its most compact form the quantitative element 
lacking in 15°32. If r,s, t are coplanar, the theorem does not become false, 
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but while ceasing to give a decomposition of k it provides an identity that is 
anything but obvious: 

If r,s, t are coplanar vectors and k is any vector whatever, then 

r,/kst+s.Jrkt+t.7rsk =0. 

There is a valuable companion to ‘32, in the shape of a decomposition of an 
arbitrary vector k by means of vector products; this is the spatial equivalent 
of 2:24, Since r is perpendicular to both 7 tr and “rs, the three vectors V st, 
V tr, Vrs cannot be coplanar if they are all proper vectors. Hence if r,s, t are 
three vectors that are not coplanar, any vector k must be expressible in the 
form a? st +b tr+cWrs; the values of the coefficients a, b, c can be found 
at once, for by ‘21 

fkr=a.J7rst, ks=b.7rst, kt=c.J/ rst: 
For any four vectors k, r, s, t, 
k Jrst=Vst $kr+Vtr ks+Urs § kt. 
This result, proved first under the restriction that r, s, t are not coplanar, can 
be extended to the excepted case by decomposition of one or more of the 
vectors r, 8, t, and implies therefore that 
If r,s, t are coplanar vectors and k is any vector whatever, then 
Ust Skr+Vtr (ks+UVrs Skt =0. 

It may be observed that 32 and ‘34 are equivalent, for on the one hand each 
of them implies that 

For any fwe vectors 1, m, r, s, t, 

Slm Jrst= Sir, Jmst+ /1s.frmt+ /1t,.7rsm, 
and on the other hand each of them is deducible from ‘36 in virtue of 15:22, 
or rather of the still narrower theorem that 


If for every vector p the projected products ¥pr, ¥ps are equal, then the 
vectors r, s are identical. 


‘4. The spatial product plays a characteristic part in the deduction from 
3°33 of an equally important identity. From 3°33, if u is any vector 
frt fsu— fru Sst= F{Y (Vrs) t} u; 
the expression on the left only changes sign if t and u are interchanged, 
though on the right these vectors enter differently. We have however 
I{U (Vrs) t}u=.7 (Yrs) tu=F (Urs) (tu), 
by a double application of ‘22, and the identity is now simple enough: 
For any four vectors r,s, t, u, 
I (Vrs)Vtu)= frt fsu— fru Sst. 
It is easy to return from ‘43 to 3°33 by means of ‘37, for -42 and °43 together 
imply “41; the deduction, vicious in logic, is useful in practice, because :43 
unlike 3°33 imposes no tax on the memory in respect of signs, 


CHAPTER II 3 
ROTORS AND MOMENTS 


231. Bound vectors. 232. Vectors anchored to a point. 233. Rotors; addition of 
concurrent rotors. 234. Moments of rotors in a prepared plane. 235. The momental 
vector of a rotor about a point. 236. The momental product of two rotors; the moment 
of a rotor about a ray; the mutual moment of two rays. 


231. BOUND VECTORS. 


‘1. A vector involves a number associated with a direction; a vector ° localised 
wm a ray or a line involves a number associated not only with a direction but 
also with a ray or a line which has that direction, and a vector °anchored to 
a point involves a number associated with a point as well as with a direction. 
Localised and anchored vectors are called collectively °bound vectors, and in 
contrast with them simple vectors are said to be ° free; to every bound vector 
corresponds a definite free vector. Any two free vectors have a single free 
vector as their sum, but the sum of two bound vectors remains to be defined, 
and the definition is to some extent arbitrary and to some extent dependent 
on the nature of the bond; °it is not supposed that two bound vectors 
necessarily can be added to form a single vector, bound or free, but two 
principles are adopted in the definition of addition if the word vector is used 
- even with a qualification: °the sum of any number of bound vectors is in- 
dependent of the order in which the vectors are taken, and °if the sum of two 
bound vectors 1s a single vector, bound or free, the free vector corresponding to 
the sum is the sum of the free vectors corresponding to the parts. These principles 
often require little supplementing by definitions to enable us to discover 
criteria for the equality of the sums of two sets of bound vectors and standard 
forms to which the sum of a set of bound vectors may be reduced. 


232. VECTORS ANCHORED TO A POINT. 


"1. The extent to which the definition of a sum of two bound vectors is 
arbitrary and the care that must be taken if inconsistencies are to be avoided 
are well illustrated in the case of vectors anchored to a point; a vector r anchored 
to a point O is often called a °radius vector from O, and we denote it by ro. 
It is natural to agree that °if two vectors are anchored to the same point their 
sum is u, vector anchored to that point, and since the free vector corresponding 
to the sum is given by a general principle, this agreement is sufficient com- 
pletely to determine the sum in this case. As we have seen, every free vector 
r can be represented relatively to a point O bya definite point A or a definite 
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step OR; the step, but not the point alone, involves ina definite manner both 
the vector r and the point O, and can serve quite precisely as a representative 
of the radius vector rp. It follows from our definitions and from 13°13 that if 
OR, OS represent in this way two vectors To, Se anchored to O, and if OT is 
the diagonal from O of the parallelogram of which OR and OS are sides, then 
the sum rp + Sp is the anchored vector to represented by O7, but it will be 
recalled that the step which must be added to OR to give OT as the sum 1s 
not OS but RT. 


233. RoToRS; ADDITION OF CONCURRENT ROTORS. 


-1. The study of vectors localised in lines is incomparably more important 
than the study of vectors associated with points; mathematics as a whole has 
suffered much from the appropriation of this subject by particular branches 
of applied mathematics when it should be regarded from the beginning as a 
fundamental part of pure mathematics, available for investigations that have 
no concern with statics and dynamics just as Cartesian coordinates may be 
used in work that has little relation to analytical geometry. 


2. A vector localised in a line is called* a°rotor; a proper rotor has two 
amounts, one in each direction of its axis, but if the rotor is regarded as lying 
in a ray its amount in the direction of the ray can be distinguished from its 
amount in the opposite direction. Since the zero vector has every direction 
we are prepared to find that it can not be localised in any line; no purpose is 
served by associating the number zero with a single line, and the °zero rotor 
is the number zero associated with every line in a plane or in space according 
as our work has reference to two dimensions or to three. We °denote the 
rotor with vector r and axis & by r;, and the reverse rotor, which has the same 
axis and the reverse vector, by r;’; alternatively, if « isa ray in the line k and the 
vector r has amount r in the direction of «, we may denote the rotor r; by ry. 
The rotor r, may be represented by any step in & which has r for its vector. 
°The zero rotor may present itself in one of the forms 0;, 0,, but when we 
wish to introduce it without reference to any particular axis we denote it by 0,. 


‘3. The one principle of addition that supplements the general principles 1-16, 
1:17 implied in the use of the word vector is that “concurrent rotors have for 
their sum a rotor through their point of concurrence. This principle does not give 
us a direct definition of the sum even of two rotors if they do not intersect, but 
it enables us to give meaning to any assertion in which two sets of rotors are 
said to have or not to have the same sum. Im the case of a set of concurrent 
rotors an actual sum is implicitly defined, for a rotor is known if its vector 
and one point of its axis are known, and therefore °the sum of a set of rotors 
concurrent in a point O ts the rotor through O whose vector is the sum of the 
vectors of the rotors belonging to the set. 


* The word is Clifford’s (Proc. Lond. Math. Soe., vol. rv, p. 381, 1873 ; Math. Papers, p. 182). 
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234. MOMENTS OF ROTORS IN A PREPARED PLANE. 


Among the most important concepts related to rotors is that of the moment 
of a rotor, which we define in this article for rotors in a prepared plane; the 
extension of the idea to space can be made, as in so many other cases, in two 
distinct ways. 


‘1. Let K represent one direction of the axis k of a rotor r;, let « denote 
the ray obtained by the association of the direction K with k, and let r be the 
amount of r in the direction K. Then if Q is any point, and if a plane through 
Q and & is given cyclic direction, the product of r and the distance of Q from 
« is called the °moment of r about Q in the prepared plane; to use K’ instead 
of K involves a change in the sign of r, but if the cyclic convention is un- 
touched involves also a reversal of « and therefore a change in the sign of the 
distance from the ray to the point: °if Q lies in k the moment is zero, and 
otherwise the moment depends only on Q, on r;, and on the cyclic convention 
for the plane through Q and k;°a reversal of the cyclic convention changes 
the sign of the moment. 


‘2. If r, is the rotor r, and 2 is the ray normal to « through Q, and if the 
point of intersection of > with « is F’, the distance q 


rN of Q from « is the length of the step FQ in the ray X, 
© and it is the product rg that is the moment of r, 
Q about @; moreover, if G is any point whatever of x, 
G F —>—— the step FQ is the projection on 2) of the step GQ: 


The moment of the rotor r, in a prepared plane about 
a point Q of the plane is the areal product of the vector 


Fig. 15. 
r into the vector of any step from the aais k to the point Q. 


If G is any point of & and O, Q are any two points of the plane, the vector 
of the step GQ is the sum of the vectors of the steps GO, OQ: 


The moment of the rotor r, in a prepared plane about any point Q exceeds 
the moment of the same rotor about any other point O by the areal product of 
the vector r into the vector of the step OQ; 
translating the areal product into a moment, 


The moment of rz about Q exceeds the moment of ¥;, about O by the moment 
about Q of the rotor through O with the vector r. 


At first sight ‘23 is a preposterous dressing up of the simplest of theorems on 
parallel lines and ‘22 is designed solely to prevent the elementary nature of 
the theorem from being too apparent; we shall see however that *23 is pre- 
cisely the form that is required in the coordinate geometry of the plane and 
that both theorems have in three-dimensional work analogues that can not 
be enunciated more readily. Moreover we need not wait to find an application 
of ‘21 in a valuable result that is by no means self-evident: if q is the vector 
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of the step GQ and rj, 8, tn, ... are any rotors in the plane concurrent in G, 
the moments of these rotors about Q are the areal products “rq, “sq, 
Atq, ..., and by 22°15 the sum of these numbers is the areal product 
A(r+s+t+...)q, which from -21 is the moment about Q of the rotor 
through G with vector r+s+t+..., that is, of the rotor that is defined in 
3°33 as the sum of the concurrent rotors: 

In a prepared plane, the moment of the sum of any finite number of con- 
current rotors about any point is the swum of the moments of the indindual 
rotors about that point; 
the proof has the merit of shewing the exact bearing of the coneurrence—it 
is only because the axes k, J, m, ... have a common point G@ that the areal 
products “rq, “sq, tq, ... involve a common vector q. 

In passing let us mention another simple and useful deduction from °21. 
If r; is the rotor of a step S7, and if s, t are the vectors of the steps to S, 7 
from a point Q, then from ‘21 the moment of r, about Q is —.Wrs; but 
—- Ars=.As(t—s)= Ast: 

In a prepared plane, the moment of the rotor of a step ST about a point Q 
ts the areal product of the vectors of the steps from Q to S and T. 


‘8. °The axis of a proper rotor is the aggregate of points about which the 
moment of the rotor is zero; it follows that if the vector r of a rotor and the 
moment R about a single point O are known, the axis & is implicitly determined, 
for by means of ‘22 it can be discovered whether any proposed point Q is or 
is not on the axis. Actual construction is simple enough: the vector being given 
as 7x, a ray is drawn through O making a positive right angle with the direction 
K; the axis is the line at nght angles to this ray through the point #’ which 
is such that the length FO, measured in the direction of the ray, is R/r. 
The construction fails if 7 1s zero, but then the rotor is zero and the axis is 
essentially indeterminate ; in every case, 

A rotor in a prepared plane is determined completely by its vector together 
with its moment about any one point of the plane, 
while the construction proves that conversely 

Given a point O, a vector rx, and a number R, then provided that if r is zero 
so also is fi, there is one and only one rotor having rx for its vector and R for 
its moment about O. 


235. THE MOMENTAL VECTOR OF A ROTOR ABOUT A POINT. 


‘1. In space, rotors have moments of two kinds, intimately related and 
equally important. No convention gives sign to the distance of a point from 
a ray except in a prepared plane, and in space the moment of a rotor about 
a point is a vector, but in space rotors have moments about rays as well as 
about points, the moment of a rotor about a ray being a real number definite 
in sign as well as in amount. 
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*2. After 23°11 and 4:21 the definition of the moment of a rotor about a 
point is both easy and natural: in quite elementary terms, if a prepared plane 
is passed through the rotor r, and the point Q, the moment or °momental 
vector of 7, about Q is the vector in which the direction normal to the plane 
is associated with the product by r of the distance of Q from « in the plane, 
and it follows at once that 


The momental vector of the rotor r, about the point Q is the vector product of 
the vector r into the vector of any step from the amis k to the point Q, 


whence from 23°25 as in 4:2 by the decomposition of the step we have 


The momental vector of the rotor rz about the point Q is the sum of the 
momental vector of the same rotor about any point O and the vector product of 
the vector r into the vector of the step OQ, 


the proposition fundamental in the use of frames of reference for the specifi- 
cation of rotors, which may be expressed in the more homogeneous form that 


The momental vector of vr, about Q ts the sum of the momental vector of Yr; 
about O and the momental vector about Q of the rotor with vector r whose axis 
contains O. 


By the decomposition of r; into any set of concurrent rotors we have from ‘22, 


The momental vector of the swum of any finite number of concurrent rotors 
about any point is the sum of the momental vectors of the individual rotors 
about that pownt. 


Corresponding to 4°25 and proved in the same way is the theorem that 


The momental vector of the rotor of a step ST about a point Q is the vector 
product of the vectors of the steps from Q to S and T. 


*3. The argument leading to 4°32 can be repeated almost word for word on 
the basis of ‘23. °The axis k of a proper rotor r; is the aggregate of points 
about which the momental vector is zero, and if r and the momental vector 
about a single point O are known, ‘23 can be used to discover whether any 
suggested point is or is not on the axis; if r is the zero vector, the rotor is 
the zero rotor: 


A rotor in space is determined completely by its vector together with its 
momental vector about any one pornt. 


The specification is redundant, since the vector and the momental vector are 
necessarily at right angles, but in spite of this defect it remains quite the 
most valuable form of specification in practice. The converse of 32 must 
contain explicitly the hypothesis that the vectors are at right angles, but is 
in other respects similar to 4°33, and is established virtually by the same 
construction: if the momental vector about O is Ry and is not the zero vector, 
the prepared plane through O with A for its normal direction is a definite 
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plane in which the rotor must lie, and in that plane the moment of the rotor 
about O is R, whence by application of 4°33 follows that 


Given a point O and two vectors rx, Ra, then provided that if r is zero so also 
is Rand that otherwise the directions K, A are at right angles, there is one and 
only one rotor having rx for its vector and Ry for its momental vector about 0. 


236. THE MOMENTAL PRODUCT OF TWO ROTORS; THE MOMENT OF A ROTOR 
ABOUT A RAY; THE MUTUAL MOMENT OF TWO RAYS. 


‘1. Let rj, s; be any two rotors, let P be a point of the axis kh, let @ be a 
point of the axis J, and let q be the vector of the step PQ. By 5:22, the vector 
V rq is the momental vector of r, about Q and is independent of the position 
of P in k, and therefore the relation 

Jrqs=/(UVrq)s 
of 25:23 shews that the spatial product .7 rqs also is independent of the position 
of P ink; it follows that the spatial product is independent also of the position 
of Qin l: 

If q is the vector of the step PQ from a point in the axis of a rotor r;, to a 
point in the axis of a rotor 8, the spatial product .7 rqs is a number independent 
both of the position of P in k and of the position of Q i L. 


The number .j rqs we call the °momental product of r;, and s; and denote by 
M t,8;; to obtain the momental product / s;r, we have both to reverse the 
step of which q is the vector and to interchange rand s in the spatial product, 
and since each operation alone changes the sign of .7 rqs the combined opera- 
tion is without effect : 

M §)r;, = M T;, 8). 


*2. We can discover at once a geometrical interpretation of the momental 
product; if P, Q are points in k, l, if PU is a step whose vector is r and QV 
is a step whose vector is s, and if PX also is a step with vector s, the spatial 
product ./ rqs is six times the volume of the tetrahedron PUQX, and since 
the tetrahedra UPQX, UPQV have the same sign as well as the same absolute 
volume, the volume of PUQX is equal to the volume of PUQV: 


The momental product M r;,8, is six times the volume of any tetrahedron which 
has Tx, 8 for the rotors of a pair of opposite edges. 
We can express the equation 
AM 1,8; = ¥ (VU rq) s, 
to which ‘11 shews the definition of ./ r,s, to be equivalent, usefully in words, 
interpreting Y rq by means of 5:22: 
If R is the momental vector of a rotor r, about a point Q and 8; is any rotor 


through the same point, the momental product of the rotors r,, 8) is the projected 
product of the vectors R, s. 
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From ‘21 comes the condition of vanishing: 
Lhe momental product of two rotors is zero if and only uf the rotors ure 
coplanar, 


the rotors being actually coplanar if their axes intersect or are parallel, and 
formally coplanar if either of them is zero. As a particular case of 25°24, 


J (zr) q (Zs) = TSF re qs, 


mn 
and this equation implies that 
If each of two rotors rz, 8; is the sum of a finite number of concurrent rotors, 
the momental product of r;, by 8; is the sum of the individual momental pro- 
ducts of components of r, by components of 8;; 


we run little risk of confusion in writing 
TICS INO ey fe he 
m nr mn 


and we may express the result in the form that 
The momental product of variable rotors through fixed points is a linear 
function of each of the rotors. 


‘3. An obvious corollary of 25°14 is 
MA ft) (98) =f9 M V8), 

a formula of which the special cases 

M.S, =$ M7,1), 

MTS = 78 M1, la, 
suggest the consideration of the functions @rxl,, M1x1,, which bear to 
momental products the relations that projections and cosines bear to projected 
products. 


*4, The momental product of 7, and 1, 1s called the °moment of the rotor 
r, about the ray 2. 

The moment of a rotor about a ray rs zero uf and only if there is a plane 
which contains them both; 
unless the rotor is zero, the ray and the rotor must be either parallel or con- 
current. From ‘25, 

If a rotor r; is the sum of any finite number of concurrent rotors, the moment 
of r, about any ray is the sum of the moments of the components about that ray, 
and ‘23 gives the useful theorem that 

The moment of a rotor about any ray through a pont Q is the projection on 
the ray of the momental vector of the rotor about Q, 
which combines with 5:24 to give a theorem of the same kind as the latter, 
namely, 

The moment of a rotor r, about any ray » exceeds the moment of Y, about 
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any ray @ parallel to » by the moment about X of a rotor with the vector ¥r 
through any point of a, 
implying incidentally, since the point of @ is arbitrary, that 

Two rotors with a common vector * have equal moments about any ray parallel 
to the plane containing their axes, 
a proposition of which a simple and important application is made in 43°5 
below. 


‘5. If P is any point of the axis of a rotor r;, and 2X is any ray, there passes 
through P one and only one prepared plane A to which X is normal, and r; 
can be resolved into a rotor s,, through P parallel to » and a rotor t, through 
P in A; by ‘42 the moment about 2 of the first of these components is zero, 
and therefore by °43 


The moment of a rotor about a ray is the moment about the same ray of the 
projection of the rotor on any plane which cuts it and is at right angles to 
the ray. 

Again, X cuts A in a definite point Q, and in the prepared plane A the 
rotor t,, has a definite moment about Q; it follows from the definition of the 
momental vector that the momental vector of t, about Q has for its amount 
in the direction of \ the moment of t, about Q in A, and it follows from *44 
that this amount is the moment of t, about A in space: 

If a rotor t, is at right angles to a ray ® and the prepared plane through ty 
to which X is normal cuts X is Q, the moment of t, about r in space is the 
moment of t, about Q in the prepared plane. 

For giving a clear notion of the moment of a rotor about a ray, the con- 
struction we have just made repays examination. Since r is the sum of s and 
t, these three vectors are coplanar, and as- 
suming the rotor not to be parallel to the 
ray, the resolution of r, takes place in the 
plane through & parallel to the ray, and this 
plane is unique. If P%, P® are different 
points of k, the lines m“, m® are parallel to 
each other and parallel to X, and the lines 
n), r® are parallel to each other and at right e/a 
angles to X; the vectors s®, t associated with A” 
m”, n® are the same as the vectors s®, t© 
associated with m®, n®, The absolute dis- 
tance of Q® from n® is the same as the 
absolute distance of Q® from n®, this dis- Fig. 16. 
tance being simply the constant distance of 
A from the plane through k parallel to X; this is why the moment of t, about 


dh ip 
find jme) 


* And therefore with parallel axes, 
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is independent of the position of P. The absolute distance of Q from m 
is the absolute distance between Q®) and P, and is as a rule different from 
the absolute distance of Q® from m®); there is no difference between s®) and 
s® to counteract this difference, but because the lines m), m®) are parallel to 
A the moments about A of rotors in these lines vanish independently of the 
positions of the lines. The simplest expression for the moment of a rotor 
about a ray is evident from the construction: taking the rotor as r,, denoting 
the ray through P parallel to X by yw, and one of the rays through P in n by 
v, the amount of t in the direction of v is rcose,,, and if II is the direction 
making a positive right angle with N round M and d is the distance of Q 
from the plane through yw and v in the direction of II, the moment of t,, about 
A, and therefore also the moment of 7, about A, is rdcos &,; the sign of d is 
covered by the choice of v, which distinguishes II from II’, and we can render 
the convention in the formula more obvious by substituting sin eye, OF SIN eax, 
for cos &,, when the condition is that e,, is measured round the direction in 
which d is measured; the distance of Q from the plane is the shortest distance 
from « to X, and the most lucid form of the expression under consideration is 
vd... $10 €,,, Which could of course be deduced from ‘21 and 134°55. 

It is evident equally from the formula and from the construction that if h 
is a line parallel to & in the plane through k parallel to X, the moment of r;, 
about X is the same as the moment of r, about X; this is -46 above. 

It is possible to use ‘51 and ‘52, or the explicit expression rd,, sin exe, to 
define the moment of a rotor about a ray; the whole sequence of propositions 
relating to moments is changed, and in particular the proof of ‘43 with 
a minimum of labour is an interesting exercise. 


‘6. The momental product 1,1, of unit rotors in rays «, » is called the 
“moment or the mutual moment of the two rays. 


The mutual moment of two rays is zero if and only if the rays are coplanar ; 

The moment of a rotor r, about a ray ® is the product by r of the mutual 
moment of the rays K, r; 

The momental product of two rotors r,, 8, 1s the product by rs of the mutual 
moment of the rays x, X. 

The mutual moment is a magnitude purely geometrical and intrinsic to the 
two rays, and a variety of expressions may be given for it. If P, Q are any 
points of «, and if the step PQ has the length p in the direction IT, while 
K, A are the directions of «, A, it follows from ‘64 that the mutual moment is 
JT xpnia: 

Tf p is the distance from the ray « to the ray » in the direction II, the mutual 
moment of the rays 1s — psin OUKA; 


in particular, if I is at right angles to both « and X and e,, is an angle from 
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« to X round II, the sine becomes sin e,, and —p can be written as d,,, the 
corresponding shortest distance from X to «: 


The mutual moment of the two rays x, ts the product dyx SIN €,, Where dax 
is the shortest distance from dX to x and ex ts an angle from x to x, the angle 
being measured round the direction in which the distance is measured. 


The last theorem gives the mutual moment in its simplest geometrical 
form; if we were guided by ‘65 and °66, we should naturally reverse the sign 
attached to this magnitude, but the theorem most important to secure is “44, 
and an identification of ./ r,s; with J qrs, which obviously would be necessary 
to remove the negative sign from °65, as clearly would introduce a negative 
sign into ‘44; we may be reconciled on purely geometrical grounds to the 
signs in ‘65 and ‘66 by observing that if PU, QV are positive steps in the 
rays x, X, the sign of the ordered tetrahedron PUQV is opposite to the sign 
of the product dy, SIN ea. 


When we know the mutual moment of two rays, we can use °65 to calculate 
the distance from one to the other in a given direction without determining a 
cotractor along which this distance can be measured. More generally, if p is 
a given vector whose directions are not coplanar with those of two lines f, J, 
“there is only one step from & to J which has the directions of p, and if the 
vector of this step is jp, and proper rotors rz, Ss; are located in the lines, then 
from the definition of the momental product, the multiplier 7 satisfies the 
equation 

j J rps=.M r;8). 


CHAPTER II 4 
SETS OF ROTORS 


241. Equivalence of two sets of rotors; the vector and the momental vectors of a set; 
the momental product of two sets. 242. Examples of equivalence. 243. Couples; the 
moments and the momental vector of a couple. 244. Equivalence of couples; addition 
of couples. 245. Reduction of sets of rotors; reduced sets. 246. Poiusot sets; motors; 
addition of motors; screws; intensity and pitch; momental products and virtual co- 
efficients. 247. The reduced sets and the rotor-pairs with a given motor. 248. Uses of 
the word ‘sum’. 


241. EQUIVALENCE OF TWO SETS OF ROTORS; THE VECTOR AND THE MOMENTAL 
VECTORS OF A SET; THE MOMENTAL PRODUCT OF TWO SETS. 


‘1. Since the rotors forming a given set can not as a rule be added together, 
it is necessary to consider how a set can be modified by such additions and 
decompositions as are possible. 

If a set F of rotors is modified by the inclusion of the zero rotor or by 
the substitution for any concurrent rotors which it contains of the single rotor 
which is their sum, a set @ is obtained which is a different set from F, but 
F and G are said to be “equivalent; since F is obtained from G by the omis- 
sion of the zero rotor or by the substitution for a rotor contained in @ of 
concurrent rotors of which that rotor is the sum, the definition implies that 
either of these operations applied to a set gives an equivalent set, save in 
the one case in which the original set comprises only the zero rotor; further, 
°two sets of rotors that are equivalent to the same set are said to be equivalent 
to each other. For example, let r;,, 8; be two rotors which do not intersect, 
let m be a line cutting both & and J, and let t,, be a rotor in m and t,,' be its 
reverse; the sum of t,, and t,,’ is the zero rotor 0,, while the sums r, + t,, 
8; + t,,/ are definite rotors u,, V,; then the five sets of rotors (Tz, 8), (Tz, 87, Oz), 
(Fz, 81, tin, tm’), (Up, 87, tn’), (Up, Vq) are different but equivalent. 


-2. The ‘reverse F’ of a set F of rotors is the set whose members are the 
reverses of the members of F, and the °compound of a number of sets F, G, 
H, ... is the set composed of all the members of all the sets, a rotor which 
occurs in k of the components occurring k times in the compound. It is easy 
to prove that °the compound of any set of rotors and tts reverse 1s equivalent 
to the zero rotor, and that °if two sets of rotors are equivalent so also are their 
reverses, and from these theorems it follows that “if two sets of rotors are 
equivalent, the compound of either with the reverse of the other 1s equivalent to 
the zero rotor. 
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‘3. There are certain magnitudes related to the rotors of a set which we 
can add, whether or not we can add the rotors themselves; we can add the 
vectors of the rotors, obtaining a single vector called the °vector of the set, we 
can add the momental vectors of the rotors about any point, obtaining the 
momental vector of the set about that point, and since the moment of a rotor 
about a ray and the momental product of two rotors are real numbers, we can 
add the moments of the rotors of a set about a ray, obtaining a single number 
called the °moment of the set about the ray, we can add the momental products 
of the rotors of a set with any single rotor, obtaining the “momental product 
of the set and the rotor, and we can add the momental products of the 
members of one set and the members of another set, obtaining the “momental 
product of the two sets. It follows from the definition of equivalence and from 
theorems 13°25, 35°25, 36°48, 36°25 that 

Equivalent sets of rotors have the same vector, the same momental vector about 
any point, the same moment about any ray, and the same momental product 
with any other rotor or set of rotors, 
and that 

The momental product of two sets of rotors is unaltered of for each 1s substi- 
tuted uny equivalent set ; 
these theorems account for the importance of momental products, and because 
of this importance we denote the momental product of two sets F, G by 
MFG and the “momental square of a set F, that is, the momental product 
of F and any set equivalent to F, by JF*. The theorem that 

The moment of any set of rotors about a ray rs the projection on the ray of 
the momental vector of the set about any point of the ray 
is implied by 35°25 and 36:44, and is of considerable value; it is not implied 
by 385 and 36°44 alone, for, as we shall see, a set of rotors is not in general 
equivalent to any single rotor. From 35:24 and 35:25, 


If the vector of a set of rotors is r, the momental vector of the set about a point 
Q is the sum of the momental vector of the set about any point O and the momental 
vector about Q of the rotor through O with vector r. 


‘4. By means of 35 we can prove a result which is really of great impor- 
tance although it is so naturally taken for granted that in practice reference 
is not made to it. It is certainly not self-evident that each of two distinct 
rotors can not be equivalent to some one complicated set of rotors. But if rz 
and s; are equivalent, then r is identical with s, and if the momental vector of 
r;, about a point is zero then the momental vector of s; about the same point 
also is zero; it follows that either r and s are zero or J passes through every 
point which lies in k, and since we regard two zero rotors as identical we can 
assert that 


Rotors which are equivalent are identical. 
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242. EXAMPLES OF EQUIVALENCE. 


To realise the extent to which equivalent sets may differ in form althotigh 
equivalence depends only on the composition and resolution of concurrent 
rotors, let us consider three examples. 


‘1. Let r,, nr, ... r, be n parallel vectors, and let rotors be formed by 
locating these vectors in lines through points P,, P,, ... Pr; let ¢ be any 
proper vector with the directions of the given vectors, and let 


PehC rel ).C. ... Tash, C. 


Suppose first that the sum of the given vectors is not the zero vector; then 
hy +he+...+hn is not zero, and therefore if we associate the points P,, P,, 
... P, with the numbers h,, h,, ... hn we have a loaded set with a definite 
mean centre C. Let O be the point such that the vector of OC is e. 

By the fundamental property of the mean centre, rotors with vectors 
h,. CP, hz. CP3, ... hn. CPn located in the lines CP,, CP,, ... CP, are together 
equivalent to the zero rotor; hence the given set of rotors through P,, P,, 
... P,, can be modified by the addition of these rotors. In the modified set, 
there are two rotors through the point P;, namely, the rotors with vectors 
r, and hy.CP,, that is, with vectors h,.OC and hy.CP;; these two rotors 
combine to form a single rotor through P,; with vector hy. OP,, and this rotor, 
because its vector is a multiple of the vector of OP;,, passes through O as well 
as through P,. Thus the modified set is equivalent to a set concurrent in 0, 
and this set is equivalent to a single rotor through O. The vector of the 
single rotor is of course (r,+1r,+...+T,), as is in fact immediately evident 
from the construction in virtue of 16°51, which shews also why the axis of 
this rotor passes through C. 


If any set of parallel rotors has a vector that is not the zero vector, the set is 
equivalent to a single proper rotor. 


The construction for the axis may be presented as a property of the mean 
centre: 


[f the total load of a set of loaded points 1s not zero, any set of parallel rotors 
through the points and proportional to the loads has the zero vector for its 
momental vector about the mean centre and zero for its moment about any ray 
through the mean centre. 


To deal with a set of parallel rotors in the excepted case in which the 
vector of the set is zero, let s; be any proper rotor parallel to the set, and 
modify the set by including s; and the opposite rotor s;. The original set is 
equivalent to s, together with the set formed by adding s/ to the original set ; 
this latter set has vector s’, which is not the zero vector, and is therefore 
equivalent to a single rotor with vector s'; if the axis of this rotor is / itself, 
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the original set is equivalent to the zero rotor, but in general the axis 1s 
different from 1. 


If the vector of a set of parallel rotors 1s the zero vector, the set 1s equivalent 
either to the zero rotor or to a pair of rotors with vectors equal and opposite. 


In the first case the momental vector of the set about any point is the zero 
vector. In the second case the pair of rotors 1s not unique. 


‘2. The treatment of any set of rotors in a plane is simple : if any two of 
the rotors are not parallel they intersect and can be added, and the set is 
therefore equivalent either to a single rotor, which may be the zero rotor, or 
to a set of parallel rotors; applying to the last case the result of the last 
paragraph we find that 

A set composed of any finite number of rotors in a plane is equivalent ether to 
a single rotor, which may be the zero rotor, or to a pair of rotors with equal 
and opposite vectors. 


*8. One form of reduction of a set containing a finite number of rotors 
disposed in any manner in space is now evident. The number of rotors being 
finite, there are planes which have points in common with every axis, for if 
the axes are represented by points on a unit sphere, there are great circles 
passing through none of these points. If O is any point of a plane K, and p 
is any line not parallel to K, then as in 15'1 any rotor r, through O can be 
resolved into a rotor through O parallel to p and a rotor through O in the 
plane A. Using the results of the last two paragraphs, we see that °a set 
containing any finite number of rotors is equivalent to a set containing not 
more than four rotors; since this method of finding a simple set equivalent 
to a given set is not actually convenient, it is not worth while to enumerate 
the different cases. 


243. COUPLES; THE MOMENTS AND THE MOMENTAL VECTOR OF A COUPLE. 


‘1. It is by no accident that in the first two of the examples we have just 
discussed the irreducible set takes the form of a pair of rotors with distinct 
axes and vectors equal and opposite, for the very feature that distinguishes 
rotors from vectors is that if two rotors r;, r,; have the same vector r, then 
unless k and J coincide we do not write r,=r, and therefore do not write 
r,—¥,=0,: a pair of rotors with equal and opposite vectors is necessarily an 
irreducible element in the theory, and the manner in which elements of this 
kind combine with each other and with rotors has to be investigated. 


‘2. A pair of rotors r;, rj with equal and opposite vectors r, r’ and therefore 
with parallel axes is called a rotor-couple, or briefly a°cowple; the plane through 
the axes k, / is definite unless the axes coincide, and is called the “plane of the 
couple. The couple (1;’, r;) is the “reverse of the couple (rz, r/), and a couple 
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which is equivalent to the zero rotor is called a °zero couple; if the couple 
(r;,, ¥/) 1s zero, then r;, is equivalent to the reverse of rj, that is, to r,;: hence 
from 1:43 °a couple is zero only if its constituent rotors are zero or if the axes of 
the constituents coincide, and from this it follows that 

Two couples located in the same pair of distinct parallel lines are equivalent 
only uf they are rdentical. 


*3. A set of rotors and couples is a set of rotors with certain pairs taken 
together, and °two such sets are defined to be equivalent if they are equivalent 
if no pairing is recognised: thus the set formed of two couples (rp, rz’), (82, Sm’) 
and a rotor t, is equivalent to the set of five rotors (1%, ry, $2, Sm, tn) by 
definition; if h intersects / and k intersects m, there are rotors (r +8), and 
(r’+8’),, and since if r+s is u then r’+s’ is w’ these rotors form a single 
couple (u,, u,’), and in this case the original set of two couples and a rotor 
is equivalent to a set with one couple and a rotor. °The vector of a couple, 
that is, the sum of the vectors of the constituent rotors, is the zero vector, 
and therefore °the vector of a set of couples and rotors is the vector of the set 
of rotors alone, and °a set of rotors can not be equivalent to any set of couples 
unless the vector of the set of rotors is the zero vector. 


‘4, Neither in a plane nor in space does the moment of a couple require 
fresh definition, for in every case the moment is the sum of the moments of 
the constituent rotors, but moments of couples have important properties. 
In what follows we speak of moments rather than of momental vectors about 
a point in space, for the same language serves then to conduct parallel in- 
vestigations. 

The root of the theory of couples is in 35:24; let (1, r/) be any couple, 
let O be any point of / and let Q be any point of space; then by 35°24 the 
moment of r; about Q is the sum of the moment of r; about O and the moment 
of r; about Q, and therefore the moment of the couple about Q is the moment 
of r, about O; since the position of Q is independent of the position of O in J, 

In space or in a plane, a couple has the same moment about every point, and 
this moment is the moment of either of the constituent rotors about any point in 
the axis of the other ; 
the constant moment is naturally called simply the moment, and for a couple 
in space the momental vector also, of the couple. From ‘41 and ‘25 it follows 
that 

A zero couple in a plane is a couple whose moment rs zero, 
and that in space 

A zero couple is a couple whose momental vector vs the zero vector. 

The proposition 

The moment of a couple about any ray is the projection on the ray of the 

momental vector of the couple, 
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which comes from 1°38, with its corollaries 


The momental product of a couple and a rotor ts the projected product of the 
vector of the rotor by the momental vector of the couple, 


The momental product of any two couples vs zero, 


indicates the simplicity of the theory of couples. 


‘5, The fundamental result ‘41 may of course be verified directly, not only in the 
elementary case of a couple in a prepared plane but also for a couple in space. se 

If a prepared plane through any point @ at right angles to the lines containing a 
couple (rz, r/) meets 4, 2 in K, Z and r is the 
amount of r in the direction normal to the plane, 
the momental vectors of r;, r about @ are vectors 
of amounts 7.QK, —7.QZ in directions making 
positive right angles with the directions in which 
QK, QL are measured, and the sum of these vectors 
is the vector of amount 7. AZ in the direction making 
a positive right angle with the direction in which 
KL is measured; the reference to @ disappears 
when the vectors are added, for the value of AZ is 
independent not merely of the position of Q@ in 
the plane Q@AZ but also of the position of @ in Fig. 17. 
space. 

An interesting alternative method uses the idea of the moment about a ray as a mo- 
mental product, replacing the ray by a unit rotor that can be decomposed. From 34°22 it 
follows that a couple has the same moment & about all rays with a common direction N 
at right angles to its plane, and therefore that the momental product of the couple and 
any rotor whose vector has the direction N and the amount ¢ in that direction is ¢R; 
resolving a unit rotor in any ray A through any point @ into a component of amount 
cos NA in the ray through @ with the direction N and another component in a ray parallel 
to the plane of the couple, we deduce from 36°25 that the moment of the couple about A is 
the sum of the momental products of the couple with these two components, and from 
36°46 that the momental product of the couple and the second component is zero what- 
ever the magnitude of this component; it follows that the moment of the couple about 


A is Hcos NA, and the importance of the vector Ry in connection with the couple is 
manifest. 


‘6. °If the momental vector R of a couple (rz, r/) is known, then r can 
be found if & and J are known and / can be found if r;, is known; the couple 
may conveniently be “denoted by Ry; there is a certain redundance in this 
notation, for the directions of R are known if k and J are known, but there is 
redundance of the same kind if a single rotor is denoted by such a combination 
of symbols as r;. It should be added that a couple whose momental vector 
has P for one of its directions is often said to be °about, round, or in any line 


or ray which has the direction P, or even to be about, round, or in the direc- 
tion P itself. 
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244, EQUIVALENCE OF COUPLES; ADDITION OF COUPLES. 


‘1. In the matter of equivalence there is a vital distinction between single 
couples and single rotors; as we have seen in 1-4, two different rotors can not 
be equivalent, but with couples the case is altered. From 1:35 it follows that 

Equivalent couples have the same momental vector, 


and we proceed to establish the converse of this theorem. 


"2. If (r,, r/) and (Sp, Sp’) are two couples with the same proper momental 
vector R, then & and / are parallel lines in one plane perpendicular to R, and 
m and m are lines parallel to each other, but not necessarily to & and J, in 
a plane parallel to the plane containing k and 1 but not necessarily identical 
with this plane. In any case we can choose a pair of lines p, q coplanar with 
k, t and parallel to m, n, and we can find a vector t such that the couple 
(t,, t,’) has the momental vector R. 

The four vectors r;,, r/, t,’, t, compose a coplanar set of which the vector, which 
isr+r’+t’+t, and the momental vector about any point, which is R+ R’, are 
both zero. Hence from 2°27 and 3°43, this set is equivalent to the zero rotor, 
and therefore the couple (r;, 7) is equivalent to the couple (ty, t,’). 

The four vectors s,,, 8,’, tp’, tg compose a parallel set of which the vector, which 
iss+s +t’ +t, and the momental vector about any point, which is R + R’, are 
both zero. Hence from 2°16 and 3°43, this set also is equivalent to the zero 
rotor, and therefore the couple (8, 8’) 1s equivalent to the couple (ty, t,’). 

Combining the two results, we find that (rz, rj’) and (S,, 8») are equivalent. 
Adding that any two couples with momental vector zero are equivalent, we 
conclude that in any case 


Couples with the same momental vector are equivalent. 


*3. The last theorem is the converse of ‘11, and the two may be combined 
to give the simple theorem that 


Equivalent couples are couples with the same momental vector. 


‘4, If (r;, r/) and (s,, s,’) are couples in the same plane or in parallel planes, 
a couple (t,, t,’) equivalent to (r;, ry) can be located in p and gq, on the 
assumption that these are distinct lines, and since the pair of couples (8», 84’) 
and (t,, t,’) is equivalent to the single couple (s+t),, (s+t),, “the pair of 
couples (1, ¥) and (8p, Sq) also is equivalent to this couple; if p and q coincide, 
(S,, 8) is equivalent to the zero rotor and °the pair of couples (rz, r;) and 
(S,, 8/) is equivalent to the one couple (rx, r/). Again, if (rg, 7’) and (S,, S,’) 
are couples in planes which intersect, and if A, B are any distinct points on 
the line of intersection, then through A, B can be drawn a pair of distinct 
parallel lines m,n in the plane of the first couple and a pair of distinct parallel 
lines s, tin the plane of the second couple; there isa couple (U»,, Up) equivalent 
to (rz, 17), and there is a couple (vs, vy’) equivalent to (Sp, 8’); Un+Vs 1s a 
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rotor ty through A, and u,’ + v;’ is a rotor t,’ through B, and °the two rotors 
ty, ty’ compose a couple equivalent to the pair of couples (r;, 17’) and (8p, 87). 
Hence °any pair of couples is equivalent to a single couple, and therefore 

Any set formed of a finite number of couples is equivalent to a single couple, 
which is called a °swm of the set. If the existence of an equivalent couple is 
known its form can be predicted, for by 1°35 

The momental vector of a couple equivalent to a set of couples is the sum of 
the momental vectors of the individual couples. 

Direct proof of this important result is easy to construct in the case of two 
components, on the lines of the work proving the existence of a sum, and the 
result for any finite number of couples follows at once, but it must be said 
that the ingenuity which constructs such proofs is to a considerable extent 
wasted, for the proofs are apt to leave the reader wondering why the theorem 
happens to be true. 


‘5. The last theorem is of such a form as to imply its converse, 

If one vector is the sum of a set of vectors, any couple of which thas is the 
momental vector can be expressed as a sum of couples with the convponent vectors 
for momental vectors, 
which enables us to apply to the resolution of couples known results on the 
resolution of vectors. To take only the result immediately required, from 
15°12 we see that 

Ifa line k and a plane L are not parallel, any couple may be expressed as 
the sum of a couple in any plane at right angles to k and a couple in some plane 
at right angles to L, 
and taking for k a line at right angles to a plane K and for LZ a plane at right 
angles to a line J, we can write the same theorem in the form that 

If a line | and a plane K are not parallel, any couple may be expressed as 
the swm of a couple in K and a couple in some plane through 1. 


245, REDUCTION OF SETS OF ROTORS; REDUCED SETS. 


‘1. The only sets of rotors which as yet we have considered in detail are 
sets of concurrent rotors and sets of couples, but to pass from these special 
sets to sets of any kind requires only two simple results concerning the com- 
bination in a particular case of a rotor and a couple. 

If r; is a rotor and (8, 8,’) is a couple in a plane containing /, then if s is 
not the zero vector, r is different either from s’ or from s, and whether or not 
lis parallel to m and n the set (1, S,,, Sp’) is equivalent either to a set of the 
form ((F +8)», 8,') or to a set of the form ((r+8’)9, 8m); further, unless r is the 
zero vector no couple can have either of these forms, and the pair which is 
equivalent to (17, 8», 8,’) is equivalent to a single rotor rz: ° a couple and a 
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proper rotor parallel to the plane of the couple are together equivalent to a 
single rotor with the vector of the given rotor. On the other hand, if r, is any 
rotor and Q is any point, and if / is the line through O parallel to k, the rotor 
r;, is equivalent to the set (rz, r;, 1) which is equivalent to the rotor r; and 
the couple (r;, r/) together: ° any rotor is equivalent to a rotor through an 
arbitrary point together with a couple, the rotor anchored to the arbitrary 
point O having the vector of the given rotor r;, and the couple having for its 
momental vector the momental vector of r; about 0. 


‘2. Weare now in a position to describe the simplest forms of sets of rotors 
equivalent to any given set F, which may be regarded either as a set of rotors 
and couples or as a set of rotors only. If O is any point of space, any rotor 
belonging to F is equivalent by ‘16 to a rotor through O together with a 
couple, and therefore the set F is equivalent to a set of rotors concurrent in O 
together with a set of couples; the set of concurrent rotors is equivalent by 
33°31 to a single rotor through O, and the set of couples is equivalent by 4°45 to 
a single couple, provided only that the numbers of rotors and couples are finite: 


Any set F containing a finite number of rotors and couples is equivalent to a 
set composed of a single rotor through an arbitrary point O and a single couple; 
the rotor is the rotor through O whose vector ts the vector of the set F, and for 
the couple may be taken any couple whose momental vector is the momental 
vector of the set F about the point O, 


the last result coming simply from the fact that the momental vector about O 
of a rotor through O is necessarily the zero vector. 


*3. A set composed of a rotor and a couple is called a °reduced set of rotors. 
If the set does not degenerate into a rotor alone or a couple alone, the axis of 
the rotor is called the axis of the set and the plane of the couple is called the 
plane of the set; the set is said to pass through any point of its axis or to be 
a reduced set at any such point. If a reduced set has a proper rotor but a zero 
couple, the set has a definite axis but no unique plane, while if the rotor is 
zero the set passes through every point of space. Should a reduced set formed 
of the rotor s; and the couple Um, be equivalent to a couple V,,, the vector 
s is zero and therefore V,, is equivalent to Upp itself. But for the set to be 
equivalent to a single rotor rj, it is sufficient that the pair of rotors (r;, 8;) be 
equivalent to the couple U,,,;°a reduced set is equivalent to a single rotor 
if and only if the rotor of the set is a proper rotor parallel to the plane of the 
couple. If two reduced sets are equivalent their rotors have the same vector, 
and it follows that 


Equivalent reduced sets of rotors have parallel axes, and if two such sets have 
the same axis their rotors are identical and their couples are equivalent. 


It is necessary for us to observe that the second part of this theorem has a 
species of converse ; if equivalent reduced sets have rotors 17, Tp with distinct 
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axes, and if the couples of the sets are Ryn, Sy, then Sq, is the sum of the 
couples (1%, Ty), Rn; hence if Rinn, Sqr have parallel planes, / and p are 
parallel to these planes and the sets are equivalent to a single rotor: 


If equivalent reduced sets have distinct awes, the planes of their couples can 
not be parallel unless the sets are equivalent to a rotor alone ,; 


moreover, °if a reduced set is equivalent to a proper rotor, either the couple is 
zero or the plane of the couple is parallel to the axis of the rotor. 


‘4. Let K be any plane which is not parallel to the axis / of a reduced set 
consisting of a rotor r,and a couple Ry»; by 4°53 a pair of couples Spx and T 
can be found, together equivalent to R,,,, with h and k parallel to / and the 
plane through s and ¢ parallel to K, and by ‘13, since r; is parallel to the plane 
through h and &, there is a single rotor r, equivalent to the set formed of the 
rotor r; and the couple S;,; utilising ‘21, ‘36, and °37 we have the theorem 

If K is any plane not parallel to the vector of a set of rotors, there is one 
and only one line q parallel to this vector such that the equivalent reduced sets 
with g for axis have their couples in planes parallel to K. 

The construction by which this result has been proved fails if the vector r 
is zero, for there is then no single rotor equivalent to the compound of r; and 
S,, unless S;, also is zero; in the same case ‘37 can not be applied; but in the 
last enunciation the possibility of this failure is formally excluded, for if r is 
zero there are no planes not parallel to r. If ris not zero, the construction 
does not fail if K is taken at right angles to r, and if r is zero and K is 
parallel to a couple equivalent to the set, r may be regarded as located in any 
Ine at right angles to K; thus follows Poinsot’s theorem *: 

Whatever the nature of a set of rotors, there are equivalent reduced sets with 
axes at right angles to their planes, and unless the set 1s equivalent to a single 
couple the reduced sets of this form have a common axis. 


246. POINSOT SETS; MOTORS; ADDITION OF MOTORS; SCREWS; INTENSITY 
AND PITCH; MOMENTAL PRODUCTS AND VIRTUAL COEFFICIENTS. 


‘1. The last theorem shews that a rotor and a couple whose momental 
vector is parallel to the rotor form a set of a kind far more widely applicable 


‘11,12 than is at first apparent; such a set is called a° Poinsot set. © Equivalent 


13 


Poinsot sets have the same rotor and their couples have the same momental 
vector; the vector and the rotor are parallel, and unless the rotor is zero the 
sets have a definite axis. Conversely, °all Poinsot sets with the same rotor 


* Enunciated and proved by Poinsot (J. de Ee. Poly., vol. v1 (cah. 13), p. 184; read 
1804, pub. 1806) for the concrete case of forces; so far were mathematicians at that time from 
appreciating the common element in dissimilar concepts that many years elapsed before the 
same theorem was proved for the case of angular velocities, and the fundamental identity of 
the theorems escaped the notice not only of Chasles, the first to enunciate the kinematical 
result, but of Poinsot himself, who discovered this result independently. 
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and the same momental vector are equivalent. Thus Poinsot’s theorem pre- 
pares us for the concept of a motor, the fundamental element in a calculus 
more comprehensive and not less beautiful than the vector calculus: a motor 
is*° a rotor associated with a parallel momental vector. Completely decomposed, 
“a motor which is in no way degenerate depends on an axis / with its two 
directions A, A’, a vector r with its two amounts r, —r in the directions A, A’, 
which is located in the axis to form the rotor r;, and a momental vector R 
with two amounts R, — R in the same directions, which is not located in J but 
is limited by the condition that R/r is a linear magnitude. 


*2. ° A motor is not a set of rotors. ° Every Poinsot set has a definite motor, : 


and if F is any set of rotors, the Poinsot sets equivalent to F have a common 
motor, which is called °the motor of F: 


Hvery set of rotors has one definite motor, and equivalent sets are sets with 
the same motor. 


The axis of the motor of a set of rotors is called the °Poinsot axis or, for 
reasons that will be apparent in our next article, the °central awis of the set, 
and the rotor and the momental vector of the motor are called the principal rotor 
or Poinsot rotor and the principal moment or Poinsot moment of the set. °The 
principal directions are definite even if the Poinsot rotor is zero, unless the 
Poinsot moment also is zero. °If m and n are any two distinct parallel lines 
whose plane is at right angles to the axis of a motor with momental vector R, a 
couple R,,,, with this momental vector can be located in m and n and com- 
bined with the rotor of the motor to form a Poinsot set with the given motor; 
thus not only has every set of rotors a definite motor but °every motor 1s the 
motor of an infinity of sets of rotors. | 


‘3. Theorems ‘24 and ‘29 provide the foundations for the theory of addition 
of motors: if M is any finite set of motors, each member of M is the motor of 
some set of rotors, and sets of rotors corresponding to the different members 
of M can be compounded to form a single set of rotors; this set has a definite 
motor, which depends only on the members of M, and is called the °swm of 
M or of the members of M. The importance of motors depends partly on 

* This use of motor is Clifford’s (Proc. L.M.8., vol. tv, p. 382, 1873; Math. Papers, p. 183). 
A combination of a force in a line and a couple round the same line is usually called a dyname, 
and this name is adopted by Ball for what Clifford calls a motor. 

The word dyname is due to Pliicker, whose language in introducing it (Pz. Trans., vol. 
CLVI, p. 362, 1866) is far from clear ; Routh’s view (Anal. Statics, vol. 1, p. 187, 1896) that to 
Pliicker a dyname was any set formed of one force and one couple is defensible, though possibly 
the word was intended to denote any set of forces which is not equivalent to a single force, 
but it is at least certain that the idea was of some set of forces, and a motor is not a set of 
rotors, for the momental vector of a couple is not /dentical with the couple itself. The word 
having been coined, mathematicians may use it as they find best, and may even transfer it 
to the vocabulary of pure mathematics, leaving its place to be filled by the word wrench 
which Ball employs, but the origin of the word dyname can not be concealed, and although 
Clifford’s word has a kinematical suggestion, this defect is a link with the word vector. 
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theorem ‘24, but the analytical elegance of the motor calculus is due entirely 
to the fact that °every finite set of motors has a sum which is itself a motor*. 


‘4. The linear magnitude which is the quotient of the momental vector R 
of a motor by the vector r of the rotor ry, or of the amount of R in either of 
its directions by the amount of r in the same direction, is called the “pitch of 
the motor; if ris not zero the motor with rotor r; and pitch p has momental 
vector pr, but although motors with the zero rotor and different momental 
vectors are different motors it is impossible to distinguish between them on 
the basis of pitch. The elements determining a motor may be introduced in 
any order, and by considering the pitch in advance of the individual vectors 
of which it is the ratio we find the relation between the motor calculus and 
the theory of screws. A °screw is a ray associated with a linear magnitude 
which is the pitch of the screw. The motor with rotor ry, momental vector R, 
and pitch p has the two screws obtained by associating the pitch p with the 
two rays X, X’ in the axis J; if one of these screws is given, the specification 
of the motor may be completed by a statement of the amount of r in the 
direction of the screw, and this amount is called the °intensity of the motor 
on the particular screw; if the screws with pitch p on the rays X, X’ are denoted 
by a, a’ and if the amounts of r in the directions of A, X’ are r, — 7, the motor 
may be described as °the motor of intensity 7 on the screw a or as the motor 
of intensity —7 on the screw a’, or more briefly as the motor r on a or — 7 on 
a’. It is to be noticed that °the two screws belonging to one motor differ in 
direction but not in pitch; °with the same numerical value | p| for the pitch 
and the same axis / for the ray there are four screws, that with pitch p in X, 
that with pitch p in 0’, that with pitch — pin X, and that with pitch — p in 0X’, and 
these are all distinct; it is the second that is the “reverse of the first, and a screw 
with pitch —p is a “perverse of a screw with pitch p on the same axis. 


‘5. Since the two vectors r, R ofa motor are parallel, °their projected product 
is the algebraic product rR of their amounts in a common direction; if there is 
a proper finite pitch p, the projected product is expressible both as pr? and as 
R?/p; ifthe pitch is either zero or infinite, the projected product is zero. While in 
many respects less important than the pitch, the product rR is far more easily 
calculated in the common case in which the motor is given not directly but as 
the motor of a specified set of rotors, and also therefore if the motor is given as 
the sum of a number of motors. To understand this, we have only to consider 
the form of the momental product of two reduced sets of rotors. From 3°45 
and 3°46, “the momental product of a reduced set with rotor r, and couple Rj; 
and a reduced set with rotor s,, and couple S,, is the sum 


MY Sn+FrS+I/sR; 
if J is coplanar with m, and in particular if r coincides with s, the first term is 


* In technical language, for the operation of addition motors and vectors yield groups 
but rotors do not yield a group. 
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zero, and if further R coincides with $ the second and third terms are equal : 
“the momental product of any two reduced sets of which the rotors have the 
same vector r and the couples have the same momental vector R is twice the 
projected product of r and R; thus 

The momental square of any reduced set is twice the projected product of the 
vector of its rotor by the momental vector of its couple. 
If then we define the °momental product of two motors as the momental product 
of any two sets of rotors having those motors, we have the theorem that 


The product of the amounts of the two vectors of a motor in either of the 
directions of the axis is half the momental square of the motor, 


with the implication that 


The momental square of a set of rotors ts zero if the set is equivalent either 
to a single rotor or to a couple, but not otherwise. 


‘6. To give a trigonometrical expression for the momental product of two 
motors, we must suppose the rotors 17, 8,, and the momental vectors R, S$ given 
in the forms ra, s, and Ry, Sy in terms of rays A, uw in the axes and amounts 
in the directions of these rays; then by ‘52, 36°66, and 3°45 the momental 
product is 

78dyr SID €ay + Rs COS €xy + Sr COS €ry; 
if neither of the rotors r;, 8 18 zero, 


The momental product of two motors with intensities r, s on screws a, 8 with 

Jinite pitches pa, Pe vs 
7s {( Pa + pp) COS €ag — ap SIN xg}, 

—d,g being written for dg,. The linear magnitude which multiplies rs in this 
expression proves to be of great importance in the theory of screws, and its 
half is called the °wirtual coefficient of the two screws a, 8 and is denoted 
usually by wag; by 1°36 °the product 2rs@.g for the motors of two sets of 
rotors can be evaluated directly from the sets themselves. The expression 
given in ‘62 for the momental product of two motors is indeterminate if either 
of the motors has the zero rotor, but the momental product itself is in any 
case definite and is given by the earlier expression ‘61; °if both motors have 
the zero rotor, the momental product is zero whatever the momental vectors 
may be, but if one has a proper rotor 7, and the other has the zero rotor and 
momental vector Sy, °the momental product is rS cos ey, the projected 
product of the vectors ra, Sy. It is to be added that °the virtual coefficient 
@o, of two identical screws is simply the pitch p,. 


7. The general question of the relation of the sum of a number of motors 
to the individual components we do not propose to consider, but we remark 
that °it is only the position of the axis of which the determination remains to 
be effected. If the components have rotors with vectors rj, r,, ... on axes ke 
J,, ... and have momental vectors R,, R,, ..., while the sum has rotor r; and 


53 


54 


BB 


‘BT 


58 


‘61 


62 


64 


65 


66 
‘67 


‘71 


~I 
ho 


21, 22 


88 VECTORS AND ROTORS 246 


momental vector R, then °the vector r is the sum of the vectors Fr, fs, ---, and 
the vector R, though it is not the sum of the vectors R,, Ry, ..., is given In 
general if r is not zero by ‘62 and 36°66, for if the components can all be re- 
garded as motors with intensities 7), 72, -.. ON SCPEWS Q, 4%, «+. and if the virtual 
coefficient of the screws @m, % iS ®mn, then 7°, being the projected square of 
r,+r,+..., 1s given by 
P=T2+ret ... + 27,172 COS Gg + «0+, 

and for the product rR of the amounts of r and R in one of their common 
directions we have from ‘57 

PR = ayret Wars +... + 2 pMTe ++: 
We leave to the reader the discussion of the cases in which some of the com- 
ponents have the zero rotor and of those in which r itself is zero, and refer 
him to Ball’s treatise for developments of the subject. 


247. THE REDUCED SETS AND THE ROTOR-PAIRS WITH A GIVEN MOTOR. 


‘1. It is an easy matter to describe all the reduced sets equivalent to a 
given Poinsot set, and we have two reasons for giving a description in detail: 
Poinsot’s theorem shews us that in fact we are considering the most general 
distribution of equivalent reduced sets, and we become acquainted with an 
arrangement of lines which is of importance in geometry. 


‘2. Let the rotor r; and the couple R;; form a Poinsot set with a given 
motor, let A denote one direction of 7, let the amounts of the vectors r, R in 
the direction A be r, R, and let the pitch R/r 
be p. Through a point Q of space draw a line f | 
parallel to J, a line m at right angles to f to inter- l 
sect J in a point O, and a line n at right angles to 
both f and m; let M represent a direction of m, 
let N represent the direction of x which makes with 
M round A a positive right angle, and let g be the 
distance from O to Q in the direction M. There 
are reduced sets through Q equivalent to the given 
Poinsot set F, and these sets have a common rotor 
r; and a common momental vector S; if S, is the 
couple of one of these sets, the rotor ry and the couple 
S., are together equivalent to the rotor r; and the couple Rjz, and therefore 
the couple S$, is a sum of the couples Ryz, (1, r/); hence by 447 $ is the 
sum of the vector of amount R in the direction A and the vector of amount 
rg in the direction N. For all positions of Q in m the vector $ is therefore 
at right angles to m, and a direction of $ may be specified by the angles which 
the direction A makes with it round the direction M; if one of these angles 
is § and the corresponding amount of $ is S, then 


Scos6=R, Ssind=rq. 


Fig. 18. 
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If neither R nor r is zero, and if § varies continuously with g and is zero when 
Q is at O, then °8 tends steadily towards 47 as q increases from zero through 
positive values, and tends steadily towards — 42 as q decreases from zero 
through negative values; S has everywhere the sign of R and its numerical 
value increases steadily and indefinitely with the numerical value of q; °at 
points equidistant from O and on opposite sides of O, the values of S are the 
same and the values of 6 are equal and opposite. If R but not 7 is zero, S is 
not zero except when @ is at O, and therefore 6 is $a or —$m7 except when 
q is zero; the conventions that present the distribution in this case most 
clearly as a limiting form of the general distribution °define § either to be 
zm when g is positive, 0 when q is zero, and — 4 when gq is negative, or to 
be —}2 when q is positive, 0 when q is zero, and $a when q is negative; 
then °S has everywhere except at O the same sign, and its numerical value 
increases steadily and indefinitely with the distance between O and Q, and it 
is still true that at points equidistant from O and on opposite sides of O the 
values of S are the same and the values of 8 are equal and opposite. °If r but 
not # is zero, it is natural to regard 6 as everywhere zero and S as equal to 
Rh; °if R and r are both zero, S is everywhere zero and 6 is entirely arbitrary ; 
“in the last two cases, no simple conventions restore an analogy to the general 
distribution,and O is not distinguished intrinsically from other points cf the line. 


*3. We are now acquainted with the relations between equivalent reduced 
sets through different points on one line parallel to the axis of their common 
motor and through different points on one line intersecting this axis at right 
angles, or in brief through different points of a plane through the central 
axis; to complete our view we must consider different planes, and since 
equations ‘21, 22 involve no magnitude dependent on the position of the 
plane we may say that ° the relation of a reduced set with any axis to the 
plane through that axis and the central axis is independent of the actual 
position of this plane. If we imagine the line fof the last paragraph to rotate 
round J, tracing a circular cylinder with radius q and axis J, then ° in every 
position of Q and f/f the line through Q with the directions of S touches this 
cylinder, and the acute angle from a direction of this line to a direction of 
f round an outward normal to the cylinder is everywhere the same, being the 
acute angle whose tangent is rgq/R, that is,°q/p, where p is the pitch of the 
motor; the name of central axis needs no further justification, and we note 
that °the distribution about the central axis depends only on the pitch. 


‘4, With the notation of ‘2, we impose no restriction on the motor if we 
take one of the lines in which the couple S$, is located to intersect the axis of 
the rotor r;. But if s intersects f, the rotors in these lines are together equi- 
valent to a single rotor, and therefore the rotor ry and the couple S,, are together 
equivalent to a pair of rotors: 


There is an infinity of rotor-pairs with any given motor. 
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If the pair of rotors (s,, f:) is equivalent to a given set of rotors F, the set 
F—5,, obtained by compounding with F the reverse of s,, is equivalent to the 
single rotor t,, and therefore “(F' — s,) is zero. On the other hand, by 6°58, 
if W(F—s,)? is zero, then F is equivalent either to s, together with a single 
rotor or to s, together with a couple; the latter case is easily recognised, since 
it occurs if and only if the vector of s, is the vector of F’. 

Expressing the condition for ./(F'— s,)? to be zero in the form 

MF? —2s M F1,=9, 
we can distinguish several possibilities. If WF? is zero, the condition requires 
s to be zero unless ./ F1,, the moment of F about the ray «, is zero, but is 
satisfied for every value of s in the exceptional case; this conclusion can be 
verified without difficulty by elementary arguments. If 7% F? is not zero, “42 
is satisfied, for a given ray x, by one definite value of s if the moment of # 
about «x is not zero, but can not be satisfied at all if this moment does vanish. 


*5. We* shall call a ray °¢mpotent for a set of rotors if the moment of the 
set about the ray is zero. °If « is impotent for a set F, so also is the reverse 
of x, and the term may be applied to the line in which the rays lie. °A line or 
a ray that is impotent for # is impotent for every set equivalent to F, and 
therefore is said to be impotent for the motor of F. 

It follows from 1°38 that 

A line through a point Q is impotent for a given set of rotors if and only if 
it is perpendicular to the momental vector of the set about Q. 

If the momental vector is proper, the condition limits the line to a definite 
plane through Q; to discuss the relation of this plane to the central axis and 
the pitch would be to repeat the substance of °2. 


6. Returning to 42, we can now substitute for ‘41 the more complete 
theorem that 

If a line is neither impotent for a set of rotors nor in the principal directions 
of the set, there is one and only one rotor-pair that is equivalent to the set and 
has one of wits constituents located in the line. 


*The momental square of a rotor-pair is twice the momental product of the 
two constituents; hence 


If two rotor-pairs are equivalent, the momental product of the constituents 
of one is equal to the momental product of the constituents of the other. 

“A cotractor of two lines is impotent for any rotor-pair located in the lines, 
if the rotor r; and the couple R,,,, compose a Poinsot set equivalent to a rotor- 
pair (S,, t,), then because r is s+t, a line perpendicular both to s and to t is 
perpendicular to r and therefore, if r is proper, to R also. Hence a normal 


* We have to avoid the accepted term nul, because of its established position in the 
theory of complex space. 
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cotractor of p and q is impotent both for the couple Rin, alone and for the Poinsot 
set; 1t follows that the moment of r; about the normal cotractor is zero: 

If a rotor-pair is not equivalent to a couple, its central axis cuts at right angles 
any normal cotractor of the two lines in which the rotor-pair is situated. 


248. Usks OF THE WORD ‘SUM’. 


‘1. Every set of vectors has a definite sum which is a vector, every set of 
motors has a definite sum which is a motor, but with the concepts of rotors 
and couples, which in a sense are intermediate between the concept of vectors 
and the concept of motors, addition presents features of difficulty. 


2. The case of couples is indeed peculiar; we can add, in a perfectly 
natural sense, any number of couples, and the result is a couple, but ° there is 
no one couple which has the right to be called the sum; different processes of 
addition in general lead to couples which though equivalent are distinct. If 
we devote attention only to the momental vectors of couples, uniqueness of sum 
reappears, but a °momental vector is not itself a rotor or a set of rotors, nor is it 
in any general sense a sum of a set of rotors, and momental vectors alone are 
intrinsically incapable of serving the purposes for which couples are required. 


*3. With rotors it is still more evident than with couples that there is 
difficulty in defining a sum, for in this case addition even is not generally 
possible. Were there only one Poinsot set equivalent to any set of rotors we 
might call that Poinsot set the sum, but in fact there is an infinity of such sets, 
We can find a pair of rotors equivalent to any set of rotors, but there is an 
infinity of such pairs and no one of them has an intrinsic claim to precedence. 


‘4. In short, we can not speak in an elementary sense of the sum of a number 
of couples or of a number of rotors; nevertheless, there are two different methods 
of effecting the economies which result from the use of the word sum. 


‘5. We can “define the use of certain phrases into which the WORD ‘swim’ 
enters, and as long as our work contains the word only in the phrases defined, 
the absence of a concept corresponding to the word can lead to no fallacies. 

On this plan, we agree to say that two sets of rotors ° have the same sum or 
that one is @ sum of the other as an alternative method of expressing that the 
sets are equivalent, and to say that one set of rotors is ° a sum of a number 
of sets if the one set is equivalent to the compound of the others; in this 
sense °a Poinsot set is a sum of any set to which it is equivalent. 


‘6. But the method* of Frege and Russell can be used to define a definite 
concept as the sum of a set of couples or of rotors, and the definition can be 


* Devised first by Frege (Grundlagen der Arithmetihk, 1879) and independently by Russell 
(Principles of Mathematics, 1903) for dealing with the classical difficulties of number, and 
applied by these writers and others to the solution of a multitude of mathematical and 


philosophical problems. 
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made in a number of ways which are not equivalent. In the case of couples, 
we can discover of any couple whether it is or is not equivalent to a sum of 
a number of couples in the elementary sense, merely by examining whether 
the momental vector of the proposed couple is or is not the sum of the 
momental vectors of the individual couples; thus if C is any finite set of 
couples, there is a definite class composed of all the couples that are equivalent 
to the set C, and °this class of couples may be defined as the swm of C or of 
the members of C: that the class is itself infinite, in the sense of containing 
an infinity of members, does not render the concept of the class less definite. 
From the definition it follows that °sets of couples with the same sum are 
equivalent sets; a sum of a number of couples may be defined to mean °a 
couple belonging to the sum; with this definition we can not speak of a set 
of two couples, for example, as a sum of a set of five couples, but in the case 
of couples the word sum is naturally used to imply that reduction to the form 
of a single couple has been effected. 


‘7. With rotors there is a difficulty of practice but none of principle; the 
sum of a set F is to be a class of sets equivalent to F, and we have to decide 


1,72 whether this class is to consist of °ali sets equivalent to F, or of °all reduced 


sets equivalent to F’, or of °all Poinsot sets equivalent to #. In any case we 
have a definite concept, and in any case the statement that °equivalent sets 
are sets with the same sum follows from the definition and is not itself a 
definition ; it is unnecessary for us to make an irrevocable choice, and indeed 
we may distinguish the three classes as the complete sum, the reduced sum, 
and the Poinsot sum, but we notice that °if every compound of a number of 
sets is to be a sum of the sets we must use the complete sum and sacrifice 


any advantages that might follow from supposing a sum necessarily to have 
a simple form. 


‘8. Whatever our language, notation must allow the equation 
F+G=dH, 

where F, G, H refer to three sets of rotors, to assert that H is equivalent to 
a compound of # and G. Thus arises a problem similar to that presented in 
our first chapter (see p. 6) by the addition of angles. To effect a solution, we 
may suppose F’, (, H to be indefinite symbols, denoting unspecified members 
of classes of equivalent sets, or we may regard them as symbols for the classes 
themselves. With either interpretation, the sign of equality has its universal 
meaning and is not misappropriated to serve as a sign of equivalence in the 
special sense which the latter word bears in the theory of rotors. 


BOOK III 
CARTESIAN AXES AND VECTOR FRAMES 


CHAPTER. IIT 1 
TRIGONOMETRY OF PLANE AND SPHERICAL TRIANGLES 


311. Plane triangles with directed sides. 312. Spherical triangles; the polar and the 
colunars of a spherical triangle. 313. Fundamental formulae and simple deductions. 
314. The index of measurement and its uses. 


311. PLANE TRIANGLES WITH DIRECTED SIDES. 


‘1. An instructive exercise, and a valuable introduction to the work on 
spherical triangles in the succeeding sections, which is essential to our progress, 
is the formation of definitions for an ordered triangle whose sides are rays. We 
take three rays a, 8,yinaplane; for the plane we assume a cyclic direction, and 
°of the rays we assume only that no two of their axes are parallel. Then 8 and y 
intersect in a point A, while y and a intersect in a point B, and a and Bina 
point C, and °either A, B, C are three distinct points, or they coalesce in a single 
point. The distances from B to Cin the direction of a, from C to A in the direction 
of 8,and from A to Bin the direction of y, are called the °sides, or more fully 
the lengths of the sides, of the triangle, and are denoted by a, b, c; each of these 
sides is a definite real number, but there is no reason to suppose any of them 
positive, nor is there any relation between their signs. Angles at A from @ 
to y are called °external angles of the triangle at A; the supplement of an 
external angle at A is an angle from y to the reverse of @, and is called an 
°internal angle at A; all internal angles at A are congruent, and one of these* 
angles is chosen arbitrarily to be described as the first angle of the triangle 
and is denoted by A; the definitions of external and internal angles at B and 
C are similar, and selection from among the internal angles provides B and C, 
the second and third angles of the triangle; instead of making the selections 
at A, B, C entirely independent, we may make one choice depend on the other 
two in such a way as to retain the familiar value for the sum of the angles, 
but with any combination of selections the sum is congruent with 7, and there 
is little to be gained by a limitation. 

2. It is to be noticed that °the values of the sides and angles of a triangle 
of rays depend on the order of the rays; if the triangle aSy has sides a, b, ¢ 


* In order not to confuse, we describe a procedure in accord with elementary usage, 
but the reader will recognise that there is something to be said in favour of expressing 
formulae in terms of external angles A’, B’, C’. Theoretically this practice is natural, and 
of the two formulae 

A'+ B+ 0’! =2r, A+B4+C=r7 
the former leads to the more elegant identities, but the expression of a as — bcos C’—ccos B’ 
has nothing to recommend it, and for a right-angled triangle the use of external angles is 
quite indefensible, 
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and external angles A’, B’, C’, the triangle ay8 has sides —a, —c, —0, and 
may be taken as having external angles — A’, — 0’, — B’. °A triangle of rays 
is an ordered triangle in every definition, not merely in definitions involving 
implicitly the sign. °The sign of the triangle a@y is taken to be the same as 
the sign of the triangle ABC, and not to depend on the directions of a, 8, y 
along the undirected lines BC, CA, AB. 


‘3. The perpendicular distances of A from a, of B from £, of C from y, are the 
three °altitudes of the triangle, and we denote them by p, q, ”. If wis positive, 
A is on the positive or the negative side of a according as the sign of the 


triangle is positive or negative, and the sign of p is the sign of the triangle; 


Fig. 19. 


if a is negative, the direction from B to C is the reverse of the direction of a 
and the sign of p is opposite to the sign of the triangle; thus in any case 
“the sign of the product ap is the sign of the triangle, and dap is A, the area 
of the triangle: 
2A = ap=bq=er. 
‘4. If we denote the actual vectors of the steps BC, CA, AB by a,b,c, the 
trigonometry of the triangle is contained in the relations 


a+b+c=0, 

¥ be =— becos A, 

Abe = besin A. 
Thus C= fa=— §a(b+c)=a(bcosC+ccos B) 
gives a=bcosC+ccos B, 
and eC=SV=IS(b+CcP=L/b?+ 0+2/fbe 
gives” = +0? 2be cos A, 
while from ‘41 Aa(at+b+c)=0, 
whence Aca= Kab, 


giving csin B=bsin CG. 
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‘5. Further, if s denotes (a+b +c), °46 gives 
bc(1+cos A)=2s(s—a), bc(1—cos A) =2(s—b)(s—c), 
whence on the one hand 
cos*4A =s(s—a)/be, sin?4A =(s—b)(s—c)/be, 
and on the other hand 
Acot4A=s(s—a), Atan}A =(s—b)(s—c), 


leading to A’?=s(s—-a)(s—b)(s—oc), 
cos¢Boos$C_singBsin$C _cos$(B—C) _ cos$(B+ C) 
8 s—a C4 Ch ealw) a ; 
sin¢Bcos$C_sin}Ccos$B_ sin}(B—C)_ sin}(B+(C) 
s—C s—b b-c a ; 


Since we have extracted no square roots, there can be no ambiguities in these 
formulae, but “it is not open to us to argue that the sines and cosines of the 
angles 3A, $B, 40 are necessarily positive or to replace cos}(B+C) and 
sin $(B+C) by sin} A and cos} A. 
6. If certain formulae of plane trigonometry threaten to evade us, we can 
recapture them by a simple device. The value of k given by 
A+B4C=(2n+k)7z, 
where n is an integer and k is either + 1 or —1, depends not only on the 
triangle itself, but on the measurements adopted for the angles; let k be 
called the °index of measurement. Then since cos$(B+ C), sin}(B+ C) can 
be identified with sin4A, cos$A if k is +1 and with —sin}A, —cos4A if 
k is —1, we can write 
cos$(B+C)=ksin$A, sin4(B+C)=kcos$A, 
and therefore 
cos¢(B—C) _ksin}A  sin$(B— C) _kcostA 
b+e a se b—c Siar ae 
abe cos$A cos$Beos}C=ksd, abccos$A sin} Bsin $C0=k(s— a) A, 
It is to be remembered that there is only one index; in formulae deduced by 
transposition from those given in full, & is unaltered. 


312. SPHERICAL TRIANGLES; THE POLAR AND THE COLUNARS 
OF A SPHERICAL TRIANGLE, 


‘1. The spherical triangle* which is of use in analytical geometry is a 
triangle in which definite directions are given to the three great circles forming 
the sides. To specify a triangle of rays in a plane we may give the three 


* With this section compare the early paragraphs in ch. 19 of Leathem’s edition (1901) 
of Todhunter’s Spherical Trigonometry ; there the sides and the external angles are chosen 
to be positive and less than 27, but it is equally useful in practice to suppose them positive 
or negative but numerically less than 7, and we prefer not to commit ourselves to a parti- 
cular system. The chapter on spherical trigonometry in Darboux’s Principes (pp. 201-215), 
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vertices and the directions of the three sides, or we may state simply the three 
rays which form the sides; to describe a spherical triangle, we may state the 
three vertices and the directions of the three sides, but it is not sufficient to 
specify only the three prepared circles which form the sides without indicating 
which of the two points of intersection of each pair of sides is to be used as 
a vertex. For the sake of brevity we speak of the spherical triangle with 
assigned vertices, but it is to be understood that definite directions are given 
to the sides. 

‘2. There is one characteristic of a spherical triangle ABI’ which does not 
depend on the directions of the sides. If the directions of the sides of the 
triangle are determined by the convention that the least positive angles from 
B to I, from I’ to A, and from A to B, in the directions of the sides, are all 
less than 7, then* °either each vertex is on the positive side of the opposite 
great circle or each vertex is on the negative side of the corresponding circle, 
and the triangle itself is said to be positive in the one case, negative in the 
other case; the sign of a particular spherical triangle is of course dependent 
on the spatial convention, but whether two ordered spherical triangles have 
the same sign or different signs depends on no arbitrary convention, and it is 
always a comparison of different triangles that is fundamental. °The sign of 
the spherical triangle ABT on a sphere whose centre is O is the sign of the 
tetrahedron OABIT; two spherical triangles whose corresponding parts are 
equal numerically are congruent if they have the same sign, but if their signs 
differ each is a perverse of the other. 

‘3. Ifa, b, care three prepared great circles forming the sides of a spherical 
triangle ABI, the angles from B to [ along a, from [ to A along b, and from 


A to B along c, compose three congruences, and representative angles are 
chosen arbitrarily from these congruences to be called °the sides of the triangle 
and to be denoted by BI, T'A, AB, or by a, B, x. Similarly the angles from b 


develops the formulae without supposing the elements even to be real; it will be found 
that the treatment of complex space in Book V below does not depend on the formulae of 
this section or the next, but on the contrary enables us to interpret these sections retro- 
spectively as valid on complex spheres. Darboux uses the external angles as a matter of 
course. 

* The right-hand diagram in fig. 20, in which one of the least positive angles is between 
7 and 27, helps us to realise that the conclusion is dependent on the hypothesis, 
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to c round A, from c to a round B, and from a to 6 round I, compose three 
congruences, and chosen members of these congruences are called °the external 
angles of the triangle and are denoted by IYAB, A’BI, BTA or bys As By Itt by 
subtracting the external angles from 7 we obtain the °internal angles. Any 
one of the sides or angles of a spherical triangle may have any value, positive 
or negative, which is not an integral multiple of , and between the circular 
functions of the three sides and the three external angles there are many 
relations, whose systematic study is the first concern of spherical trigonometry. 
If O is the centre of the sphere on which the spherical triangle ABI is 
situated, the function si OABT of which we have already spoken is called 
the “sine of the triangle itself; this function is independent of the directions 
of the sides of the triangle, and its sign is that of the triangle; every change 
in the order of the vertices is without effect on the numerical value of the 
sine, but while a cyclic* change leaves the sign also unaffected, a change that 
is not cyclic reverses the sign: 
sin OABT =sin OBIA =sin OF AB, 
sin OATB = — sin OABI. 

For brevity we shall °denote sin OABL by Tagr, or when no ambiguity is 
possible by T simply. 

4. A definite spatial convention gives to the directed great circles a,b,c which 
form the sides of the triangle ABI definite positive poles, and these we can 
denote without risk of confusion by a, 8B, y. Because 8 is a pole of b, AB is a 
quadrant, and because y is a pole of c, Ay is a quadrant; hence °A is a pole 
of the great circle through # and y, and similarly B, [ are poles of the great 
circles through y and a and through a and 8; to say that A, B, I are the 
positive poles of the great circles Py, ya, a8, is to assign particular directions 
to these great circles, and the circles with directions so determined we denote 
by A, B,C. The triangle with a, 8, y for vertices and A, B, C for sides is 
called the °polar of the triangle with A, B, I’ for vertices and a, 8, ¢ for sides, 
and a reader who is becoming impatient of our insistence on the possibility of 
distinguishing between positives and negatives will welcome a definite justi- 
fication of the drawing of such distinctions in the result that °¢f one spherical 
triangle is the polar of another the second ws the polar of the first. °The sides 
of the polar triangle a@y are congruent with the external angles of the original 
triangle ABI, and conversely the external angles of aBy are congruent with 
the sides of ABI’; in view of this result we actually “choose A, B, T° for the 


* Fundamentally, the decisive feature is not whether the change is cyclic or acyclic 
but whether there is an even or an odd derangement of the four letters O, A, B, © (see 
13216 on p. 21 above, and the accompanying foot-note); the position of O being un- 
alterable, the question is one of transpositions in the three letters A, B, T, and it is a 
peculiarity of interchanges with three symbols that cyclic changes are even and acyclic 
changes are odd; with any odd number of symbols all cyclic changes are even, but if the 
number is greater than three there are also acyclic changes which are even. 
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sides and a, 8, y for the external angles of the triangle ay when we wish to 
dwell on the relation between the two triangles; the statement that 

If two spherical triangles are polars of each other, the sides of each are the 
external angles of the other, 
adds a definition to a theorem, and is typical of a number of enunciations of 
value in analytical geometry. The consideration of the sides and angles of 
the polar a@y of a triangle ABI introduces to us no angles which we are not 
compelled to use in studying ABI itself, but the sine of the polar triangle, 
which is called the polar sine of ABI’, is not expressible merely as a function 
of sin OABI, and has an independent importance*; it is to be remarked that 
the polar of a positive triangle may be either positive or negative. °The sine 
of the polar triangle will be denoted by vapr or by v alone. 

‘5. By the perimeter of the triangle ABI’ is meant the sum of the sides; 
this is usually denoted by 20. The sum of the angles is denoted by 2= and 
may be called the polar perimeter. The amount by which 2% falls short of 
2c is the amount by which the sum of the internal angles exceeds 7 and is 
called for this reason the °angular ewcess of the triangle; if this angle is 
denoted+ by Eand the corresponding angle associated with the polar triangle 
by e, we have 

2o=at+Rht+y, 22=A+B4+T, 
e=2(r—c) EK=2(r—-2). 

‘°6. The polar triangle is not the only triangle which can usefully be asso- 
ciated with a given triangle. 

The circles b,c which meet in A meet also in the diametrically opposite 
point A’, and the triangle with sides a, b, ¢ and vertices A’, B, I’ is called the 
°first colunar of the triangle with sides a, b, c and vertices A, B, I. To leave 
unchanged the directions of a, b, ¢ is to say that the vertices of the polar of 
A’BI are to be the same as the vertices of the polar of ABT, but since in 
reference to A’BI the circle through @ and y¥ is to have A’ for its pole, the 
sides of the polar of A’BI are not the circles A, B, C but the circles A’, B, C. 
Since the directions of measurement along a, b, ¢ are unchanged, °the sides 
BI, PA’, A’B of the colunar are congruent with a, 8+ 7, y— 7, while the 


* The reader should be warned that writers on spherical trigonometry are in the habit 
of taking as fundamental the halves of the sines of a triangle and of its polar, which they 
call the norm of the sides and the norm of the angles of the triangle and denote by n and 
NV. One elementary text-book quotes Salmon in support of calling the functions » and V 
sines; Salmon’s phrase in the article quoted 7s ambiguous, but his practice is clear and 
consistent, and is that of von Staudt, which is followed in the text. The use of the norms 
is due to a comparison of 3°63 and 3°69 below with the classical formula 1°54 for the area 
of a plane triangle. 

+ Sometimes 2E is used, and often the excess is called the spherical excess. Name and 
notation are alike unhappy, for the differential geometry of any surface requires the angular 
excess of an arbitrary triangle, but not the half of the excess. 
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angles are congruent with — A, B, '; we define* the sides and the angles to 
have these values. °The perimeter of the colunar is then equal to the peri- 
meter 2c, and the polar perimeter has the value 2(2—A). °The sine of the 
colunar is — T, and its polar sine is v. 

Mere reversal of the side a of ABI gives a triangle which bears to ABT 
the relation which the polar of the first colunar of ABT bears to the polar of 
ABY. This is a triangle whose polar is a/By, and we may ° take its sides to 
be —a, 8, y and its angles to be A, B+, '—7; “its perimeter is then 
2(o—a) and its polar perimeter 2%, while °its sine, independently of any 
convention, is T and its polar sine is — v. 

If the internal angles of a triangle on a sphere of unit radius are all positive 
and less than 7, the triangle and its first colunar together compose a lune of 
angle A;, where A; is the internal angle, and therefore the sum of the areas of 
these two triangles is the fraction A;/27 of the area of the sphere, that is, is 
2A;. But the triangle and its opposite together with the three colunars and 
their opposites compose the whole surface of the sphere. Hence 4(A; +B; +T;) 
exceeds the area of the sphere by four times the area of the triangle: 

On a sphere of unit radius, the area of a triangle each of whose internal 
angles 1s positive and less than two right angles is equal to the angular excess 
of the triangle. 

It is this theorem which gives interest to the angular excess, and to formulae 
by which it can be calculated logarithmically from the sides alone, without the 
evaluation of the individual angles. 


°7. The cffect of the existence of triangles related to any given triangle as 
we have described in ‘4 and ‘6 is that if 
(a B,y, A, B,D) =0 
is a relation which holds between the sides and the external angles of any 
spherical triangle, the relation 
F(A, B,T, a, B, y) =9 
is equally general, and so also are 
f(a 8+7,y—7,—A, B,T)=0, S(-48,y,4,B+7,0—7)=0, 
f(A, B+7,0—7,-4,8,7)=0, f(— A,B, Ta, 8+7,y—-7)=9, 
and the eight relations derivable from these four by allowing 8 and y¥ to play 
the parts here assigned to a; it need hardly be said that the various changes 
do not necessarily yield distinct formulae, 
‘8. The fundamental relations between the sides and the angles of a triangle 
on a sphere can be thrown into many forms, differing in elegance and in utility, 
but the number of these results required for the purposes of analytical geometry 


* It is seldom necessary to distinguish the colunar with sides a, 8+, y— 7 from the 
colunar with sides a, 8-7, y+7. 
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and for the manipulation of oblique axes is surprisingly small; usually we make 
direct application of the principles of projection and of the decomposition of 
vectors (notably of the theorems given in 2153 and 221'1, applied by means 
of 221-41), and if we proceed to obtain a few trigonometrical results, it is rather 
to illustrate the application of these principles and to emphasise the generality 
of the formulae than from any insistent need of the formulae themselves. 


313. FUNDAMENTAL FORMULAE AND SIMPLE DEDUCTIONS. 


‘1. Let the directed circles b and c meet the circle A in the pairs of points 
z,, Dy and T,, Ty, the points 2,, T, being distinguished from their opposites 
as the points of }, ¢ 
among whose distances 
from A are positive 
quadrants; then in A 
the quadrants from >, 
to 8 and from T, to ¥. 
are positive, and there- 
fore cos ,T, is cosA 
and cos =,'T, is — cos A; 
also, one of the angles 
from %,' tol is 47-8, 
and one of the angles 
from B to T, is 4r—y. 
A unit vector in [ is 
therefore the sum of 
cos 8 in A and sin 8 in 
>=, and a unit vector in 
B the sum of cosy in A 
and siny in T,; sym- 
bolically, 


Fig. 21. 


1p = (cos 8), + (sin B)s,, 1g3= (cosy), + (sin y)r,. 

By 221:44, cos TB, which is cosa, can be regarded as F1pl1z, and by 221°16 
we can calculate this projected product from ‘11 as the sum of four parts; since 
cos AA =1, cos AT, =0, cos 2,,A=0, cos 2;’T, = —cos A, 

the equality deduced is 

cosa =cos 8 cosy — sin § sin y cos A, 
the fundamental equation of spherical trigonometry, which implies not only 
the corresponding formulae for cos@ and cosy but also the complementary 
formulae obtained by its application to the polar triangle, namely, 


cos A=cos Bcos P — sin Bsin IT cos a 
and its correlatives. For any triangle right-angled at A, 12 gives 


cos a= cos 8 cos y, 
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and for any triangle of which a is a quadrant, "18 gives 
cos A= cos Beos I’. 


Of "14 and ‘15, the first is especially simple to use, since the cosines involved 
are independent of the directions of the sides of the triangle; moreover, it 
can be proved with less attention to detail than is necessary in the proof of 
the general formula ‘12, for if the triangle is right-angled at A and & is 
either intersection of b with A and T either intersection of c with A, the pro- 
jected product of (cosy), + ms and (cos 8), + nz is cos 8 cosy whatever the 
values of mand n. In ‘15, the cosines are independent of the directions of 
the sides of the polar triangle a8y, but depend on the directions of the sides 
of ABI. 


‘2, It is easy to frame proofs of ‘12 and its consequences on the basis of projection and 
decomposition without the use of projected products. Since there are angles 7 —A from T; 
to 3)’ and A—4$7 from 3/’ to y, the vector sin 8 in 3,’ is the sum of — sin ycos A in T, and 
sinysin A in y, and the unit vector in ris the sum of these two vectors and cos@ in A; 
since y is at right angles to B, the projection cosa of Ir on B is the sum of the two pro- 
jections cos 8 cosy, —sinScosAsiny. This proof of ‘12 lacks the symmetry of the earlier 
proof, but is equally simple; in more complicated problems the use of projected products 
often imparts simplicity otherwise unobtainable, permitting as it does the decomposition 
of two vectors instead of the resolution of only one. In the case of a right-angled triangle, 
the simplest projective proof is perhaps an unsymmetrical proof: if the angles at A are 
right angles, the projection of 1p on the plane OAB has the directions of A and A’ and its 
amount in the former of these directions is cos8; the fundamental formula ‘14 is therefore 
an immediate consequence of 142°23. 


*3. The triangle T/A, where, in agreement with the notation of ‘1, T,’ is 
the point of intersection of c and B separated from y by a positive quadrant, 
is right-angled at T,’; also one value of T,’A is $a —y and one value of T,a is 


B— 47; hence by ‘14 
cos Aa=sin ysin B, 


and by applying this formula to the polar triangle we have 
cosaA =sin Bsin T’, 

so that also* sin 8sinT’=siny sin B; 

at once comes the set of formulae 


sina sin siny 
snA sinB- sinI’ 


‘4. The use of the functions T, v enables us to introduce symmetry with- 
out loss of brevity: the result 184°72, proved in a manner which implied its 


* From ‘35 we have sinasin#sinl=sin ysinasin B, and therefore the three products 
sin 8 sin ysin A, sin y sin a sin B, sin asin 8 sinT havea common value. The function sin OABI 
is often defined as the function with this value. Since then °41, which is 134-72, follows at 
once from ‘33, the relation of sin QRST to the volume of the tetrahedron QRST is readily 


deduced. 
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generality, gives on application to a triangle and its polar the two sets of 


formulae 
 =cos Aasina=cos BS sin 8B = cos 'ysiny, 


v = cos AasinA= cos Bf sin B = cos Ty sin D; 
whether in these we substitute expressions of the form contained in °33 or 


expressions of the form contained in ‘34 the result is the same, the two sets 
of formulae 


YT =sin 8sinysin A =sinysin a sin B=sinasnfsinI’, 
v=sin B sin’ sina=sin I'sin Asin 8 =sin Asin Bsiny, 
which give the sines of the triangles in the forms which are the most con- 
venient although unsymmetrical. We can replace °36 by 
YT sina _snf_siny 
v sinA sinB~ sinl” 


The commonest symmetrical expression involving the sine of a triangle 
expresses the square of this function; we may obtain this formula without 
difficulty from °43 and ‘12, which give 

YT? = sin? 8 sin? y — (cos 8 cos y — cos a)? 
and therefore 
T? = 1 — cos? a— cos? 8 — cos? y + 2 cos a cos B cos y, 


but the essence of the formula is that it can be exhibited in the form 


Boke SA! cosy cosB |, 
cos ¥ 1 COs a 
cosB cosa il 


- and we shall presently find a point of view from which this determinantal form 


is understood and the crude passages from ‘43 and ‘12 to 46 and ‘47 are seen 
to lack even the virtue of necessity. Correlative to ‘46 and ‘47 are 
v? = ] — cos? A — cos? B — cos? I'+ 2 cos A cos BeosT’, 
ves) of cos I" cos B 
cos [ 1 cos A 
cosB cosA 1 


‘5, Any deduction from the fundamental formulae already proved is valid 
if it does not involve extraction of a root. 


For example, elimination of cos 8 and sin 8 between 
cos a= cos 8 cos y — sin 8 sin ycos A, 
cos B = cos y cos a— sin y sin @ cos B, 


sin 8 sin A =sin asin B, 
gives the relation 
cos B cos y + cot A sin B + cot asin y = 0, 
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as useful as it is inelegant; ‘51 is typical of a group of six, and application of 


this group to the polar triangle reproduces the same group in a different 
order, 


Again, 
T= sinasin8sinI’.sinysinasin B=sinasin@siny.sinasin Bsin I, 
that is, YT? = vsinasin Bsiny, 
and similarly or from the polar triangle, 
v= TsinA sin BsinT, 
*6. From ‘12 we have 
sin 8 sin y (1 + cos A) = cos (8 — y) — cosa= 2 sin (o — 8) sin (oc —¥), 
Bae — cos A) =cos a—cos(8+ 7) =2sin ao sin(o —a), 
whence we can write both 
cos?4A = sin (o— 8) sin(o —y)/sin 8 sin y, 
oe 4A =singsin(o—a)/sin B sin y, 
and 
Tcot 4A =2sin(¢—8)sin(o—y), Ttan$A = 2sing sin(o —a), 
obtaining the valuable expression 
T?=4 sin o sin(o — a) sin(o — 8) sin(¢—y), 
and the equalities 
‘sin (o —a) sin $B sin $T = sino cos $B cos $I, 
be (o —y) cos 41P'sin 4B =sin (o—8) cos 4Bsin $7, 


which enable us to write 


cos$Beos3V sn3Bsin$Tl i cos3(B—-T) | cos $(B +T) 
sin(o—a) sino  2cossasind(@+y) —2sindacosh(B+y¥)’ 
sin¢Bcos$I_ singTcos$B _ sin4(B-T) __ sing (B+T) 
sin(o—8)  sin(o—y) —2cossasin}(8—y) 2sindacos$(B8—y)’ 


The correlatives of ‘61, ‘62, ‘63 are 
cos? 4a = sin (> — B) sin(% —T)/sin B sin I, 
pe da=sin > sin (2 — A)/sin BsinI, 
v cot a= 2sin(>—B)sin(2—T), vtan }a=2sin = sin(>— A), 
v?= 4 sin © sin(= — A) sin (> — B) sin (2 — TY). 
Certain of these formulae are ambiguous in form though not in fact. For 
example, sin « depends on the actual selections of a, 8, y, but a change of any one 


of these angles by 27, which alters the sign of sing, alters the sign also of 
every other denominator in 65. 
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814. THE INDEX OF MEASUREMENT AND ITS USES, 


‘1. From 3°61 it follows that 
sin?$Bsin?3V _cos*>A 
‘sito — sine a 
that is, that 4Y? sin? $A sin? $B sin? $1 = v’ sin’ a, 
and it is evident that 3°65 and 3°66 could be simplified to a considerable 
extent if the square roots could be extracted in ‘11. Let us then write 


2T sindA sinfBsin $1 =kvsing, 


where & is necessarily either +1 or —1. The value of & is not intrinsic to the 
triangle, for to substitute A +2 for A in ‘13 without changing any of the 
other measurements would involve a change in k; we call & the °index of 
measurement of the triangle. It follows from 3°65 that, with the value of k 
defined by ‘13, 
2T sin $A cos $B cos 40 = kv sin (0 — a). 

The value of the equal ratios in 3°65 is ku/2T sin 3A, that is, k cos $A/sin a, 
and the value of the equal ratios in 3°66 is ku/2T cos A, that is, # sin 4 A/sin a. 


‘2. We have now, using these values of the ratios, Delambre’s formulae 
cos 4a cos $ (B+T) = —k cos $A cos $ (B+ ¥), 
hae zacos4(B—T)= kcostAsin}(8+y), 
costasin}(B+T)= ksin}Acos$(B—y), 
a dasin4(B—T) =—ksinsA sin} (B—-y); 
the first or last member of this group, applied to the polar triangle, suffices to 
shew that * the index of the polar triangle is the same as the index of the 


original triangle, and when this is known, the group reproduces itself. The 


identity of index can be expressed in many ways; for example, we have 
from ‘13 
sino sin > = 4sindasin} @sin fysin $A sin $B sin dT. 


‘3. The problem of expressing = in terms of the sides only is equivalent to 
that of evaluating the angular excess or in elementary cases the area of the 
triangle, and is one on which some ingenuity has been expended. 

Cagnoli’s solution is given by combining 


2u sin gsasin $8sindy=hT sin &, 
the correlative of ‘18, with 3°52, when we have 
4k cos 4acos$8 cos dy sin = T. 
The numerical value of T is given in terms of the sides by 3°63, and we can 
write explicitly 


4 cos’ 3a cos’ 8 cos*}-y sin? > = sin ¢ sin(o — a) sin (¢ — 8) sin (c — 7). 
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*4, The modification of a formula due to Lhuilier is more difficult. From ‘21 
and ‘22, treating = as $A +4(B+T), we have 
cos }a(1 +k cos) 
= cos*$A {cos $a —cos4(8+y)} + sin? $A {cos }a—cos$(B—y)}, 
cos 4a(1 —k cos &) 
= cos’? 4A {cos 4a+cos$(8+y)}+sin?3A {costatcos4(B—y)}, 
whence by use of 3°61 
cos $a sin 8 sin y (1+ cos 3) 
=8sinosin$(o—a)sind(o —8)sin} (a — y){cos$(o—8) cos} (a —y) —cos$acos}(o—a)}, 
cos asin 8 sin y (1—£ cos 3) 
=8cos$ 0 cos} (0 —a)cos$(a—8)cos}(o— y) {sind(¢—B)sin}(o— y)+sin$osin}(o—a)}; 
But identically * 
cos 4 (a — 8) cos4 (ao — y) — cos$acos$ (c —a)=sin $8 sin dy, 
sin $(o— 8)sin}(o—y)+sinsosin}(o—a)=sin}8sin $y. 
Substituting in ‘41, 42 we have 
$cosZacos$8costy (1+ kcos X) 
=sin}osin}(o¢—a)sin}(o—f)sin4(c—y), 
4 cos 4acos $8 cos4y(1 — k cos 3) 
= cos $0 cos 4 (a — a) cos¢ (a — 8) cos$ (co — 9), 
and of these formulae, one gives cos? 45 and the other sin? 4, whether the index 
is positive or negative. To make a formal reduction we may write kcos > as 
cos {= + 4(1 —k) 7}, and division of one result by the other gives 
cot? {£5 +4(1 —k) 7} = tan fo tan} (oc — a) tand (oc — f) tan} (o— 7), 
or on the substitution of $7 — +E for 4%, 
tan? {LE +4(1—)7} = tan4o tan} (oc — a) tan $(o — 8) tant (o—¥); 


this is the adaptation to the general triangle of Lhuilier’s elegant formula for 
calculating the angular excess. 


* Direct proof of these identities is superfluous. It follows from 3°61 that 
sin (¢ — 8) sin (o — y)+sin o sin (o —a)=sin Bsin y, 
and since a, 8, y are independent, this relation must be an cdentity deducible from the 


relation 
2o=at+B+y. 


Hence one consequence of the relation 
o=hat+3h+dy 
is the identity “44, and one consequence of the relation 


o—$m=3(a-m)+aB+dy 
is the identity °43. 
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‘5. All the formulae of this article have of course their correlatives, and it 
will be found that changes also take place when they are applied to the 
colunars. If the first colunar is measured according to the conventions speci- 
fied in 2°6, the only terms of ‘13 to change are T and sin $A, which change 
sign, and therefore the index of the colunar is the same as that of the original 
triangle. As examples of the deductions that are possible may be mentioned 

bcos $a sin $8 sin $y {1 +% cos (& — A)} 
=sin $osin $(o¢ —a) cos} (o — 8) cos$(o — 9), 
$ cos $a sind sin $y {1 — kcos (X= — A)} 
= cos $a cos $(o — a) sin} (o— 8)sin}(c—-y), 
which come from ‘45, 46 without further investigation. Also from ‘21, ‘22 we 
have 
—k cos $acos > =cos*?4 A cos$(8 +) +sin?}Acos$(8—-y) 
=cos $8 cos$y—sin $8 sin}ycos A, 
and therefore on substitution for cos A, 
— 4k cos $a cos $8 cos $y cos = 1+ cosa+ cos B+ cosy; 
application of this formula to the first colunar gives 


— 4k cos asin $8 sin }y cos (X — A) = 1 + cosa— cos 8 — cosy. 


CHAPTER III 2 
THE CARTESIAN FRAMEWORK 


321. Cartesian axes in a plane; countersymmetry; the polar of a plane frame. 322. 
Cartesian axes in space; the polar of a frame in space. 323, Components and projections. 
324. Relations between components and projections, 325. Umbral notation. 


321. CARTESIAN AXES IN A PLANE; COUNTERSYMMETRY; 
THE POLAR OF A PLANE FRAME, 


‘1. The Cartesian framework in a plane is composed only of two distinct 
directed lines, the axes, concurrent in a single point, the origin. The origin 
we denote by O, the axes are distinguished as the first axis or z-axis, denoted 
by X’OX or by & and the second axis or y-axis, denoted by Y’OY or by 7; 
the pair of axes forms the frame OX Y. The points of an axis which lie on the 
positive side of the origin in that axis are said to compose the positive half of 
the axis, and the points which lie on the negative side to compose the negative 
half. Usually the symbols X, X’, Y, Y’ are not assigned to definite points in 
the axes; if X does denote a point, that point lies in the positive half of &, 
and in any case °a point F is said to lie in OX if it is at O or on the positive 
side of O in &, even if X has been assigned to a definite point which in the 
literal sense is in OF; corresponding conventions attach to the uses of X’, Y, Y’. 


‘2. We denote the images of &, 7 in a unit circle with centre 2 by &, H. 
The two rays 5’03, H’OH, denoted also by £9, no, determine a frame QFH 
parallel to OXY which is called the ° anchored frame corresponding to OXY; 
if we have to deal with only one frame in a plane, often we can suppose Q to 
coincide with O and avoid the mention of anchored frames, but if we have to 
compare frames with different origins the comparison of the directions of their 
axes is assisted by the use of parallel frames with a common independent 
origin. We notice that in the frame Q2H the symbol & is assigned to a 
definite point, the point of &g whose distance from © in the direction of &g is 
unity, but we say that a point F is in OF even if literally F is in the pro- 
longation of OF beyond 2. 


*3. The use of Cartesian axes in a plane does not imply the adoption of 
a cyclic convention for the plane: many of the results * of algebraical geometry 
are proved by means of coordinates but without reference to the measurement 
of angles. But in kinematical plane geometry cyclic direction is indispensable 


* For example, results relating to the analysis of multiple singularities of curves and 
propositions in the theory of residuation. 
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and is assumed throughout. The fundamental characteristic which a cyclic 
convention confers on a frame is a sign: °a frame is said to be positive or 
negative according as the positive half of the second axis is on the positive 
side or on the negative side of the first axis, and a positive frame differs from 
a negative frame even if the angles between the axes are the same in the two 
frames. It is to be remarked that if the positive half of » is on the positive 
side of £ then the positive half of & is °necessarily on the negative side of n; 
fundamentally this is the asymmetrical* feature of plane geometry to which 
allusion has been made already in 126°3. 


-4. In a prepared plane, the angles from the x-axis to the y-axis of a frame 
compose a congruence, and of these angles we select one to be called °the angle 
of the frame; this angle we denote by , adding if necessary some mark 
indicative of the frame to which it belongs. °The circular functions cos, 
sin w are independent of all that is arbitrary in the choice of o, and cos @ 18 
independent also of the cyclic direction of the plane, but “the sign of sin is 
the sign of the frame OX Y itself and depends on this direction. If we have 
only one frame to consider and the cyclic direction of the plane is not otherwise 
determined, we may decide that the angle numerically less than 7 from & to 
n is to be positive; if the cyclic direction and the two rays which are to serve 
as axes are given, it may be possible for us to allot the parts of the two symbols 
€, » in such a way that the frame is positive; but if both the cyclic direction 
and the frame are given, the frame may be positive or negative, and if we have 
to compare different frames we must be prepared to find them of different 
signs; °to assume either cos » or sin w to be essentially positive is to impose 
on our formulae a restriction at once unwarrantable and unnecessary. °The 
angle w is subject to only the one condition that it can not be an integral 
multiple of 7. °The congruence to which the angle of the frame QEH belongs 
is the congruence to which w belongs, and when we use 03H as the anchored 
frame corresponding to OX Y we °definet the angle of the anchored frame to 
be identical with o. 


‘5. Two frames in a plane are said to be °congruent if on the giving of 
direction to the plane the frames acquire congruent angles, and one frame in 
a plane is said to be a° reverse of another if the angle of one is congruent with 
the negative of the angle of the other; the frames congruent with OX Y and 
the reverses of OXY are the frames equal to OXY in the plane of OXY. 
A frame in one prepared plane may be congruent with, or a reverse of, a frame 
in another prepared plane, but the relation of equality between two frames in 
different planes can not be analysed if either plane is unprepared. 


* The use of this word implies that symmetry is certainly absent; unsymmetrical is 
used if symmetry is not known to be impossible but is known to be accidental. 
+ Compare the comment on 12°48 above. 
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‘6. Let x, y be two lines in a plane, concurrent in a point O, and let J, m be 
the lines through O at right angles to «, y; then the relation of the pair of 
lines «, y to the pair of lines J, m is the same as the relation of the pair of 
lines J, m to the pair of lines a, y. If however for lines we substitute rays, 
direct symmetry disappears and the restoration of some form of symmetry is 
an important matter; no angle from to € is congruent with any angle from 
€ to X unless & and 2 are parallel, and if an angle from £ to X is a positive 
right angle the ray making a positive right angle with A is the reverse of &. 

The species of symmetry which we can secure, which we 

fp tin. & OQ call “countersymmetry, is easily perceived from a figure, 

and is suggested by the consideration that if an angle from 

— to 7 1s a positive right angle the ray chosen for X is to 

4) ~ coincide with & and the ray chosen for pu is to coincide 

with 7; °we take 2 to be a reversed normal to 7 and p to 
be a direct normal to €; then & is a reversed normal to pu 
and 7 is a direct normal to X, and therefore ° the relation 
of and 7 to ) and wp is the same as the relation of \ and wu 
to € and 7. °Countersymmetry results also if we take for ) a direct normal to 
n and for « a reversed normal to &, and since in this case X and pw coincide with 
€ and 7 if an angle from & to 7 is a negative right angle, we may refer to this 
symmetry as “negative countersymmetry to distinguish it from the positive 
countersymmetry first described; if there is positive countersymmetry between 


/ 


&, 7 and 2, p, there is negative countersymmetry between &, 7 and XV, p’. 


Fig. 22. 


‘7. If two rays are not parallel, a ray at right angles to one of them is not 
parallel to a ray at right angles to the other. Hence if two rays & » are the 
axes of a frame OXY in a directed plane, the reversed normal \ through O to 
m and the direct normal w through O to & are the axes of a frame OLM; this 
frame is called the °polar frame, or the direct polar frame, of OXY, and its 
angle, which is congruent with m— a, is “defined to be r—o. The frame 
OL’M’ is called* the retrograde polar frame of OX Y, and when used in that 
capacity is defined also to have the angle 7—w. °The frame OX Y is itself 
the direct polar of OLM and the retrograde polar of OL’ M ‘, while the direct 
polar of OL'M’ and the retrograde polar of OLM are the same, the frame 
OX'Y’, which is the reflection of OXY and is defined to have the angle o. 
We “denote the polar of a frame OXY consistently by OLM, and the corre- 
sponding anchored frame by QAM. 

If the axes of a frame are rays selected from those intrinsic to a problem, 
they may be denoted already by symbols other than &, 7, and a derivative 
notation for the polar frame may be wanted; we denote the polar of pa by pa. 
of QRS by QRS. 

* To speak of the polar frames as the positive polar and the negative polar would be 


misleading, since the two frames have the same sign, which is that of the frame from 
which they are derived. 
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322. CARTESIAN AXES IN SPACE; THE POLAR OF A FRAME IN SPACE. 


‘1. In space of three dimensions the axes of a frame are three rays, concurrent 
in the origin and not coplanar. We °denote the origin by 0, the axes by 
XOX, YOY, ZOZ or E,n, £, and the frame by OX YZ; as in a plane, an axis 
has a positive half and a negative half, and a point which is in & but not on 
the negative side of O in & is said to be in OX. Rays &o, 10, So parallel to 
£, n, € through a point 0 are the axes of a frame Q2ZHZ which is the “anchored 
frame corresponding to OX YZ; the points &, H, Z, the images of the axes 
£, n, ¢, are the vertices of a spherical triangle which is called the spherical 
triangle of the frame, or briefly the °frame triangle. In prepared space a frame 
has a definite sign, dependent on the spatial convention; °this sign is the sign 
of the frame triangle, and it is the common sign of the angles numerically less 
than 7 from 7 to Cround &, from £ to € round », and from £ to n round & Often 
if only one frame has to be considered, we can determine the spatial convention 
by requiring this frame to be positive, or we can determine the direction of 
one axis in the undirected line containing it by requiring the frame to be 
positive, but sometimes we have to take the sign of a frame as we find it; to 
be really general, definitions and formulae must be applicable to frames of 
either sign. 


‘2. The planes OYZ, OZX, OXY are called the planes of the frame OX YZ; 
they are definite planes, for if two of the axes &, , § lay in the same line the 
three axes would be coplanar; the plane OYZ is called the first reference 
plane, the yz-plane, or the «-plane, and the planes OZX, OXY have corre- 
sponding names, On the unit sphere the planes of the frame OX YZ are 
represented by the three great circles in which are the sides of the frame 
triangle HZ. It is not for all purposes necessary to adopt a spatial conven- 
tion, and still less is it essential to give cyclic direction to the planes of a 
frame; moreover, to give cyclic direction to the planes of a particular frame 
is not to place ourselves in a position to give a satisfactory* cyclic direction 
to every plane. Nevertheless for the sake of brevity we give direction to the 
planes of a frame; we denote the prepared reference planes by A, M, N. 


‘3. The angles in A from 7 to € form one congruence, the angles in M 
from ¢ to € form a second congruence, and the angles in N from & to n form 
a third congruence; °from each of these congruences one member is chosen, 
arbitrarily or in accordance with some principle that is itself arbitrary, and 
the three chosen angles, which we denote by a, 8, y, are called the biaxial 
angles of the frame OX YZ. Similarly three °biplanar angles A, B, I’ of the 
frame are obtained by selection from the congruences of angles from M to N 
round &, from N to A round 7, and from A to M round ¢ °Of the angles 
a, 8, y, A, B, I’ none can be integral multiples of 7, and of the angles 
tat+Bt+y, +A+B+T none can be integral multiples of 27, but the 


* Compare 114'11 on p. 7 above, 


322 THE CARTESIAN FRAMEWORK 113 


biaxial angles and biplanar angles of a frame are not restricted in sign or 
required to lie within any specified limits, nor is the choice of one of these 
angles from the congruence to which it belongs dependent in any way on 
the selections made from the other congruences. 


‘4. In every congruence which does not consist of integral multiples of a there is one 
and only one angle numerically less than 7, and our formulae are unchanged if we assume 
the biaxial angles and the biplanar angles of a frame to lie between — 7 and 1; also, to 
reverse A is to change the sign of a while leaving unaffected 8 and y and the directions of 
é,, ¢. Thus with given axes we may fix our ideas by supposing the biaxial angles and 
the biplanar angles to be numerically less than mw and the biaxial angles to be positive; 
the cyclic directions of the planes of reference are then implicitly determined, and the 
biplanar angles are all positive or all negative according as the frame itself is positive or 
negative. No complications are caused by the adoption of the set of conventions just 
described, but in using a common phrase we have criticised the common practice: 
unnecessarily to fiz an idea is almost always wrong, for an idea shews its strength in its 
mobility. In this connection see the end of 435-2 on p. 231 below. 

*5. By giving direction to the plane OYZ we give direction also to the 
great circle through H and Z, and to a frame which has prepared planes as 
well as directed axes corresponds a spherical triangle of the kind considered 
in the last chapter. The sides of this triangle are congruent with the biaxial 
angles of OX YZ, and the external angles with the biplanar angles of OX YZ, 
and having chosen definite biaxial angles and biplanar angles for a frame, we 
“define the sides and the external angles of the frame triangle to be identical 
with the chosen angles. The trigonometrical functions of the biaxial angles 
and biplanar angles of a frame are not independent, but the system of re- 
lations between these functions is a direct consequence of the relation of the 
angles to the frame triangle. 


*6. The normals through O to the prepared planes A, M, N are called the 
normals of the frame OX YZ; they are three rays which we denote by X, y, », 
and they are the axes of a frame OLMN. Since p is at right angles to & and &, 
and py is at right angles to & and 7, the plane through wu and » is at right 
angles to & and we denote this plane with the cyclic direction that renders & 
one of its normals by &; similarly H, Z denote* the planes through OU of 
which », ¢ are normals, and these are prepared planes of the frame OLMN. 
The frame OLMN with 2, p, v for axes and &, H, Z for planes is called the 
°polar of the frame OX YZ with &, », € for axes and A, M, N for planes; the 
relation between the frames is °symmetrical and is described most simply by 
the statement that the normals of each frame are the axes of the other. As 
the points 2, H, Z are the images of the normals to the prepared planes 
denoted by the same letters, so we denote by A, M, N the images of the 
normals to the prepared planes A, M, N ; the frame Q.AMN is the anchored. 
frame corresponding to OLILN, and is the polar of the anchored frame QE HZ. 


* The use of =, H, Z for prepared planes as well as for points of the unit sphere, and of 
A, M, N for points of the unit sphere as well as for prepared planes, involves no confusion. 


N. 8 


Ol 
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The spherical triangle AMN is the frame triangle of OLMN, and it is the 
triangle described in 124 as the polar of BHZ. As with the polar of a 
spherical triangle so with the polar of a frame, we °define the biaxial angles 
of OLMN to be the biplanar angles of OX YZ and the biplanar angles of 
OLMN to be the biaxial angles of OX YZ; the signs of a three-dimensional 
frame and of its polar are not necessarily the same. 


‘7. Many functions of the six angles of a frame present themselves in work 
with oblique axes. The most important are indubitably the ‘three cosines 
cos a, cos 8, cosy, which are independent not merely of the selections of a, 8, y 
from the congruences to which they belong but also of the cyclic directions of 
the planes of reference and of the spatial convention adopted. Next in value 
comes the sine of the frame triangle, which is called the sine of the frame ; 
this function, which we °denote always by T, has the sign of the frame, and 
as we shall see in 44 its square is given in determinantal form by 

T= 1 cosy cos 
COS ¥ 1 COS a 
cos8 cosa 1 


) 


and therefore in an expanded form by 
T? = 1 — cos?a — cos? 8 — cos? y + 2 cosa cos B cos y, 


but T itself can not be expressed rationally in terms of the biaxial angles 
alone, for “two frames may have the same biaxial angles but be of opposite 
signs. Complementary to the cosines of the biaxial angles are the cosines 
cos A, cos B, cos I’, which depend on the cyclic directions of the planes of the 
frame but not on the directions of the axes or on the spatial convention, but 
of more frequent occurrence in the sequel are cot A, cot B, cot I’, functions 
which depend on the directions both of axes and of planes. The sine of the 
polar frame, denoted by v and determined from the equation 


= a cos I’ cosB 
cos [' ul cos A 
cos B cosA 1 


by the condition that its sign is the sign of the polar frame, proves of less 
value than we should expect. 

In terms of angles of both kinds we have as in 13°43, 13°44 
T=sin sin ysin A = sin y sinasin B=sinasin BsinT, 
v=sinBsinI'sina=sinI'sin A sin§ = sin A sin B sin y, 

formulae which shew more clearly than ‘72 and °75 that for all undegenerate 
frames T and v are different from zero, and that it is only when all the angles 
are congruent with right angles, positive or negative, that either T or v is 
not numerically less than unity, while in the exceptional cases T and v attain 
their numerical maximum together. The results corresponding to 13°41, 
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13:42 compose an important group of formulae, obtainable by direct applica- 
tion of 134°72, which we need usually in the form 


cos AZ = T cosec a = vcosec A, 

cos MH = T cosec 8 = v cosec B, 

cos NZ = T cosec y= uv cosec I’; 
the cosine of the angles between an axis of OX YZ and an axis of OLMN is 
zero unless the axes correspond, so that of the nine cosines of this form six are 
zero and the remaining three have their values given by ‘78. If the sines of 
the biaxial angles of a frame are not positive, the sign of the frame is seen 
most readily from the set of formulae 76; the set ‘78 then gives the signs of 
cos AE, cos MH, cos NZ, and the cyclic directions of the planes follow at once. 

The formulae 
Tsn Asin Bsinl =v’, vsinasin Bsiny= T°, 

direct results of ‘76 and ‘77, are of interest as shewing that the sine of a frame 
can be expressed rationally in terms of the biplanar angles alone. Of the 
relations between the six angles of a frame we have repeated those which we 
are to find most useful, but every relation between the sides and the angles 
of a spherical triangle can be interpreted as a relation between the angles of 
a frame. 


°8. If the six angles of one frame are congruent with the six angles of 
another, the frames are said to be “congruent, and if the six angles of one 
frame are congruent with the negatives of the six angles of another each 
frame is called a °perverse of the other. From the angles a, 8, y and the sine 
T, 13:12 gives cos A uniquely and 13°43 gives sin A uniquely; T? is given in 
terms of a, 8, y by 13°46, and the sign of T is without effect on cos A but 
determines the sign of sin A. The frames equal to OXYZ are the frames 
whose biaxial angles have the same cosines as the biaxial angles of OX YZ, 
and a frame of this kind is congruent with OX YZ or a perverse of OX YZ 
according as its sign in prepared space is the same as or different from the 


sign of OX YZ. 


‘9, Compared with plane geometry the study of space of three dimensions 
has difficulties: to some mathematicians visualisation in space is almost 
impossible and spatial geometry is analysis of a particular kind; in problems 
of all kinds the presence of a third dimension involves a multiplication of 
possibilities. But in one respect at least geometry of three dimensions is the 
simpler: there is nothing in space analogous to countersymmetry in a plane, 
for in three dimensions to obtain a symmetrical relation between a frame and 
its polar we have only to take for each axis of the one the corresponding normal 
of the other; not until we become familiar with the extent to which counter- 
symmetry affects the analysis relating to functions on a surface do we realise 
the simplicity to be expected when this feature is absent. 
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323. COMPONENTS AND PROJECTIONS. 


‘1, Success in dealing with oblique axes depends entirely on an abandon- 
ment of the classical attitude to an oblique frame; always it has been under- 
stood that with respect to such a frame a direction may be specified either by 
three ratios or by three cosines and that the elegance of a formula relating to 
directions depends on the judicious use of the double specification, but it has 
been taken for granted that a point must be indicated by its coordinates and 
a vector by its components. The failure to realise that there is a double 
specification for points and vectors as well as for directions is responsible for 
an avoidance of oblique frames which is both unwarrantable and mischievous. 


‘2, The coordinates of a point with respect to a frame are familiar lengths. 
In a plane, “the coordinates of R with respect to OXY are the distances from 
O, in the directions B, H, of the 7-projection of # on & and the &-projection 
of R on », and they are denoted by vp, yr. In space, °the coordinates wz, Yr; 
zr of R with respect to OX YZ are the distances from O, in the directions 
&, H, Z, of the A-projection of R on &, the M-projection of R on y, and the 
N-projection of R on ¢, where A, M, N are as usual the planes of the frame. 
By the projections of & with respect to a frame, in space or in a plane, we 
mean °the distances of the normal projections of R on the axes from the 
origin, these distances being measured in the directions of the axes; we 
denote the projections in a plane by lg, mz and in space by lg, mp, ne. 

The components of a vector r with respect to a frame are the. numbers 
already defined in 214 and 215 as the components of r with respect to the 
axes ;°the components of r are the amounts, in the directions of the axes, of 
vectors parallel to the axes with r for sum, and we denote them in a plane 
by ar, Yr and in space by ay, yr, Zr. “The projections of a vector with respect 
to a frame are its projections on the axes; the projection of a vector on an 
axis of a frame differs in no respect from the projection on any other ray. We 
denote the projections of r in a plane by ly, my and in space by lz, mz, nr. 

The components and projections of a given vector with respect to two 
different frames are the same if the corresponding axes of the frames have 
the same directions, and in particular °the components and projections of a 
vector with respect to any frame are the same as the components and pro- 
jections of the same vector with respect to the corresponding anchored frame. 
This result depends of course on the freedom of the vector; for example, the 
coordinates &p, yr, Zz of a point R with respect to the frame OX YZ may be 
regarded as the components of a vector, and this vector like any other has 
the same components relative to ORHZ as relative to OX YZ, but in general 
the coordinates of R with respect to OBHZ are not xp, yp, Ze; there is no 
contradiction, for the coordinates of R relative to QEHZ are the components 
not of the vector of the step OR but of the vector of the step QR, and the 
two vectors differ by the vector of the step O02. 
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‘3. Each of the two sets of numbers used for specifying a vector has its 
characteristic property: in terms of the components, the vector can be de- 
scribed simply as°the sum of the three vector-components, # in OX, y in OY, 
z in OZ; on the other hand, each of the components is dependent on the 
directions of all the axes, but °each projection depends on the direction of the 
corresponding axis alone, being in fact the projected product of the vector by 
a unit vector in the axis. 


4. With respect to any frame, the ratios and cosines of the direction whose 
image is P may be identified with °the coordinates and projections of the point 
at unit distance from the origin in the direction in question, with °the co- 
ordinates and projections of the point P itself with respect to the corresponding 
anchored frame, and with °the components and projections of the unit vector 
lp in the direction P; naturally we denote the first ratio by zp and the first 
cosine by Jp, and we notice that °Jp is merely a brief alternative to cos BP. 


*5. The use of a unit circle or unit sphere in connection with points and 
vectors given by projections is obvious: 

Referred to a frame OXY in a plane, the vector rp in the plane and the point 
an the plane at distance r from O in the direction P have projections r cos BP, 
rcos HP; 

Referred to a frame OX YZ in space, the vector rp and the point at distance r 
from O in the direction P have projections r cos BP, r cos HP, r cos ZP. 

Equally important and hardly less evident are the relations of coordinates 
and components in the one case to 
the points &, H, P and in the other 
case to the points &, H, Z, P. Ina 
plane, let F’, G be the points in &, 
such that OR is a diagonal of the 
parallelogram of which OF, OG are 
sides, and let X, Y be the points in 
£, n at unit distance from O; then 

ap = OF/OX = AOFY/AOXY; 
thus be =A0RY/A0XY, 

yr = AOXR/AOXY, 
and since OX, OY, OR are of lengths 
Fig. 23. 1, 1, v in the directions &, H, P, 

If X, Y are the points at unit distance from the origin along the axes of a 
frame OXY in a plane, the components of the vector rp mm the plane and the 
coordinates of the point R in the plane at distance r from O in the direction P 
are the ratios of the areas of the triangles ORY, OXR to the area of the 
triangle OXY, and can be expressed trigonometrically as r cosec w sin PH, 
r cosec w sin EP. 


“31 


53 


b4 
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In space the argument is parallel; if X, Y, Z are the points at unit distance 
from O along the axes, and F is the L-projection of R on €, then wp is the ratio 
of the volumes of the ordered tetrahedra OF YZ, OX YZ, and of these volumes 
the first is that of the tetrahedron ORYZ and is 47 sin QPHZ, and the second 
is sin OBHZ, that is, ¢T: 

If X, Y, Z are the points at unit distance from the origin along the ames of 
a frame OX YZ, the components of the vector rp and the coordinates of the 
point R at distance r from O in the direction P are the ratios of the volumes 
of the tetrahedra OR YZ, OX RZ, OXY R to the volume of the tetrahedron OX YZ, 
and are expressible trigonometrically as rT sinQPHZ, rT sin OEPZ, 
rT sin QS HP: 

Comparing ‘55 with ‘54 we observe in ‘54 the feature of countersymmetry ; 
sin OE PZ, sinQBHP may be written as sin OPZ3, sin QPSH, and the three 
functions sin QPHZ, sin OPZE, sin QPEH depend symmetrically on the three 
points 2, H, Z, but sin BP is — sin P&, and the dependence of the two functions 
sin PH, sin PX’ on the two points &, H is countersymmetrical. 


324, RELATIONS BETWEEN COMPONENTS AND PROJECTIONS. 

‘1, Of the two sets of elements relating a vector to an oblique frame, either 
alone suffices to determine the vector, and the vector determines the other; 
hence components can be expressed in terms of projections and projections in 
terms of components, and we proceed to obtain the actual formulae, first for a 
frame in a plane and then for a frame in space. Since the coordinates and 
projections of a point can be regarded as the components and projections of a 
radius vector, and since the ratios and cosines of a direction can be regarded 
as the components and projections of a unit vector, the formulae obtained in 
connection with a vector apply without modification to elements determining 
a point or a direction, a fact that we indicate by omitting from the symbols 
for components and projections the affix which might seem to limit their scope. 

‘2. The simplest formulae involving both components and projections 
express relations between elements of 
one kind relative to one frame and 
elements of the other kind relative to 
the polar frame. In themselves inter- 
esting, they are also useful in enabling 
us with a minimum of labour to duphi- 
cate many of our results. 

In a plane, the line through a point 
R which is perpendicular to the axis X 
of the polar of a frame OX Y is parallel 
to the axis n of OXY; hence (see 
figure 24, in which @ is supposed to 
be negative and the cyclic direction to be clockwise) the projection U of Ron 


Fig, 24, 
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X is also the projection on X of the y-projection F of Ron & The lengths of 
OF, OU, in the directions of £2, are w, J, and one angle from d to € is $7—@; 
hence / is equal to w sin . Similarly, since one angle from pw to 7 is w— 47 
and the cosine of this angle also is sin w, the projection m is equal to y sin a. 
We may find J, m in terms of %, % directly, by drawing lines through R 
parallel to X, 4, but we may avoid the geometrical examination by recalling 
that OXY is the polar of OLM and noticing that the multipliers are as 
before cos 2A, cos HM, and have still the value sinw; from the theorem 
first proved, we deduce at once that J, m are equal to %sinw, 7sino: 


In a plane, components x, y and projections l, m relative to a frame of angle 
w are related to projections 1, m and components 2, 7 relative to the polar frame 
by the formulae : 

l=x“sno, mM=ysino, 
l=Zsino, m=F7sino. 

In space, the same principle leads to similar results: the projection of R on 
the first axis of the polar of the frame OX YZ is again the projection on that 
axis of the A-projection of R on the axis £; accordingly, °/ is equal to x cos BA, 
and similarly / is equal to Zcos HA; from the values of the cosine given in 
2°78 we see that / is equal to xT cosec a, and that we can assert that 1 is equal 
to Zucosec A if we wish to lay stress on reciprocity, or that % is equal to 
LT sin a if we wish to kéep the polar frame in a subordinate position : 

Components &, 7, Z and projections l,m, 7 relative to the polar of a frame 
OX YZ are related to projections and components relative to OX YZ itself by 
the formulae 


lL=xTcoseca, m=yTcosecB, n=zT cosecy, 
Z= tt sna, “g=ml sn 8, Z=nT='sin'y. 

The results of the last two paragraphs may usefully be regarded in another 
light. In a plane, the distances of a point R from the rays &, 7 are the 
distances from O of the projections of R on the rays through O normal to &, », 
that is to say, on the rays p, 0X’: 

Ina plane, the point whose distances from the axes of a frame OX Y are f, g is 
the point whose projections relative to the polar of OX Y are —g, f, and the coor- 
dinates of this point with respect to the frame OX Y itself are — g cosec w, f cosec w. 

Conversely, °the normal distances of the point R from the axes E, » are 
Yypsino, —vpSin@, a result of less value to us than is ‘25. In ‘25 and ‘26 
countersymmetry appears, and the corresponding propositions relative to space 
are simpler and if possible more obvious: 

The point whose distances from the planes of a frame OX YZ are f, g, his 
the point having with respect to the polar frame the projections f, g, h and with 
respect to the frame OX YZ the coordinates fT sin a, gf sin 8, hY sin y; 

The distances of the point R from the planes of the frame OX YZ are 
LRT cosec a, yr T cosec P, Zp T cosec y. 


mr: 


“32 


“33 


“34 


120 CARTESIAN AXES AND VECTOR FRAMES 324 


-3. If «, y are the components relative to a plane frame OXY of a vector 
r in the plane of the frame, then r is the sum of the vectors vz, yy, and so by 
215:42 the projection of r on any ray is the sum of the projections of wz, Yu 
on that ray. But the projections of wz, ya on & are x, ycosw and the pro- 
jections of az, Yy On 7 are LCOS @, ¥: 

Relative to a frame of angle'w, projections l,m are given in terms of com- 
ponents x, y by the pair of formulae 

l=xa+yYy oso, 
B =2C0Sot+y. 

Applying this theorem to the polar frame, which has angle 7 — @, and sub- 
stituting for l, mand 2, y their values in terms of a, y and J, m, we deduce that 

Relative to a frame of angle w, components a, y are given in terms of pro- 
jections 1, m by the pair of formulae 

asinw= Ilcosecw—m cot oa, 
E sino = —/ cotw + m cosec w. 
We can of course deduce the formulae in ‘32, in the form 
asintto= Il—mcosa, 
y sin? wm = —1 cos w + mM, 
by a mere algebraical reversal of the formulae in ‘31, but it is noteworthy that 
in some branches of geometry we meet more often with the pairs of coefficients 
cosec w, — cot w and — cot w, cosec w than with the pairs of coefficients 1, — cos 
and — cos ao, 1. 

The arguments by which ‘31 and 32 have been obtained are adequate to 
provide the corresponding theorems for a frame in space. The projections of 
Xz, Yu, Zz on € are w, ycosy, zcos B, the projections of the same vector-com- 
ponents on the rays 7, € can be expressed similarly, and corresponding to ‘31 
we have the result that 

Relative to any frame in space, projections are given in terms of components 
by the set of formulae 

l=x+ycosy +2 cos £, 
M=u4 cosy+y+t+zZzcosa, 
n=acosB+y cosa+z. 
Applying ‘24, we find that « is given in terms of J, m, n by 
xT cosec a=/T-' sina + mT sin 8 cos ' + nT sin y cos B: 

Relative to any frame in space, components are given in terms of projections 

by the set of formulae 
“2=IT sit at mT-' cot 1+ nT cot B, 
y = IT cot ' + mT sin? 8 + nT— cot A, 
z= IT" cot B+ mT cot A + nT sin? y. 


The absence of negative sigus from these formulae is one of the minor advantages 
secured by the use of external angles of the frame triangle. 
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‘4. The direct passage from °33 to ‘34 is a superfluous exercise in algebra 
and trigonometry. What is interesting to remark is that the equivalence of 
the sets of formulae in these two theorems rests only on the values given in 
134°72 for cos AK, cosMH, cos NZ, and is an adequate logical basis for 
spherical trigonometry, implying as it does that 

Each of the determinants 

Teercostyecos. |, =o es sinta ~ITtcot TT! cot B 
| ‘con te sir 8 TL cob A 
cos8 cosa es PY4etB T2cotA T-*sin*y 

as the reciprocal of the other. 


COs 1 COS @ 


Since the divisor that converts the cofactor 1 — cos? a of the leading element 
of the first determinant into the leading element T- sin? a of the second is T°, 
this is the value of the first determinant; also the product of the determinants 
is unity: 

The determinants in ‘41 have the values T?, T-2. 

The first part of this theorem has been quoted already in 13:47 and 2°72. 


Knowing the value of the first determinant, we have from the cofactor of cos a, 
Y cot A=cos B cos y— Cos a, 
a version of the fundamental formula 13°12. Further, ‘41 implies three formulae typified by 


Y-2sin?a+Y7! cot Pcos y+Y~!cot B cos B=1, 
and six typified by 
Y-! cot B cos y+Y~!cotA+Y~?sin? ycosa=0. 


Multiplication by Y? and substitution from the group to which °43 belongs converts °44 into 
Y?=1 — cos? a—cos* 8 — cos? y+ 2 cos a cos 8 Cos y, 

the expanded form of the determinantal expression, given previously as 13:46 and 2°73, 

The same operations reduce ‘45 to an identity, but multiplication by Y sin B alone gives 


cos B cosy+cot A sin B+Y~! cos asin? y sin B=0, 
which is equivalent to 13°51. 


‘5. By the definitions of the magnitudes involved, the fundamental theorem 
221°15 implies that, in the notation of 3°2, 
The projected product of two vectors r, s is expressible in the two forms 
telg+ YxMs t 2s, lrtgt MrYs + NxZs, 
whatever the reference frame, 


a result that includes a large number of useful particular cases, of which the 
most elementary come from the less general theorem 


The value of the projection of the vector x in the direction represented by II 
is expressible in the two forms 
Gel + Yr + 2e%n, ley + MeYn + Me2n, 
which follows from the preceding if the projection is regarded as the projected 
product of r by a unit vector in QI. It is really on the first expression in ‘51 


‘41 


46 


47 


or 
bo 


"D6 
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that ‘52 is based; that the projection can be written also as lp ay + Mr Yn + Ur 20 
is not an immediate deduction from 215°42, but instead of appealing to the 
notion of a projected product we may apply the elementary theorem to express 
the projection by means of the polar frame in the form Felt + Yr + Zr 7in 5 
using ‘24, we obtain at once the expression completing “52. 

By means of ‘33 and 34, we can give to ‘51 a form in which only components 
are involved and another form in which projections appear alone: 

The projected product of two vectors r, 8 is given in terms of their com- 
ponents by 
Ly lg t+ Yr Ys t 2223+ (Yr25 + Zr Ys) COS A+ (Zr%g + Uy Zg) COS B+ (&rY¥s+ Yr Vg) COS ¥ 
and in terms of their projections by 
ll, T-2 sin? a + My mg T~ sin? B + re Ng T~ sin? y 

+ (MpNg + Ny mg) T— cot A + (rzlg + lens) T cot B+ (lems + Melg) T cot L. 

Tf, instead of substituting for Is, ms, Ns 1n 

ITS = Lylg t+ YrMs t+ 2s 


from equations of the form ‘33, we eliminate vy, Yr, 2y from ‘54 and equations 
of this form, we have 


; I cosy cosy8 ie |=; 
| cos y 1 COSA My | 
_cosB cosa 1 Ny | 
ls Ms Ng SYs | 
that is 
—-T°4 oiler cosy cosB lI, |, 
COS 1 COSA Mr 
cos8 cosa 1 Ny 
| ds Mg Ns 0 


and a similar process gives the correlative formula 
—T° frs= | Tsinta’ Tcot ll T*cotB 4 
T con. Tsun? 62 T* cobkA — 4, 
1 T cov Teo ar P=*siny Fz. 
| Lg Ys 4s 0 
these results are of course equivalent to those contained in ‘53. 

Projected products, as will appear more clearly in Book IV, are the very stuff 
of which analytical geometry is made, and it is important that expressions for 
them should be as simple as possible to write. There is little need to be dis- 
satisfied with ‘51, but repeatedly to set down in full the expressions in ‘53 
would be intolerable, and we must consider what form of abbreviation is 
natural; we shall find that an improvement even in ‘51 will suggest itself. 
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325. UMBRAL NOTATION. 


‘1. The first expression given in 4°53 is linear and homogeneous in each of 
the sets of variables zy, yr, 2p and @zg, Ys, 23 and is symmetrical in the two 
sets; we abbreviate it first to* 


S (ar, Ur> 2p ig, Ys; 2g), 
calling @ the component symbol of the frame. Similarly the second expression, 
a symmetrical bilinear homogeneous function of the two sets ly, mz, nz and 
lg, Mg, Ng, We denote by 

P (le, We, te Vile, Marte ), 
and we call ¥ the projection symbol of the frame. If the two sets of variables 
in one of the expressions coincide, naturally we use an index, writing 


@ (, y, zy for S Ca, y, 2\a, y, 2) and AC, m, ny? for AC, m, n¥l, m, n). 


‘2. Expressions of the two forms ‘11, ‘13 are so common that a further 
contraction which is often possible is very desirable. The three variables 
J, g, h which compose a set occurring in an expression of the form ‘11 are not 
usually given as the components of a vector, though there is of course a vector 
with these three components. Often however there is a vector r such that f 
depends on ay, g on yr, and h on zy, and the dependence is the same in each 
case, or there are several vectors such that f depends in a particular fashion 
on their first components, and g and h depend in the same way on their 
second and third components; for example, if ay, yr, Zr are functions of a 
variable t, we have to deal with bilinear functions of the form 

6 (da,z/dt, dyr/dt, dzy/dt\xs, Ys, 2s), 
and in connection with two vectors r, s the form of 

C Catz + bag, Ayr + bys, azy + b25)? 
as a function of a and 6 deserves attention. Accordingly, ° when f, g, h stand 
for three groups of symbols derivable from a group involvingt an undefined 
symbol by the substitution for this undefined symbol of «, y, 2 in turn, the link 
Cf, 9, h) is replaced by the same group with the undefined symbol replaced by c, 
this group being enclosed in semicircular brackets only if some enclosure is 
typographically necessary. Thus instead of @ Cday/dt, dyr/dt, dzy/diQas, Ys, 2s) 
we write @ (dcy/dt) cg, and instead of @ (aay + bag, Ayr + bys, A2r + b2g) we 
write @ (acy + beg)”. In these cases there is simultaneously a reduction in both 


* The brackets which it is best to use in these contractions are not of precisely the 
ordinary form; we call them semicircular brackets. 

+ We have to avoid the word function, since we wish to include such cases as that of 
the first of the two examples just given. There is no reason to suppose that f does not 
involve y or z, or that every occurrence of « in f is replaced in the passage to g and /: for 
example, if f (w, v, w) is a function of three variables, f, g, 4 may have the forms ¢ («, «, 2) 
$ (a, 4; 2), p (&, 2, 2), and the link is replaced by $(w,¢, z). The matter is much easier to 
understand than to express in terms sufliciently general. 


silt 


13 


21 


“31 
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sets of variables, but the use of the notation in one link is quite independent 
of its use in another: thus whether or not further contraction is possible, 


@ (a, y, 2G 7, 8) may be replaced by Ge (, 7, 8). 


‘3. We do not attempt to identify c with one or other of the components 
2, y, 2; it is because c in isolation is meaningless that we can often omit semi- 
circular brackets without danger of confusion. Adopting Sylvester's name* 
for a symbol meaningless in isolation, we call ¢ the °wmbra of the set of symbols 
x, y, 2, and we denote the relation between ¢ and the set by writing 


C= £9, #). 
An umbra of the coordinates of a point with respect to orthogonal axes is 
used+ by Lamé, but work with orthogonal axes can not reveal the extensive 
possibilities of an umbral notation. 
For use with expressions containing the projection symbol ? it is of the set 
of symbols J, m, n that an umbra is required, and we write 


p=Cl, m, nv). 


‘4. In elementary work it is with bilinear and quadratic expressions con- 
taining @ and ¥ that the use of umbral notation etfects the most striking 
economy, but having introduced the notation we employ it as extensively as 
we can. The function ayls + yrmg + 2rM%s Which appears in 4°51 and elsewhere 
may be regarded as a linear function of lg, mg, Ng With ay, yr, 2x for coetticients; 
in this aspect it is denoted by Car, yr, 2rQ/s, ms, Ns), and in the last form the 
links may be replaced by umbrae and the expression denoted by ¢rpg;} when 
we regard the same function as linear in ay, Yr, 2x, with coefficients ls, ms, Xs, 
we denote it more naturally by Cls, ms, rs ar, Yr, 2x) or by pscy; the function is 
the same in the two cases, and the distinction between cyps and pgCg, like the 
distinction between 0?¢/dxdy and 0?d/déyox when ¢ is a regular function, need 
not be remembered in the performance of analytical operations. To put the 


* Introduced in 1851 in connection with determinants (PAil. Mag., ser. 4, vol. 1, p. 296; 
Coll. Works, vol. 1, p. 242). 

+ First in his Leeons sur les Fonctions Inverses des Transcendantes et les Surfaces 
Jsothermes (1857); the use is explained on p. 6. Accustomed to read that Lamé introduced 
the use of the symbol S to denote summation with respect to the three coordinates, and 
denoted & (x) + (y)+(z), where &(x) is any group of symbols involving a but not y or 2, 
by Sk (a), I was amazed on making a belated first-hand acquaintance with his work to 
find that actually Lamé denotes this sum always by S*(u). Considering that Lamé’s 
method is not only more elegant but also more effective than that ascribed to him, since 
for example Lamé can distinguish the two functions 

Ae 5 : a a F 

oe 4 op Bie EP eae 

PP NCU. M022 Ons Onan a mens Oe 

as S(i/eu®) and §(0?/dxz0u) but his professed followers have only the one contraction 
S(?$/ca”), it is difficult to understand the departure that has been made. Lamé regards 
his symbol w as denoting ambiguously one of the coordinates, a view which has dis- 
advantages as well as advantages. In order to reserve wu strictly for use as a curvilinear 
coordinate, I use c, suggested like @ by the words component and coordinate. 
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present use of linked brackets more generally, we have only to write as 


a definition the formula °Cf, g, h&g, 7, 8) =fq + gr + hs, and to say that any 
contraction in use for either of the links Cf, g, h), Cg, 7, 8) may be employed 
to effect further abbreviation *. 


‘5. An attempt must be made to answer one question: why cannot the 
notation /rs for the projected product serve implicitly as a contraction for the 
bilinear functions that occur in 4°51 and 4°53 ? 

One reply is that often the vectors are unknown until bilinearity in algebra 
calls attention to them. 

Another reply, that to confuse the intrinsic function /rs with its expression 
by means of a particular frame is to obscure the very nature if not to lose the 
advantages of coordinate geometry, can be explained by a simple example. If 
r?, r®,... r® and 8”, s®, ... 8 are two sets of vectors, and if zp, yp™, zp 
are the components of r™ and #g”, yg, 2% the components of s™, then in 

Ce = Ae ce 
m n 


mn 


we have an identity in pure algebra which may logically be made the basis of 
the vectorial theorem 

GF Tr™ Ys = VW Frm gg”, 
but the reasoning will be impossible to follow if the symbols in ‘55 have to 
serve in a double capacity. 


‘6. We have described the use of umbral notation with reference to two 
particular bilinear functions already known to be wanted, but the method of 
contraction is applicable with any expression that is linear and homogeneous 
in each of several sets of variables. Since however there is a notation, such as 


Lagu, 47=1, 2 
to denote yy Uy Vy + Aye Vo + Ag Ugdy + Age Ue Ve, 


available for the general multilinear function, there is little to be said against 
restricting the umbral notation to the case of multilinear functions symmetrical 
in the different sets of variables involved, and since further the notation 
can be used much more freely with symmetrical than with unsymmetrical 
functions this restriction is in fact desirable. 

If Tuv denotes a symmetrical homogeneous bilinear function of the two sets 
of variables (u;, U2, Us), (V1, V2, Us), We Shall denote the coefficient of u,v; in Tuo 
by 74%; since Tuv is assumed to be symmetrical, 


[2 = 728 TB [2 724 — T, 
In Twv, the coefficient of wu is T#v,+ T”v,+7v,, a linear function of 
(v,, V2, V3), and the coefficient of v, is T¥ uw, + T# yu, + T**uz,, which on account 
* For example, if k(x) is a group of symbols involving z, the expression Cie 1)& (ce) 


denotes the sum £(x)+h(y)+4(2), and by writing S for C1, 1, 1) we could recover Lamé’s 
notation, with ¢ for w. 


“44 


O4 


‘DD 


‘61 


63 


“64 


66 


“67 
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of the symmetry is the same linear function of (u,, Ws, us) as To, + TP, + Tvs 
is of (v;, v2, 23). If then we write 
ik CLs, TR, TS) = Gi TH They 
the coefficient of win Tuy can be written as 7*y and the coefficient of v in 
the same function as 7*w. Thus identically 
Luv = (Lu) 0, + (L20) by + (L8u) vy = (20) te, + (£22) ty + (£20) ts, 
and Z’u may itself be regarded as an umbra of (Zu, T?u, Tu). To write 
Ton= Clu ye = Clo 
is to express symbolically the precise form of the dependence of the function 
on the individual sets of variables. 

It is here that the condition of symmetry is valuable. We can of course denote by 
Tuv an unsymmetrical function 337%/u,v;, and shew the distinction between the linear 
functions 71! w,+ 72 w.+ 73 ws and Tbkw,+ 7%*w,+ Tus by writing 7*w for the one 
and 7'>*w for the other, but then to distinguish an umbra of (7) w, Tw, Tw) from 
an umbra of (7! w, 7+2w, 7>3w) with a view to giving significance to some such collection 
of symbols as °64 requires a further complication that leaves the notation with few ad- 
vantages over the elementary form with a symbol of summation. 

The reader will observe that to propose contractions for the linear functions 
subsidiary to a given bilinear function is not to indulge in intelligent antici- 
pation but simply to recall the manner in which the bilinear functions already 
found were actually constructed: 4°33 and 4°34 introduced three functions 
of #, y, z that we express as @'c, Gc, Gc by writing 

Crt GC =cosy,. CG =con sg, 
= COS yy a eat G* = cos a, 
Gi =e boo = Coste oC =I 
and three functions of J, m, n, that we express as Pp, fp, F*p by writing 
Pr Ve ei a ah =a COb ae ee Cote 
Pre Toco. Gl sin 6. Fe = econ. 
Gr =T co B, G2= Te corny FP =T eS ary, 
it was the substitution of these functions in 4°51, with arguments wg, Ys, 2s 
and Ig, mg, ms, that gave 4°53, and our abbreviations have been designed to 
give this important theorem the concise symbolical form 


ITS = GC CyCg = Ff DePs. 


‘7. Merely as shorthand the umbral notation which we have been explain- 
ing is invaluable*. But the symbolism is too algebraical in form to serve 
only as shorthand ; inevitably such notation suggests a comparison between 
different groups of symbols which would be equivalent if the various symbols 
had a purely algebraical meaning, and if the laws of analysis are obeyed to 


* See for example article 332 below. 
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any extent by the symbols the notation effects to that extent economy in 
thought as well as in material, while on the other hand if there is consider- 
able departure from obedience to these laws then until the symbolism is very 
familiar the mental effort involved in its accurate use is a counterpoise to 
the mechanical effort avoided by its brevity. 

We do not propose to elaborate the use of umbral notation into a formal 
calculus, and for the present we give only some simple formulae, verifiable 
immediately, from which the reader will gather that the notation is not 
readily misused. Using f and g for ordinary numbers, we have for any 
symmetrical bilinear function Z'wv, 


TC fu + guy =f? Tu? + 2fgTw + 9 Te, 
0 (Tuv)/ou; = Tr, 


and if the variables u,, w%, uw; and 2, %, v3 depend on a variable ¢ while the 
coefficients of the bilinear function are constants, 


d (Tuv)/dt = T Cdu/dt) v + Tu Cdv/dt), 
d (Tu*)/dt = 2Tu Cdu/dt). 


°8. It is for use with multilinear functions that we introduce umbral 
notation, but having umbral symbols at our command we use them also to 
abbreviate determinants. The determinants which occur most frequently in 
the early parts of analytical geometry are of the two forms 


lr lg Ut | , 
My Ms Me 
it re Tis 


ay Ug 


Ur Ys Yt 


Ly zs Zt 


p) 


r, s, t being known vectors, and we agree to write for these determinants 


[cr; Cs; Ce], [Pr; Ps; prl- 
Should cases arise in which the constituents of one column or of one row of 
a determinant must be given explicitly while umbral notation is available for 
other columns or rows, we may proceed as in the parallel case of links, writing 
for example 


[o3f9h; al= ky Va XU 
Ye PU taYt 
Ly h bt 


The limit of brevity is attained when a determinant can be contracted 
both vertically and horizontally. For example, if q is an umbral symbol for 
(x, s, t), it is possible to replace [¢cr; ¢s; ce], [pr; Ps; pt] by [[ea]], [[pa]]. 
With this notation, [[@]], [[A]] denote 
Vatsinta. Vatcoul, T- cot B 
Ts coul eee sins TL cot A 
Tcs BT eotA T-*sin? y 


) 


1 cosy cos 
COs ¥ 1 COS a 
cos 8 cosa iL 


71 
72 


“74 


"84 


93 


“94 


‘95 
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Already in 4°5 we have had examples of determinants obtained by bordering. 
The determinants bordered in analytical geometry are almost all symmetrical 
in the first place, and such a determinant bordered by a vertical anda hori- 
zontal row with zero for their common element yields a symmetrical bilinear 
function of the bordering elements. We shall therefore use a notation ex- 
plained sufficiently by saying that the determinant in 455 will be denoted by 
[((@1] preps; #rs], and the determinants in 4°56, 4°57 simply by [[[@]] PrPs), 
{ii7]) Cree} Doubly bordered determinants are not unknown, and it would 


be natural to denote 
eal cosy cosB Ir kt 


cos y 1 COSa My Me 
cos 8 cosa 1 Ny Nt 
te Ms Ny One0 


Ba My Ny 0 0 
by [([@1] Cor: peXps; pu], but a notation derived from the determinant is 


sometimes superfluous in view of the fact that °this determinant has the 
value 


@ Cmgne — Nxt, Mele — Lene, Leme— Mele MgNa — NgMu, Nglu — IgNu, lsu — Mslu )- 


‘9. Contractions will be used as freely in plane geometry as in three- 
dimensional work. It is true that the economy must be less marked, but it 
is far from negligible, and naturally it is easier to compare two-dimensional 
with three-dimensional formulae if all are expressed in the same style. 

As far as possible, the same symbols are used as umbrae in plane geometry 
as in solid geometry, the context being trusted to prevent confusion. Thus 


we write 
c=(@, y), 
p= Cm). 
Then the formulae STS = CrPg = rg 


are valid in the plane, the theorem being proved by the same argument as 
establishes the corresponding theorem in space, and we shall purposely use @ 
and ¥ for the component and projection symbols in a plane in order to 
reproduce literally the formulae 


ITS = Clg = Prdg; 
it follows from 4°31 and 4°32 that the necessary definitions are 
@ Clg = Ur tg + (UrYs + Yrs) COS © + YrYs; 
f prs = lls cosec” w — (lpg + Mzlg) cosec w COt w + My ig COSeC? w, 
implying G7=G"=1, G%=G%= cos a, 


Pi=F"=coseeo, F2 = F" = — coseca cota. 


CHAPTER III 3 
CARTESIAN AXES IN USE 


330. Introduction. 331. The evaluation of projected products in a plane; the speci- 
fication of angles in a prepared plane; the evaluation of areal products. 332. The evalua- 
tion of projected products in space, of vector products, and of spatial products; Lagrange’s 
identities. 333. The specification of rotors, of rays, and of lines, in a prepared plane. 
334, The specification of prepared and unprepared planes in space. 335. The specifica- 
tion of rotors in space and of motors; the determination of pitch and of a central axis. 
336. The specification of rays and lines in space. 337. Some problems in the analytical 
geometry of lines and rays. 


330. INTRODUCTION. 


The apparatus, geometrical and algebraical, required for the use of Cartesian 
axes, 1s now at our command. To see how it is handled, we can not do better 
than consider a number of fundamental questions of an elementary kind. 


331. THE EVALUATION OF PROJECTED PRODUCTS IN A PLANE; 
THE SPECIFICATION OF ANGLES IN A PREPARED PLANE; 
THE EVALUATION OF AREAL PRODUCTS. 


‘1. In plane geometry, with 
c=(a,y), p=Chm), 
221715 gives for any two vectors r, § 
ITS = Cr Ps = Pres; 


and 2431 and 2432 shew how the expression can be expanded in terms of 
components alone or in terms of projections alone. Writing 


6 Cr lg = Lrg + (LrYg + YrLlg) COS © + Yr Ys; 
Ff Dr Ps = lrls cosec? w — (lems + Mls) Cosec w COt W + MyrMg COSEC’ w, 
we can assert that 


The value of the projected product of two vectors r,s in a plane rs the value 
of the four equal expressions 


@crCs, CrPs, Pres, PPrPs- 
The notation implies that 
The projections of any vector are given in terms of the components by 
l=G'c, m=G?e 
and the components in terms of the projections by 


C= Fy Pp, 


ealtt 
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and elimination between *12 and ‘16 gives the equations 
[[#llprpe; Sre]=0, [[[Pll cece; £18] =0, 
shewing that 
The projected product of two vectors r,s in a plane has the value of the equal 


expressions 
—(U@l preps VN, - (Peres VLA]. 
°The determinants denoted here by [[@]], [[#]] have the values sin’, cosec*w. 


-2. Recalling the substance of 23-4 and 221-4, we can write down the 
following corollaries of ‘15 and ‘18: 
The value of the projection of the vector r in the direction > is the value of 
the six equal expressions 
Ccecs, Crps, pres, Pprps, — (ll preps VUE, —(lAlcecs VFI} 
The cosine of the angles between two directions P, & is the value of the sia 
equal expressions 
eves, ceps, pees, Ppeps, (ll pers VCE), -(lPicecs VFI: 
Two vectors r, s have perpendicular directions if and only if the equal 
expressions 
: G Cres, Crps, Pres, P prPs 
vanish, and if and only if the determinants [[[@]] pr ps], [[[P]] eres] vanish. 
The square of the amounts of a vector is the common value of the equal 
expressions 
Ge, op, Fr, —(@NPVIG, -(IAleVIFI. 
The square of the distances of the point Q from the origin of the reference 


Frame is the common value of 


Ged, copa Fre -(l@Nec VC, -(lAecVLA, 
and the square of the lengths of the step RS is the common value of 


@Ces—cr), Cos—crbps—pr), PCps—pry, 
—[IL@N Cos—peY VN, —[LAl) Cos— cr) LPI. 


The ratios and the cosines of any direction P satisfy identically the equations 
€ ce’ =cppp=P py=1, [[[@]]pe?; 1]=0, [[[Pllee?; 1]=0. 


‘3. In a prepared plane the use of actual angles for the specification of 
directions has obvious advantages. With respect to a frame OXY we may of 
course describe the direction whose image is T merely by stating an angle 
from & to T, but to adopt this plan is to abandon hope of symmetry. ‘Two 
courses suggest themselves, and of both use is made on occasion: we may 
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use explicitly both an angle from & to T and an angle from T to H, or we 
may use an angle to T from a bisector of the angles between & and H. 

In the first case, we “denote a chosen angle from & to T by a, and a chosen 
angle from T to H by 8; the sum of a and B is necessarily congruent with , 
and we choose a and £ to satisfy the equality 

a+ B=o. 
In the second case, we “denote by £ an angle to T from the bisecting ray which 
makes an angle equal to $@ with the first axis; moreover, when passing from 
one method of description to the other we assume the equalities 

a=to+€, B=jo—§, 

which are of course consistent with 32. The choice of the angles a, , & is in 
no respect governed by the choice of w, but when one of the three angles has 
been chosen the others are determinate; the expression of a and 8 in terms 
of & given by ‘34 is unique, but we can express & in terms of a and 8 ina 
variety of ways, of which the most useful is 

=3(a— 8). 
We speak of the direction & or of the direction {a, 8}; the direction which 
makes an angle e with this direction is the direction &+ ¢ or {a+e,8—e}, and 
in particular the direction normal to & or {a, B} is E+4m or {a+4a, B—47}. 

With the familiar mixture of theorem and convention, the angles derived 

from the polar of OX Y to correspond to a and 8 may be defined by 
@=4r—8, B=tr-a; 
from °32, the sum of these angles is 7 —, which we have already agreed to 
regard as the angle of the polar frame, while the difference between the angles 
is a—£ and therefore 7 
a 


the bisectors of the angles between the axes of any frame are the bisectors 
also of the angles between the axes of the polar frame, and 38 shews that the 
conventions embodied in °34 and 21°73 imply that & and & are measured from 
the same direction. 


‘4, Naturally the relations between the angles a, 8 and the ratios and co- 
sines of the direction {a, 8} are simple and useful. If we regard the angles as 


fundamental, we have 
l=cosa, m=cos8, 


ec=sinf/sne, y=sina/sine, 
the last pair of formulae being a consequence of 23°54. If on the other hand 


we wish to replace trigonometrical symbols by algebraical we use the same 
pairs of formulae in the forms 


cosa=l, cosB=m, 


sina=ysinw, sin8=«asing. 
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The fact that each of the pairs a, y and J, m can be expressed in terms of 
the other is equivalent to the fact that, on account of 32, each of the pairs 
cos a, cos § and sina, sin 8 can be expressed rationally in terms of the other ; 
actually, from 

B=o-a, a=o-B8 
we have 
sin cosa=sin8+cosesina, sinwcosf=sina+coswsin f, 
sin w sina=cosB—coswcosa, sinwsin 8 = cosa—cos cos B, 


and of these formulae, which explain the introduction of symmetry by the use 
of the pair of angles a, 8 connected by “82, the pair ‘45 is equivalent to 24°31 
and the pair 46 to 24°32; it is obvious also that 45 and ‘46 imply that a+ 8 
is congruent with w. An elementary illustration of the use of the angles a, 8 
is to be remarked in the simplicity of the deduction from ‘37, 43, and “44 of 
the relations between ratios and cosines relative to one frame and cosines and 
ratios relative to the polar frame. As a second illustration we obtain the ratios 
and cosines of the direction QE making a positive right angle with a given 
direction QT: we have 
a; =Ar+hr, Bu=Br—- 37, 
and therefore Lp = — My COSECW, Yp = ly COSEC @, 
lp =—YrSNo, My =#_ SIN; 
it is easy to see that either of the equations 
lrptp + MpYp =O, erly + YoMmp = O 

together with the relations between ratios and cosines of a single direction 
given in ‘26 implies the relations 

ee ee > le 1 

—m, ly —yrsin@ aysin?o (sin?@)’ 


but ‘491, and therefore also 492, is true not only of the elements defining the 
direction QE but also of the elements defining the reverse direction QE’, and 
we can not discover from 491 alone which value of 4/(sin? w) in ‘492 is associated 
with E and which value with FE’. 


5. Actual angles may be introduced in the study of vectors and steps as 
well as of directions. If r is the vector of amount 7 in the direction {a, B}, then 
l-=Prcosa, my=r cos B, 
ty =r sin B/sno, Yr=rsin a/sin ow, 

and if the step S7’ has the length r in the direction {a, 8}, then 
lp—lg=rcosa, mp—mng=r cos B, 
“p—xg3=rsin B/sno, yr-ys=7sin a/sin o. 
‘6. If r is a length of the step S7,°the direction in which S7' has this 


length has ratios (wp—-«s)/r, (yr—ys)/r and cosines (lp—ls)/r, (mp— ing)/r, 
and therefore by 48 and ‘49 the°normal direction has cosines — {(y~— Ys)/rT} sin, 
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{(@p— @s)/r} sinw and ratios — {(mp—ms)/r} cosec w, {(Ip— 1g)/r} cosec w, and 
the projection in this direction of any vector r is expressible in either of the 
forms 


rosin | @p—a%g <r |, r—cosecw | In—ly tem et, 


|¥r—-Y¥s Ur 
or otherwise in either of the forms 


Mp—Mg Mr 


Po SUA COMA oe” |, r—cosecwo |0 ly me 
1 as US it ly mys 
1 ap yf 1 lp mp 


Taking for r the vector of a step PR we have expressions for the projection 
of this step normally to the ray in which ST has the length r; in particular 
we can find the distance of R from this ray by placing P anywhere in the line 
through S and 7. For example, by giving to ay, yr, lr, my the values 
LRr—-Xy, Yr— Ys, lr—ls, mMep— mg we find for the perpendicular distance the 
expressions * 


reine | il tp =aa ls r—coseca | 1 Ip mp. 
| 
1 as Ys Liles ng 
1 oT Yr | 1 ly my 


Multiplying these expressions by $r we conclude that 

The area of the triangle RST in a prepared plane is given in terms of the 
coordinates and in terms of the projections of the vertices with respect to a frame 
of angle w by the expressions 


¢snwo|1l ap, yr, 4cosecw | 1 lz me 
1 ws Ys 1 ly mys 
l «7 yr 1 lp mp 


In the form 
| 1 lp mR |= 1 0 0 | 1 CR YR 
1 lg mg | 0 1 cosw | 1 ag yg 


al” a ae 0 coswo 1 1 ap yp 


the relation between the two determinants in ‘66 appears as an immediate 
consequence of 24°31, and the cyclic direction of the plane governs the sign 
of the area by determining the sign of the factor sin @ or cosec o. 

Using umbral notation as suggested in 25°8, we can contract the expres- 

sions 1n °63 to 
‘rt sinw[ep—Cg; Cr], 1 icosecw[pr—py; pr]. 

* Algebraically it is evident that the same expressions will result if we substitute 
Lp —(hty+kx,) for zy, and so on, if h, & are any two numbers whose sum is unity. That 
is, with this condition hrg+haxz, hygt+kyy are necessarily the coordinates of some point 
on the line S7, and 24°31 implies that hlg+hly, hmg+hmz are the projections of the same 
point. This is to anticipate. 


63 


‘64 


‘66 


50 


‘68 


69 


agit 


‘73 


‘13 
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To abbreviate those in ‘65 and ‘66 we may use °an umbra P for CR, 8S, i); 
when the expressions in question become 
1[1, 1,1; xp; yp|sinw, 4[1, 1,1; lp; mp] cosec a. 

‘7. Having worked in the last few paragraphs from first principles, we are 
able to appreciate that the use of wider notions enables us to recover the 
same results with much less labour. The vectors r,s can be expressed as 
tylz+Yrlu, tslze+Yslu, and therefore from 222°15, that is, because the 
areal product is distributive, 

AVS = tytg Ale? + &ryg A lelut Yr%s A \yle t+ Yrys H 12°; 
but from the definition of the areal product, 
Aig=0, Algly=sino, HAlylyg=-—sino, 41,y’=90, 
and therefore 
The areal product of the vectors r,s is given in terms of the components of 


the vectors by the formula 
A YS = (LrYa — Yrs) SIN w, 


and in terms of the projections by the formula 
A 8 =(lemg — Mylg) cosec w, 
the second part of the theorem coming by an application of 24°22 and 21:73. 
Umbral notation can be used in the formulae of °73, giving 
A TS =[Cr; Cg|sin o =[ pr; Pg] cosec w. 
A particular case of this gives the expressions in ‘63, already in the abbreviated 


forms of 67. From 222°31 and ‘74 the area of the triangle RST is expressible 
in the forms 


$[¢s—cr; Crp—cCr]sinw, 4[ ps— pr; pr— pri cosec o, 


identifiable at once with those given in 69. 


332. THE EVALUATION OF PROJECTED PRODUCTS IN SPACE, OF VECTOR 
PRODUCTS, AND OF SPATIAL PRODUCTS; LAGRANGE’S IDENTITIES. 


After our experience of the application of 22215 to the proof of the 
theorems of the last paragraph, we retain our full equipment for the first 
consideration of corresponding theorems in space. 


‘1. In the geometry of space we have agreed to write 
c=(4,y,2), p=Cl, m,n), 
G Crs = &UrXg t+ YrYst 2x2 
+ (Yr2s + ZrYs) COS A+ (ZpXg + LZ) COS B + (rYs + Yr%g) COs y, 
f PrPs = lrlgT~? sin? a + mpmgT-? sin? B + ngngT-? sin? Y 
+ (MzNg + emg) T cot A + (rls + leng) T cot B+ (ly mg + mMylg) T-! cot Ix 
for we have found in 24°38 and 24-34 that with this notation 
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Lhe projections of any vector are given in terms of the components by 
l=G@'c, m=G@'*c, n=G*e, 
and the components in terms of the projections by 


x= Fp, Y= Ff? : Z= Ff . 
and that consequently f - 


Lhe value of the projected product of two vectors r,s is the value of the sia 
equal expressions 


Gers, Crps, Pres, Pprps, —([[[Gll preps, —(UlAcrcs/((AI, 
where now, by 24-42, [[@]], [[Y]] have the values T?, T-. 
"2. The corollaries of 1:15 and 1°18 enunciated in 1:2 can be repeated *, 


word for word and symbol for symbol; the interpretation of the symbols has 
changed, but the basis of the deductions is again in 23-4 and 221-4: 


The value of the projection of the vector r in the direction = is the value of 
the six equal expressions 


G@ ces, Ops, pros, Ppeps, —[[(@]] peps VU, —-(UA7] ecz}/((7 I]. 


The cosine of the angles between two directions P, > is the value of the sia 
equal expressions 


@ecpcs, ceps, pecs, Fpeps, —([[(@llpeps VU, —(lPeecs (FI). 


Two vectors r, s have perpendicular directions if and only wf the equal 
expressions 
@ Cres, CrPs, Pres, F prPs 


vanish, and if and only if the determinants [[[@]] preps], [[[F]] eres] vanish. 


The square of the amounts of a vector is the common value of the equal 
expressions 


6c, op, Fr, -[leNPylen, -(AeViLFI. 


The square of the distances of the point Q from the origin of the reference 
frame is the common value of 


cg, copa Fre, —(Ul@lecVlN, -MHlPecr UF, 
and the square of the lengths of the step RS is the common value of 
@Ces—crayY, Cos—crips—pPr) PF Cps— pry 
—((L@N Cos—peY VGN, -C0PT Cs — ea VOLPI. 
The ratios and the cosines of any direction P satisfy identically the equations 


Cce=cppp=F pr’ =1, [([@]] pes 1]=9 [[[P ee; 1]=0. 


* Habitually to indulge in repetitions of this kind is to forgo the advantages implicit 
in the notation, but a few examples at this stage may be allowed. 


14 


23 


24 


25 


26 


“31 


33 


34 


35 


“41 


*43 
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*3. From the identities 
r=@rletyrilnt2rlz, s= glz+Yslut 2el1z, 
which simply express the meaning of components, using 22327 and the 
results of the forms 
Y 1?= 0, Y Iz1y =-W lylz, 
we have 

Y vs = (Yr2—2rys)V lulz + (Ze%s —tr2g) V Igle t+ (@rY¥s— Yx%—)V Iglu; 
since Y lylz, V Iglz, V ley are the vectors of amounts sina, sin 8, sin y in 
the directions normal to the planes of reference, 

The vector product of r and s is the vector whose components in the polar of 
the frame OX YZ are (yr2g — 2rYs) SiN 4, (2r’g — 2g) SiN B, (4r Ys — Yrs) sin y, 
and this, in virtue of 24°24, is equivalent to the assertion that the projections 
of the vector product @ rs in the frame OXYZ itself are T (yr2g — 2rYs); 
T (4r%g—%r2s), T (4rYs — Yr%s); the vectors r and s being the vectors whose 
components in the polar of OX YZ are lv sin A, myu™ sin B, nev sin T' and 
lsu? sin A, mgu—'sin B, ngu7! sin I’, 34 gives the components of the vector pro- 
duct in OX YZ directly as T-!(mrng —Nxms), T(Nelg — lens), T" (leg — Mel), 
since by 22°79 the factor v-?sin A sin B sin’ which enters has the value T7?: 

If p ws the vector product of r and s, then* 


(Gps%ps 2p) = To le ite? te NG (Gg tp) ST 


| la M%, Nes 


ly Yr 2 | 


| as Ys 2s | 


‘4. To evaluate the spatial product we make use of the identity 
J rst = F (Vrs) t, 
proved in 225-2, which gives 
aJ rst = Cppte= Ppce, 
where p denotes @ rs; on substitution from ‘35, we find that 
The spatial product of the three vectors r, 8, t is given by 
J rst =T" [pe ps; pt] = T Ler; Cs; ce]. 

Direct proofs of -43 are easy to construct. It follows from+ 225:24 that 
J rst is a linear function of the set of components ay, yr, 2x, a linear function 
of the set #g, Ys, 2s, and a linear function of the set a, yt, 2, and from 225°12 

* To write (71, #2, ... %,)= || A||, where A is a rectangular array with n columns and 
n—1 rows, means that for r=1, 2, ... n, x,=(—)"1MA,, where A, is the determinant of 


the square array obtained by omitting from A the rth column. In other words, the 
notation means that for arbitrary values of n parameters dy, do, «.. An; 


Ay By treet ... +Ane, =A, 
where A is the determinant of the square array obtained by placing above A the row 
yy Wenge 
+ In the text, 225°24 was deduced from 225-22, which is practically the relation from 
which -43 has just been deduced, but it is easy to prove 225-24 without 225-22. 
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that this function suffers a reversal of sign but no other alteration if any 
two of the sets are interchanged; these conditions are sufficient* to imply that 
J rst is a constant multiple of the determinant [cr; ¢s; cr], and the multiplier 
is necessarily .7 lglylz, which is T. To avoid appealing to a general theorem 
on conditions implying a determinantal form, we can express .J rst as 
J (hr le + Yr ly + Zr1z) (as lz + slut 2512) (at le + Yelu t+ 21) and use 225°13 
and 22512, when it becomes evident that .j rst/T is constructed from the 
components precisely by the rules which govern the expansion of the de- 
terminant [cr; cs; ce]. From one part of *43 the whole theorem can be 
reconstructed, and ‘35 follows without difficulty, for the first projection of Y rs 
is § lz (Vrs), that is, 7 lzrs. 


‘5. The simplest geometrical interpretations of ‘85 and ‘43 are evident : 


If II ts a direction at right angles to both the directions P and &, and tf e 1s 
an angle from P to & round II, then 
Is Mp MNp 


(an, Yu, 2m) Sine = T7 » (lg, Mn, M1) | Zp Yp 2p h 


Us Ys 43 


ls ms Ns 

If P, =, T are any three directions in space, 

sin OPT = T [pp; ps; pr] = T [ep; cz; cr]. 

The areal vector of the triangle QRS has the components 

er il Lt; mes mpl, $T [1,1 is ne; tpl, 3T 7G Ws les me] 
and the projections 

2V (1, 1,1; yp; ze], $7T[1,1,15 2p; wp], ZT [1, 1,1; op; yl, 

where P is an umbra of CQ, R, 8). 


The volume of the tetrahedron QRST is given by the two expressions 
ROLL Als 13 op; ye: Ze), 28 (1,4, L Wite mes nel, 
where P is an umbra of CQ, R, S, T). 
If any one of these theorems is known, the others can be deduced immediately. 


The classical proof of ‘53 may be presented as follows: if the triangle YAS is projected 
normally on the z-plane, then by 224-23 the areal vector of the projection is the projection 
of the areal vector of QRS on the normal to the plane; but by 142-23, the projection of @ 
on the z-plane is the point whose projections in that plane, referred to the frame OYZ, 
are Mg, %9, and therefore by 1°66, which we may suppose established by elementary 
methods, the areal vector of the projection is of amount $[1, 1,1; mp; np] coseca; this 
then is the projection of the areal vector of QRS on OL, and the first component of the 
areal vector in OX YZ follows from 24°24. 

There is a far more elementary method, effective though inelegant, of proving a result 
equivalent to °52. The fact that the equation of every plane has the form fr+gy +hz=d, 
which can be proved independently of any of the results of this article, implies algebraically 
that the equation of the plane through X parallel to the plane OUV is [¢—ex; ey; ¢y]=9, 


* Compare Salmon, Modern Higher Algebra, foot-note to § 13 (p. 9 of 4th ed., 1885). 


ck 
bo 


63 
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or in other words implies that if J is on this plane then [e7; ey; eyl=[er3.¢u3 ey] 
if then* the plane through 2 parallel to OS7' meets OX in F, the plane through S parallel 
to OFT meets OY in G, and the plane through 7’ parallel to OFG@ meets O7 in H, 


[er ¢s3 Crl=[er3 es; er]l=[er; ¢as er]=[ers eas Cu); 
but the construction makes the volumes of the tetrahedra ORST, OF ST, OFGT, OFGH 
equal, in sign as well as in amount, the volume of OP@H is CY @pY¢ Zn» and since in the 
determinant [ep; ¢g; Cy] only the leading diagonal survives, the value of this determinant 
is the simple product wp Yq 2;,; hence the volume of ORST is }¥ [er; ¢s; er]. 


‘6. It is interesting to observe that in the relation 
sin QP=T=T" [pp; ps; pr], 
which forms part of 52, every element can be described without reference to 


the fact that the directions 02, QH, QZ have been supposed to be those of 
axes of coordinates, and that we can write 


sin QZHZ sin OPST = | cos =P cosHP cos ZP |, 
-cosB> cosHE cos Z> 
'cosET cosHT cos ZT 


an identity that includes 13°47 as a special case; since the proof of ‘52 does 
not require P, ©, T not to be coplanar, the symmetry of ‘62 in the two sets of 
directions shews that the result is true unless both sets are coplanar, and it is 
easy to prove directly that in fact there are no exceptional cases. 

Multiplying *62 by the product xyzrst of any six numbers, we have the 
identity 


ee | Gar LY uo 2h 
|fxus Sys SS 
| Gut Syt SF2t 


valid for any six vectors whatever. 
‘7. Since, like any other sets of direction ratios and cosines, those given in 
‘51 satisfy the identities of ‘26, we have 
sin? e = T-? |S Cmpns — NpMs, Nply — lpns, lpms — mpls)*, 
sin’ € = (mpns — Np ms) (YpZs — Zpys) 
+ (pls — lps) (2px3 — wp Zs) 
+ (lpms — Mpls) (apys — Yp2s), 


sine = T°F (ypZs — Zpys, Zptz — Lp Zz, LpYs — Yp&s?), 


sin? ¢ = — | 1 cos y cos 8 Yp2Zy — ZpYs |; 
| cos 1 cos a Zphs — Lp Zy | 
| cos 8 cos a ik Lpys — Ypes | 
| Ye%s—2ZpYs Spls—@pZy Lpys— YpLy 0 | 


cf In certain cases, the construction in this precise form will fail, unless the symbols 
R, S, T are permuted: the reader is left to fill in the outlines. 
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sin? ¢ = — T~ sin? a T™ cot T T cot B = mpns—npmy 
T— cot P eas sine, T— cot A Mpls —lpns 
T cot B T— cot A T-* sin? y lpms — Mpls 


MpNy—NpMs Npls—Ipny lpms—mply 0 


b) 


and from 25°84 it appears that ‘71, °73 can be given the elegant form 
sin’ e = T[([@]] Cpe; ps)’, 
sin? e = T° [[[F]] Cop; cz)*], 


and that °72 is equivalent to 


sin? ¢€ = 


So & 
HH OS 
SS 
< 8 
laefl tae} 
fc 8 
M M 


Lip stip BO). © 


ls ms ms O O 
which can be transformed into ‘76 or ‘77 immediately. 
8. The formulae of the last paragraph are not independent of those giving 


cos e, but the identities to which our attention is drawn by a comparison 
take a more general form if derived from 35; the elementary identity 


(rs sin €)? = 77s? — (rs cos €)? 
gives for any two vectors 
I (Ursy=Ir IS 8? — (Srsy’, 
and therefore 
f pr? F ps? —(F preps) = T? GS Cirgig — ty Mg, Nels — ly Ng, lying — Mrs)’, 
| pte t+ MeYrt+ Neer [ptg+ Mrs t+ NrZs 
| Ugtr t+ MgYr+Ns2r Igtg+ Msigt+Ns25 
Ye 2x | + 
Ys 4s 


G cr? S$ Cg? —($} Gea) = T° (Yr28 — 22 Ys, 2r%p— Ur 2%, UrYg— YrXs ). 


Ne ly | =F 


| Ns ls 


Bes 4b ly My || fr Yr 


ls Ms } wg Ys 


> 


a My WH 
| 


Mg Ng 2s Ls | 


The second of these identities is true independently of relations between 
l,m, n and &, y, 2, and is a simple case of an identity invaluable in the appli- 
cations of determinants to pure algebra; the first and third, which have 
often been used to establish* ‘71 and ‘78, are associated with the name of 
Lagrange. 

Even °82, °83, ‘84 may be generalised, for ‘81 is only a particular case of 
225°43 : 

I Vrs)Vtu)=S rtf su—SruF st. 


* For trirectangular axes. 


‘78 


81 


"82 
83 


“84 


85 


87 
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Algebraically the identity 
| lp te + Mx Yt + Net letyt MrYat NrZu | 
Igvet msytet+ns2e Ugtut+ Ms%ut Ns2Zu 
| Ye 2 |+ prt ae) 
| Yu 2u 
is verified even more easily than ‘83. 

By means of a determinant we can express ¥ (Vrs) (Wtu) in terms of com- 
ponent symbols and the projections of Vrs and Ytu, and therefore by means 
of component symbols and the components of r, s, t, u. Thus comes the 
identity 


=| Mp MW, (pe as ly Mr || 2 Yet 


La Yu 


| Mg Ng ig le lee Gg 


Cert, Grey |=— | CG G" G" Ur2s — 2r¥s 

Ststr @lscu | | Ce C” G orUg — Urlg 
| G@ GS G8 UrYs— YrX%s 
| Yt2u— 4Yn 4%u— M2 MeYu — Yttu 0 


which is independent of the meaning attached to the bilinear function @epcq 
and can be verified at once if the determinant on the right is multiplied by 
Ge ~ Ye oe 


0 

Ly “Ye Sy 0 | 
| 

Or 

1 


and the product by 


Ye Yu Yn 0 
Ou2 Or SO 


where m,n are arbitrary. There is a similar identity with projections and 
projection symbols, but this is not algebraically a distinct result, for the 
algebraic proof of ‘87 is not affected by the particular values of G@", @, G*. 


333. THE SPECIFICATION OF ROTORS, OF RAYS, AND OF LINES, 
IN A PREPARED PLANE. 


‘1. We have seen in 234°32 that a rotor in a prepared plane is known com- 
pletely if its vector and its moment about any one point of the plane are 
known, and if we are studying the plane by means of a Cartesian frame OX Y 
it is natural to suppose that it is about the origin O that the moment is given. 
It is important to know the moment of a rotor r, about any point Q of the 
plane in terms of the vector rand the moment R of r, about O, and: here 
again the results are ready for us: the vector of the step OQ is of course the 
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vector with components #@, yg and projections lg, mg, and therefore by 234-22 
and 1°73 


If the vector of a rotor in a prepared plane is r and the moment of the rotor 
about the origin of a frame OXY is R, the moment of the rotor about any point 
Q can be expressed in the two forms 


(@rYq— Yrv%q)Snwo+R, (leme—myrlg) cosec w + R. 
Two simple corollaries deserve mention. If r is a proper vector, the points 


about which the rotor has moment zero are the points whose coordinates and 
projections satisfy the equations 
(Yr0%—%ry)Snw=R, (myl—lpm)cosecw = R; 

these then are equations of the awis of the rotor, and incidentally we have 
verified that the rotor is determined completely by r and R, for if r is not 
zero the line in which the rotor is localised is determined uniquely by either 
of the equations "13. And if a rotor is given by its vector r and by a point 
P through which it passes, °the moment of the rotor about the origin is 
expressible in the two forms (yrvp— aryp) Sin @, (ml p —lpmp) cosec w; this 
is of course merely an analytical version of 23421. 

The vector of a step ST in a plane has components #p— as, yp— yg and 
projections lp—ls, mp—mg; it follows from ‘14 that “the moment of the 
step, that is, the moment of the rotor of the step, about the origin, is 
expressible in the two forms 


(asyr— Yst7) SIN w, (lymp— mg) cosec w. 
It is even simpler to quote 234°25 than to use ‘14, for “15 then comes at once from 
1:73, and the moment about an arbitrary point is deducible from 1°66 or 1°75. 


*2. There are many ways of specifying a ray in a plane, and the last para- 
graph directs us to one of the most effective. We know (compare 23°4 above) 
that in describing a direction K by means of ratios we are virtually decomposing 
a unit vector 1x, and similarly the means adopted for describing a unit rotor 
1, in a ray « are valuable for identifying the ray « itself. From this point of 
view, °a ray x in a prepared plane is specified with reference to a Cartesian 
frame by three numbers, of which the first two are ratios or cosines defining 
the direction of the ray and are not independent, being subject to 1:26, and 
the third is the moment of the ray, that is, of a unit vector located in the ray, 
about the origin of the frame; we denote* the ratios by «,, y, the cosines 
by J,, m,, and the moment by ay. 

We may take a more elementary view of the moment as an element assisting 
us to identify a ray, for this moment is simply °the distance of the origin from 
the ray. If the ray « has moment a,, the projection of O on « is the point 
at distance a, from O in the direction making a negative right angle with 
the direction of «, and is therefore by 1°48 and 1:49 the point of coordinates 


* These symbols are of the kind we have used for rotors, but confusion is unlikely. 


13 


‘14 


26 


31 
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Ag Mz COSEC @, — Axl, cosec w and PTOJECtiONS Me Hx sin w, — d,% sin. Provided 
that a, is not zero, the axis of the ray is determined by the position of this 
point, but the direction of the ray in 
the line remains unknown, and the 
determination of this direction is pre- 
cisely analogous to the determination 
from 1:26 of y, or m, when #, or I, is 
given, or, in the notation of 1°3, to the 
determination of one of the functions 
cosa, sina from the other. If a, is 
zero, the pairs of numbers AX, Ue Ye 
and a,l,, dm, fail to indicate the 
direction of the ray. We meet with 
little encouragement if we attempt to 
specify a ray by means of two inde- 
pendent numbers. Returning in ‘12 from moments to distances we see that 


Fig. 25. 


The distance of a point Q in a prepared plane from a ray « is expressible in 
the forms 
(@cYQ— YaLQ)SIN@+ A, (ikMeQ— Mele) COSEC @ + Ak; 
where a, is the distance of the origin from the ray, 
and we see also that if P is any point of the ray, “the distance a, is expressible 
aS (YxLp — XY p) Sin @ OY (Mbp — I,m p) Cosec w. 

There are two reasons for regarding a first as a moment. On the one hand, we have 
then a definite reason for choosing the distance of 0 from « rather than the distance from O 
to x; algebraically, (%Yp—%Y%€p) Sin would serve as well as (Y¥eU%p—1«¥Yp) Sin, and by 
regarding the function primarily as a moment we avoid a tax on memory. On the other 
hand, a rotor has two directions and two distances from the origin, and to pass from the 
distance of a ray to the moment of a rotor would be to repeat much of 234. Moreover, as 
we are about to find, in the extension to the geometry of space the conceptions of distance 
and moment are both required, for while they are of equal utility they are applied to 
distinct problems. 


‘3. Equations for the axis of the ray « are given from ‘25: 
The coordinates of a point on the axis of the ray « satisfy the equation 
(Ye — LY) SIN WO = Ay, 
and the projections of a point on the same line satisfy the equation 
(m,l —1,m) cosec @ = Ay. 

This result may be regarded in two ways as the interpretation of an equation 
satisfied by the vector from the origin to any point of the axis. If this vector 
is r and the vector of the ray is k, the moment of the ray about the origin is 
given by 23421 as Wkr’: 

Lhe vector x from the origin to any point on the ray « satisfies the equation 

Akr+a,=0, 
where k ws the vector of the ray and a, is the distance of the origin from the ray. 


333 CARTESIAN AXES IN USE 143 


The alternative point of view, natural if a ray in a plane is taken as analogous 
to a plane in space, is to suppose the ray « specified by the unit vector n, 
normal to « together with the distance a,; then if R is any point on the ray, 
the projection of RO in the normal direction is of length a, : 


The vector x from the origin to any point on the ray « satisfies the equation 
fn,r+a.=0, 


where n, 1s the wnit vector normal to the ray and a, is the distance of the origin 
From the ray. 


‘4. If what is to be specified is not a ray but an undirected line, the 
advantage of dealing with wnit vectors disappears: a line may be identified 
by means of any proper vector located in it or by means of any proper vector 
to which it is perpendicular. 

The first method repeats ‘13: 


The coordinates and projections of the points on a given line satisfy the 
equivalent linear equations (ynx — Zny) sin w = H, (myl — lym) cosec w = H, 
where h ws any vector with the directions of the line and H is the moment about 
the origin of the rotor obtained by locating h in the line. 


The vector h is ineffective unless it is a proper vector, and we have to notice 
that the line determined by the vector kh and number /H is the same as the 
line determined by the vector h and number H: on this account the descrip- 
tion of the line by means of h and H or by means of the three numbers ap, 
Yn, H or the three numbers Jy, mn, H is said to be °homogeneous. We can of 
course give ‘41 a form purely vectorial : 


The vector r from the origin O to a variable point of a given line satisfies the 
equation 


Arh= H, 


where h is any vector with the directions of the line and H is the moment about 
O of the rotor obtained by locating h in the line. 


For the alternative method, suppose n to be any vector perpendicular to 
the line, and r,s to be the vectors from O to two points &, S of the line. Then 
r—s is the vector of SR, and is therefore perpendicular to n; that is 


§ (r—s)n=0 
and therefore Yrm=¥sn: 


If nis any vector perpendicular to a given line, the vector r from the origin 
to a variable point of the line satisfies an equation 


frn=N, 
where N depends on n but is independent of the position of the point on the line. 
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In algebraical terms, 

The coordinates and projections of the points on a given line satisfy the 
equivalent linear equations 

(nv+imny)=N, (tal +ynm)=WN, 

where n is any vector perpendicular to the line and N depends only on the line 
and on the choice of n. 
Here again we have a homogeneous specification of the line: “the line deter- 
mined by kn and kN is the same as the line determined by n and JN, but we 
can not say that the line is determined by n/N, since NV may be zero. 


‘5. The converse of 46 is easily proved. Let the vector r from the origin 
to a variable point & satisfy the condition 
frn=N, 
where n is an arbitrary proper vector and NV is a given number. Since n is 
a proper vector, it is possible first to find a particular vector t such that /tn 
is not zero, and then by taking s as (NV/%tn)t to find a particular vector s 


such that 
fsn=N, 
But from °51 and ‘52 follows 
f (r—s)n=0, 
and this implies that if S is the point such that OS has the vector s, the point 
R satisfies ‘51 if and only if the step SR is perpendicular to n. 


If n ws any proper vector in a plane and N is any number, the points in the 
plane whose vectors satisfy the condition 

frm=N 
compose a definite line. 

It follows that “every linear relation between the coordinates of a variable 
point expresses that there is some definite line on which the point is restricted 
to lie, for aw + by can be regarded as the projected product of the vector of 
components (#, y) and the vector of projections (a, 6), and the latter is not the 
zero vector unless a, b are both zero. Similarly °a linear relation between 
projections implies a linear restriction on the point. 

The converse of ‘43 may be deduced from ‘54 and 222'14, or may be proved 
directly by arguments parallel to those just used; having found one point S 
whose vector s satisfies 


Ash =H, 
we can replace Arh = H 
by A(r—s)h=0, 


which by 22212 expresses that the point whose vector is r lies on the line 
through S with the directions of h: °every relation of the form of ‘58 restricts 
the point which represents r with reference to a particular origin to a par- 
ticular line. 
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334. THE SPECIFICATION OF PREPARED AND UNPREPARED 
PLANES IN SPACE. 


‘1. A prepared plane in space is identified with reference to a frame OX YZ 
by the direction of its normals and the distance from it of the origin O; if the 
plane is S, we denote the ratios and the cosines of the normal direction by 
ag, Ys, 2g and lg, mg, ng, and the distance of O from S by ag. If So is the plane 
through O parallel to S and with the same cyclic direction, the distance of any 
point Q from S is the sum of the distances of O from S and of Q from So; the 
first of these distances is ag, and the second is the projection of the step 0g 
on any ray normal to S: 


The distance from a prepared plane S to a point Q ts expressible in the foie 
Sorms 
Ecgcgt ag, PsCqt as, Cepatas, Ppspat as. 
We deduce that if we are given the direction normal to a prepared plane 8 
and one point P of the plane, we can obtain °the distance ag as the value of 
the four equal expressions 


—Gcscp, —pscp, —Cspe, —F pspr,; 

and this is otherwise evident, for the distance of O from the plane is the pro- 
jection normal to the plane of any step to O from a point in the plane. 

The normal projection of O on the plane S is the point at distance — ag from 
O in the direction normal to S; if ag is not zero, the plane is determined save 
for its cyclic direction by the position of this point, but it is impossible to 
identify even an unprepared plane by means of this point if the plane contains 
the origin. 


‘2. It follows from ‘12 that the points of the plane S are the points of which 
the coordinates satisfy the equation 


psc +ag=0 
and the projections the equation 

Cypt+ ag = 0. 
As equations however ‘21 and °22 have little to recommend them: on the one 
hand the equations alone are insufficient to characterise the prepared plane, 
while on the other hand for the unprepared plane there is no advantage in 
dealing with a unit vector. If m is any vector perpendicular to a plane and 
r,s are vectors from O to points of the plane, ¥(r—s) n is zero, and therefore 
Yn, where r may be regarded as variable, has a value independent of the 
position, in the plane, of the point to which r corresponds. 


If n is any vector perpendicular to a given plane, the vector x from the 
origin to a variable point of the plane satisfies an equation 


frn= JN, 
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where N depends on n but is independent of the position of the point in the 
plane. 
°The specification of the plane by means of a proper vector n and a number 
N is a homogeneous specification. 

The converse of ‘23, subject only to the restriction that m is not the zero 
vector, is also true. If n is not zero, we can find some vector t such that £tn 
is not zero, and then writing s for (V//tn)t we have 


fsn = N, 
and therefore rn = N 
is equivalent to Jf (r—s)n=0, 


which expresses that the step from the fixed point S which represents s to 
the variable point R which represents r is always perpendicular to n. 


If n is any proper vector and N is any number, the points representing with 
reference to an origin O a variable vector r that is subject only to the condition 


rn = N 


compose a definite plane. 


‘3, The algebraical equivalent of ‘23 is that 


The coordinates and projections of a variable point in a fixed plane satisfy 
the equivalent equations 
Pac=N, cnp=WN, 
where n is any vector perpendicular to the plane and N is a number independent 
of the position of the point in the plane. 


Since any set of three numbers is the set of projections of some vector, °every 
linear relation between. the coordinates of a variable point of space corresponds 
to a definite plane, and since any set of three numbers is the set of components 
of some vector, so also does every linear relation between the projections of a 
variable point. 


‘4. It is to be emphasised that in the solution of problems ‘23 can be used 
directly, and not merely after translation into ‘31. As an example we may 
consider the determination of the point common to three planes given vectorially 
by equations 

fra=A, frb=B, Fre=C. 
If the vectors a, b, ¢ are not coplanar, the vector r which satisfies *41 is 
expressible, like any other vector, both in the form fa+gb+he and in the 
form (Vbe+jVca+kVab, where f,g,h and i,j, k are numbers, and the 
values of these numbers are given by substitution in ‘41. The simpler ex- 
pressions are those for 7, 7, &, for 225°23 and 225-25 give at once three equations 
of which the first is 
a) BOC =A 
and therefore r,.Jabeo=AVbce+ BVca+CWV ab. 
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The alternative substitution is not more difficult and yields 


r| fa Sab Sac|=| fa? Sab Sac a 

Sba Sb? Sbe fba Sb? Sbe b 

Sea Seb Se? fea Seb Se? c 

A B C 0 

which must of course be precisely equivalent to ‘43. If actual coordinates or 

projections of the point of intersection are wanted, they are easily obtained 

from °43 or ‘44 by means of 2°15, 2:35, and 2°43, but if we prefer to obtain the 
coordinates, for example, by replacing 41 by 


d 


Pac=A, poc=B, pec=C 


we can actually recover 2°35 from 43 and 2°43. 


335. THE SPECIFICATION OF ROTORS IN SPACE AND OF MOTORS; 
THE DETERMINATION OF PITCH AND OF A CENTRAL AXIS, 


‘1. A rotor in space is specified with reference to a Cartesian frame by its 
vector and its momental vector about the origin of the frame. It is convenient 
sometimes to denote rotors by simple unaffected symbols, and if the rotor is p 
we denote its vector by r and its momental vector about the origin by R, but 
we use «, for the first component of r and X, for the first component of R, and 
so on, and write also in this connection 

C=@Xa V2), oe = Cl MONG), 
Since the vectors r, R are necessarily at right angles, 
& Rr =0, 
a relation that may be expressed in any of the forms 
GC .c,=0, Copp=0, Poep=0, PPop=0. 
Often °the components of r and R are called the si« components of p and the 
projections of r and R the siw projections of p, but it is a consequence of ‘14 
that usually it is advisable to associate the components of one of the vectors 
r, R with the projections of the other; the components and projections of R are 
called the °momental components and projections of p. That °any two vectors 
r, R subject to ‘13 determine a rotor, provided only that if r is zero so also is 
R, follows from 23533. 


‘2. The rotor p is equivalent to the compound of the rotor through O with 
vector r, which is denoted by po, and any couple with momental vector R; 
the rotor po can be resolved into rotors of amounts #,, Yp, 2) in the rays &, 9, €, 
and a couple with momental vector R can be regarded as the sum of couples 
about &, 7, € with moments X,, Y,, Z, about those rays. Thus the single rotor 
is expressed, with reference to any frame, as°a compound of three rotors in 
the axes of the frame and three couples round the axes of the frame, and the 
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six components of the rotor are the amounts of the component rotors and 
momental vectors. As for the six projections, while °J,, mp, %» are the projec- 
tions of r on the axes &, 7, 6 it follows from 236°44 that °L,, M,, N, are the 
moments of the rotor about the axes; °like the projection J,, the moment L, 
is independent of the directions of » and ¢ as well as of the position of O in &. 


‘3. The fundamental problem of determining the moment of p about an 
arbitrary point Q is solved by the association of 235°23 with 2°35: 
The momental vector of the rotor p about any point Q ts the vector with 
components 
X,+T(mnre—nma), Yo+T(rmla—lena), 4+ (ome — mle) 
and projections 
Lot T(Yr2a—Zoyq), Mr+T (Z,%q—%2Q), Not T ya Yoxa)- 
We may use this result as we used the corresponding result 3°12. First we 
remark that 
The coordinates and projections of points on the awis of the rotor p satisfy 
the sets of equations 
T (yz—2y,)=L,, TT(zx,—x2,)=M,, T (ey, — ye) = Np, 
T— (mn, -nm,)=X,, Tonl,—in,)=Y¥,, TT (mi;—ml,)=Z,; 
the equations of the first set are equations of planes through the axis of the 
rotor parallel to the axes of the frame of reference, and the equations of the 
second set are equations of planes through the same line at right angles to 
the planes of reference. Unless the vector r is zero, at least two of the 
equations in each of the sets are significant* and represent planes that are 
not parallel; multiplying the equations of the first set by a», y,, z, and adding, 
and multiplying the equations of the second set by J,, mp, m, and adding, we 
find that in each set, if r is not zero, the three equations are either incompatible 
or equivalent to only two equations, and that it 1s in virtue of the perpen- 
dicularity of r and R, expressed in ‘14, that the equations are compatible and 
represent a definite line. Next we note that 
The rotor with vector x through a point P has the six components 
@y, Yr, Zr, T(meymp—mpnp), T(lpnp—‘nylp), TH! (mrlp—lymp) 
and the six projections 
ly, Mr, Mr, T(2ryp—Yrzp), VT(ar2p—2rzp), T (xX p — Ly Yp). 
The vector of the step ST has components wp — xg, yp — yg, 27— Zs and pro- 


jections I7—ls, mp— msg, np — Ng; we may deduce the momental components. 
and projections of the rotor of the step from 33, but it is preferable to appeal 


* An equation is significant if it is not merely an identity. 
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to 235°26 and 2°35, which give at once the components and projections 
required: 
The rotor of the step ST has the six components 35 
PESOS, YR YS, oT — 28) 
T(mgnp—ngmr), T(nglr—lgnz), TH (lgnp— msl), 
and the six projections 
lp—lsy, mp—mg, np— ng, 
Tys2r—Zsyr), Teser—agz7), VT (xsyr — yr). 
‘4. A vectorial equation for the axis of the rotor p is given by 235:22: 
The vector x from the origin to any point of the axis of the rotor @ which has 41 
vector p and momental vector P satisfies the equation 
Urp =P. 
This equation implies ‘32, and is sufficient to determine the axis; indeed, from 
2°35 and 41 we can write down at once the equations of ‘32, but as a rule we 


make direct use of 41, either implicitly or explicitly; examples of the applica- 
tion of ‘41 are to be found in section 7 of this chapter. 


5. It is easy to obtain analytical expressions for the momental product of 
two rotors o, tT, by regarding each as compounded of a rotor through O and a 
couple, and arguing as in 246°5. The two rotors intersecting in O have 
momental product zero, and the momental product of any two couples is zero; 
hence from 243°45, 

The momental product of two rotors o, t vs the sum of the projected product 51 
IF St and the projected product § Ts, and may be calculated by means of a frame 
OX YZ with origin O by the addition of any one of the numbers 

Coc, Pst,, Copr, P Papr 
to any one of the numbers 

CCU Cay Cl De, OL apes 
the two rotors are coplanar if the sum so found is zero. 


‘6. Every finitely numerous set of rotors has a vector and has with reference 
to any point a momental vector, and it follows from first principles that each 
component or projection of each of these vectors with regard to any frame is 
the sum. of the corresponding components or projections of the individual 
members of the set. Symbolically, if p is a typical rotor of a set, the vector 
whose components and projections with respect to a frame OXYZ are 
Za, TY, Zp and X1,, Ym,, Yn, is the vector of the set, and the vector whose 
components and projections with respect to the same frame are 2X,, =Y,, 2Z, 
and =Z,, =M,, =N, is the momental vector of the set about O. For a set F of 
rotors, we denote the sums =a,, =/,, 2X,, =L,, and so on, by «xp, ly, Xz, Lp, 
and so on, we write as for a single rotor 


O=(%,¥,2), P=CL, MIND, 
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and we call Xyand Ly the first momental component and the first momental 
projection of the set relative to the frame OX YZ; sometimes we call the com- 
ponents xy, yr, Zr, Xp, Vr, Zp collectively the six components of the set F, 
and the corresponding projections collectively the six projections. A set of 
rotors is not determined by its six components or by its six projections, but 
by 241°35 

Equivalent sets of rotors are sets which have with reference to any frame the 
same six components and the same sia projections, 


and we may call the components and projections the six components and the 
six projections of the motor of the set, when we find that 


A motor is determined completely by its six components or its sia projections 
with respect to any frame. 


We have to observe that° for a motor or for a set of rotors there is no 
quantitative relation between the six components or between the six pro- 
jections. The relation 13 expressing that any momental vector of a single rotor 
is at right angles to the vector of the rotor has no counterpart in the case of 
sets of rotors, for given any two vectors r, R, we have only to take the rotor 
ro through the point O and any couple of rotors with the momental vector R, 
to have a set of three rotors of which the vector is rand the momental vector 
about O is R; if as in 247-4 we suppose one of the rotors composing the 
couple to intersect rg, we may add this rotor to rg and obtain a rotor-pair 
with the given vector and the given momental vector. 


‘7. The expressions given in ‘31 for components and projections of the 
momental vector of a single rotor about any point are linear in the components 
and projections of the rotor, and therefore 


The momental vector of any set F of rotors about any point Q has with 
reference to the frame OX YZ the components 
Xp+T(mpng—npme), Yr+T(ngle—lpne), Zet+T (leme—mp le) 
and the projections 

Ly+T (y¥rZQ _ ZR YQ): Mrp+T (zpLQ -- Lp ZQ), Nrt+T (@rya = Yrua). 

If the vector of the set is zero, the momental vector is everywhere the same 
in directions and amounts, but if the vector is not zero, the set has a definite 
pitch gr, which may be zero but is not infinite, and the central axis may be 
found from ‘71 as the locus of points about which the momental vector is the 
vector with components gr@p, Gr Yr, UrZr and projections grlp, qgrmp, rir. 
From this argument we find two sets of equations for the central axis, one set 
typified by 

Xpt+T(mpn—nypm) = rep, 
and the other set by 
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the three equations of the first set would be incompatible without the equality 


DrCp= r- Prep, 
and the three equations of the second set without the correlative equality 
CrP p= qr.Cr pr; 
‘74 and ‘75 give analytical expressions for the pitch qr. A slightly different 
line of reasoning leads to the same result: if the vector of the set F is f and 
the central axis is k, the set formed of the rotor f, together with any couple 
whose momental vector is Ypf is equivalent to the set F; hence the set obtained 
by subtracting from F' a couple with momental vector qpf is equivalent to a 
single rotor and the axis of this rotor is the central axis of F. But in order that 


op, Yr, 2p, Xp—Qrtp, Yr—qryr, Zr—Qrer 
should be the six components and 
ly, mp, Np, Ly- UF lr, Myp- drmp, Np- ORD 
the six projections of a single rotor, equations ‘74 and *75 must be satisfied, 


and the axis of the rotor is then given by equations such as ‘72 or ‘73. 
Vectorially, the axis and the pitch are given simultaneously by the one equation 


Vrrp= Ry- rrr, 
which implies Gri Ver =f Rerp, 


since ¥ (VU rrp) rp is identically zero. 


336. THE SPECIFICATION OF RAYS AND LINES IN SPACE. 


‘1. A ray is identified by means of the same numbers as a unit rotor in the 
ray, and the language and notation relating to the rotor are appropriated for 
the ray. If k is the unit vector in the direction of the ray «, and K is the 
momental vector of the ray about the origin, then 


fkR=l, 7 KK= 0: 


relations which may be translated in the usual fashion into equations involving 
components and projections; only four of the twelve elements defining a ray 
are algebraically independent, but a fifth is necessary if no ambiguous irrational 
is to appear. The three projections ,, m,,% are the cosines of angles between 
the ray x and the coordinate axes, and the three momental projections 
L,, M,, N,. are the mutual moments of « and these axes. From 5°51 


The mutual moment dy, sin e,, of two rays p, v is the sum ¥ Mn+ F Nm, 
‘and the rays are coplanar, that is, either concurrent or parallel, of this sum ws 
er. 

From 5:41, the vector r of the step from the origin to a variable point of 


the ray satisfies the relation 
U rk = K. 
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-2. The merit of the momental vector as a means of specifying a ray is that 
this vector involves no reference to a particular point of the ray or to a 
particular plane through the ray, but since rays often are defined by means of 
particular points or particular planes we gain confidence by discovering that 
in the commonest cases the momental vector can readily be ascertained. 

Thus it is a corollary to 5°33 that 

The ray with direction A through a point S has the sia coordinates 

£2, Yar 2, T(namg—mang), T(ang—nals), TO (malg— l,mg) 
and the six projections 
In, ms, M, Y(2sys—Ya2s), T(€a2g—2a%g), T (Yat — ays). 

If S, 7 are two distinct points and if r is a distance from S to 7, the unit 
rotor in the ray through S and 7’ with the direction in which r is measured is 
the rotor found by dividing the rotor of the step S7’ by r; hence from 5°35 

If r is a distance from one point S to a distinct point T, the ray in which the 
distance is measured has the six coordinates 

(ep —ag)/r, (yr—ysylr, (er — 2s)", 
T2 (mgnp —ngmz)/r, TH (nglr—lgnz)/r, TH (Ugmr — mglr)/7, 
and the six projections 
(lp—ls)/r, (mp—ms)/r, (rx —2s)/7, 
Tyger —2zgyr)[7, Te9tr—ag2zr)/r, VT (agyr — Ystz)/r. 

To the two values of 7, namely the two square roots of r?, correspond the 
two rays through S and 7. 

A third case of importance is that of a ray given by means of two planes 
which contain it, and for the sake of the comparison we treat this problem by 
three different methods. We take the planes to be prepared planes S, 7’, and 
we denote the rays through the origin normal to these planes by o, tr. Any 
angle whose cosine is given by 2°22 is an angle between the planes, and if 
such an angle egr is to be from S to 7’ round the common ray «, this ray is 
determinate and its direction is given by 2°51. 

The plane through O normal to « contains o and + and the momental 
vector K of « about 0; moreover, if this plane cuts « in R, the momental 
vector is the vector obtained by rotating the vector of RO through a positive 
right angle. Hence the projections of K in directions making positive right 
angles with o, t are equal to the projections of RO on o, r themselves, that 
is, to the distances ag, ap of O from S, 7. It follows from 24:25 that K is the 
sum of — ap cosec egr in o and ag cosec egr In T. 


If eg is an angle from a prepared plane 8S to a prepared plane T, the 
common ray round which this angle is measured has the six coordinates 
=i) 
T (mgnr — ngmr) cosec egr, (agvp — Ap Hg) cosec eg, 
T (nglp — lynp) cosec egy, (Asyr — ArYg) Cosec egy, 
T (gmp — mglr) cosec egr, - | (agzr — 7 Zg) cosec egy, 
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and the six projections 


T (Ys2r — ZsYr) coset egy, (aglr — aplg) cosec egy, 
T (Zgup — wgZr) cosec egr, (agmp — Apmsg) Cosec Eg7, 
T (ag yr — Ygxr) cosec egy, (agnp — ApNg) Cosec Eg, 


where ag, ap are the distances of the origin from the two planes and the ratios 
and cosines are those of the normals to the planes. 


Again we observe that there are two rays, distinguished by the sign of 
sin egr, the function sin? egr being given by 2°71 or 2°73. 

It is not difficult to avoid the geometrical investigation that has preceded 
the enunciation of ‘24. An equation to the plane through the line of inter- 
section of two planes S, 7’ and parallel to the first axis of the frame OX YZ is 
to be found by eliminating x from the pair of equations 


psc+tag=0, pretar=)Q, 


and the simplest form of the eliminant is 
(sm —lpms) y + (lynr — long) 2 + (lgar — leas) = 9; 


if the ray to be found is «, 5°32 gives an equation for the same plane in the 
form 
Tz.y — Ty.2—-L, = 9, 


and since from 2°51, Tz, is equal to (lym — mgly) cosec egr and — Ty, is equal 
to (lyn — nglp) cosec egr, it follows that L, is equal to (agly — alg) cosec egr. 

A third method treats the problem by vectors alone, and it is not to be 
denied that this is the best plan; ifs, t are unit vectors normal to the planes, 
and r is the vector of the step from O to any point in the line of intersection, 


Irst+ag=0, Srtt+ar=0; 
but if the ray of which we are in search has vector k and momental vector K, 
then 
k =YV st cosec egr 
by definition, and K =’ rk, 
from ‘13; substituting from ‘245 in ‘246 and using 223°33 we have 
K =(s / rt —t & rs) cosec egr = (agt — a8) cosec egy ; 


245 and ‘247 together are equivalent to ‘24. 


‘3. In using the momental vector in the specification of a ray we are not 
compelled to sacrifice such advantages as there are in knowing a particular 
point on the ray, for there is one point whose coordinates and projections have 
a form both simple and definite. 

In ‘13, k is a unit vector, and therefore if r can be taken perpendicular to 
k, 223°14 will become applicable and will shew that r is YVkK; to take r 


‘241 


242, 
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244 
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‘247 
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perpendicular to k is to let r be the vector from 0 to the normal projection 
of O on x: 

The vector of the step from the origin O to its normal projection on a ray « 
is the vector product V KK, and therefore this point has coordinates 


T (m,N.—2n.M,), TnL. —lN.), To (iM. — mL) 
and projections 
T (ye Ze.—22¥.), TleeX.—%e%), Te ye —yeXx)- 


It follows that *the first coordinate and the first projection of any point on 
the ray are sx,+T7 (m,N, —n,M,) and sl,+T (y¥eZe— 2% Ye), where s 
denotes the distance of the point in question from the projection of O on x. 


-4. A line is identified by means of any rotor of which it is the axis, that 
is, by means of any proper vector h which has its directions, together with 
the momental vector H, about the origin of coordinates, of the rotor obtained 
by locating h in the line; the two vectors are perpendicular, so that 

 Hh=0, 


but from 235°33 it follows that they are not subject to any other restriction 
except the negative one that h must not be the zero vector. The specification 
is variable, since h is not determinate, but it is also “homogeneous, for the 
pair of vectors 4h, FH, for any proper value of &, fixes the same line as the 
pair of vectors h, H; this line will be called the line (h, H), or, if confusion 
is impossible, the line A. 

Referred to a frame of reference, a line, like a ray, has six coordinates and 
six projections; but whereas the coordinates of a ray are six numbers indi- 
vidually significant and connected by two relations, the coordinates of a line 
will be proved to have only one relation between them, but significance 
attaches only to their ratios: “any expression which involves coordinates or 
projections of a line except through ratios alone is really concerned not with 
the line itself but with some particular rotor located in the line. 

As an example, we can not attach, in relation to two lines (m, M), (n, N), 
any intrinsic value to the expression § Mn + § Nm, but the equation 


§Mn+5Nm=0 


is unaltered if (im, 4M), (kn, EN) are substituted for (m, M), (n, N), and 
the equation, being the condition for the rotors obtained by locating m, n in 
the lines to have coplanar axes, describes a property of the lines: 


The two lines (m, M), (n, N) are coplanar if and only if 
Mn+ ¥Nm=0. 
From 5:41 it follows that the vectorial equation of the line (h, H) is - 
Vrh=H. 
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Combining this with 235°33 we can assert that 


Ifh, H are any two vectors of which the first is not the zero vector, the points 
representing with reference to an origin O a variable vector x subject only to 
the condition 

Vrh =H 
compose a definite line. 


To illustrate the direct application of the vectorial equation, let S be a 
point on the line (m, M) and 7'a point on the line (n, N). Then 
f Mn = § (VUrgm)n=,7 rgmn, 
§Nm= Ff (Urpn)m=,7 rpnm, 
and therefore f Mn+ /Nm =, m (rp—rg) 0, 


from which °45 follows at once. 


‘5. We can translate the three propositions 5°32, 5°33, 5°35 into assertions 
regarding a line; the first becomes 


If a set of coordinates and projections of a line is 
Uns Lin te \ hs Gholi hs Uhe em, ins Dh 
the planes through the line parallel to the axes of reference have equations 
T (yzn— 2yn)=Lh, VT (e4,—22,)=M,, TV (ayn — yor) =n, 


and the planes through the line perpendicular to the planes of reference have 
equations 
T (mn, — nm;,) = X;,, T(nl,—ln,)= Yn, TO (lm, —mlp) = Zh, 

and the second becomes a corollary of this. A comparison of the third with °22 
suggests a similar modification of ‘24, but if the intersection is to be treated 
as an unprepared line, there is no object in dealing with prepared planes; 
either by using ‘24 or by adapting one of the proofs of that theorem, we find 
that 


If s, t are vectors that are not parallel, the planes 
Srst-S=0, §frt+7=0 
intersect in the line which has coordinates 
TT (mene — Nm), TO (rsle—lsre), TT (lg — nisle), 
Sa, —Txs, Sye—Tys, S2—T2s, 
and projections 
24 (Ys%t = Zs Yt), T CAL = Lg Zt), T (ag Yt = YsXt), 
Sk—Tls, Sim—Tmsg, Sry —T ng. 
If (h, H) defines a line and & is such that 
ed be = 1, 
then ih is a unit vector and (kh, kH) defines a ray x. It follows from ‘31 that 
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“the vector of the step from the origin to its normal projection on the line is 
k2VbH, that is, VhH/Sh*: 
The normal projection of the origin O on the line h has for tts first coordinate 
and its first projection 
T? (m, Ng — 2M) F pe. Tur 2-2 Yaak. 


837. SOME PROBLEMS IN THE ANALYTICAL GEOMETRY OF LINES AND RAYS. 


“1. We have often to deal with a plane through one ray parallel to another 
ray; the plane is definite provided that the two rays are not parallel, and the 
choice of a definite angle from one ray to the other corresponds to the choice 
of a definite cyclic direction for the plane. If the rays are o, 7, and an angle 
from o to T is €-,, the ratios and cosines of the direction II of the normal to 
the plane through o parallel to r are given by 2°51, and only the distance of 
the origin O from the plane remains to be determined ; this distance a is the 
distance in the direction I from ¢ to the ray tg through O parallel to r, and 
therefore, by 236°66, —a sin e,, is the mutual moment ofc and To, and by 236-44 
this is the projection in the direction of + of the momental vector of o about 
O. By 221-42, this projection of the momenial vector is the projected pro- 
duct ¥ St, given in terms of components and projections by 

J St=E Cc, = P.c,= cP: = PP. 3 
and we see that 

The distance of the origin from the plane through a ray o parallel to a ray 
7 ws — ¥.Stcosece,,, where e.. is an angle from o to + measured round the 
direction in which the distance is measured. 

If ¢,, continues to denote an angle from ¢ fo 7, the distance of the origin 
from the plane through 7 parallel to o is ¥ T's cosec e,,; the condition for the 
rays to intersect is 

(¥ St + ¥ Ts) cosee «,, = 0. 
This agrees with 612; the rays must be coplanar but not parallel. 

Applied to 4:21 and 422, -11 shews that the points on the plane through 
o parallel to 7 satisfy the equations j 

pute —¥ Stcosece,;=0, cop—¥ Stcosece,,=0; 
if sin €,, is not zero, we may write these equations in the form 
The «—, «6 1j=T4|] bh £ i= 98e 


Y Ys Ye m Me TM, 
& Ze % 1 oe a 
ae T [es ce; J=T[p; pes p]=F8t, 


and it is in fact evident from 5°32 that the plane represented by ‘14 passes 
through o, and from the form of the equations that this plane is parallel to r 
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as well as to o. We can write down the equations ‘14, or rather the equi- 
valent vectorial equation, without any algebraic argument: if R is any point 
of the plane through o parallel to 7, if 79 is the ray through O parallel to + 
and op is the ray through R parallel to o, then by 236°46 the mutual moment 
of og and To is the same as the mutual moment of o and 79, which by 
236°44 is St, and by 236:13 this moment has the value ./ trs, where r is 
the vector of the step OR. 

The equation of the plane through a ray o parallel to a ray r is 

J rst = F St. 
Another proof of this equation is virtually contained in 6:46; if S is any point 
on a, the point F is in the plane with which we are dealing if the vector of 
RS is coplanar with the vectors s, t, that is, if .7 rst is equal to ./ rgst, and 
since Urgs is §, this last spatial product is / St. 

But when we come to the equation of a plane, we are really dealing with 
an unprepared plane, and instead of rays we should be considering lines. The 
last argument by which ‘15 has been proved is independent of the assumption 
that s, t are wnt vectors, and therefore 

The equation of the plane through the line (m,™1) parallel to the line (n, N) is 

Jrmn= Mn, 


it being assumed that the lunes are not parallel. 


2. To find the point of intersection of a given line with a given Planes is to 
find a vector r satisfying simultaneously 


Urs=S, Srt=T, 
where J is a given number and s, §, t are given vectors such that s, t are not 


zero and that 
£ Ss=0 


the algebraic problem is to solve the set of equations 
T (yz,—2y,)=L,, VT (eu,—42,)= M,, -T (ay;,— ya.) = N,, 
a+ mey + rez = T, 
where Dag + Msys + Ng2z5= 9. 


If F is a particular point on the line, ry+4s is the typical vector of any 
point on the line, and this point is in the plane if 


Irpt+kIJst=T; 
with the value of k given by ‘26, 
rfst=rpSst+(T-—SFrrt)s=Ts+rp/st—s Srpt = 78+ VU (VUsrp) t, 
by 22333, and therefore since F’ is on the line, 
r/st=7s+VtS, 
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an equation which gives r explicitly unless s is perpendicular to t, when the 
line is parallel to the plane and the problem is either insoluble or indeterminate. 

The algebraic solution gives the same result almost more simply, since in 
this case the plausible assumption that a satisfactory solution is to be obtained 
by finding 2 from the last three of the four equations ‘23, 24 is not misleading ; 
obviously these equations give 


pecs. v = Tx, + TA (me Ns — 24M). 
*3. The conditions for the line 
Vrs=S8S 
to lie in the plane ert 
can be deduced from ‘27 or ‘29. One necessary condition is of course 
Fst = 0, 
and ‘27 gives further conditions in the form 
Ts+VtS=0. 


It is to be noted however that ‘22 and ‘33 together imply that s and UtS are 
parallel, so that only one additional relation is implied by 34; this relation is 
naturally taken in the form 

TIs+ Is (UtS) =0, 
that is, TIs = 7 ts. 

We can associate this condition with 6°55; if the line is parallel to the plane, 
the line is in the plane if a single point of the line is in the plane, and the 
equation that expresses that the normal projection of the origin on the line is - 
in the plane js 

I (VsS/Fs") t = T, 
which is equivalent to ‘36. 

‘4. A particular case of the problem solved by ‘27 is to determine the point 
in which a line (p, P) cuts the plane through a point Q containing two given 
vectors s, t. The equation of the plane is 

J rst = J rest, 
that is, fr st) =.7 rest, 
and therefore the point is given by 
r.J pst=p.7 rest + UV (UV st)P, 
which by 223°33 is equivalent to 
r,J pst=p.Jrest—s/ Pt+tJ Ps. 
A simple alternative to quoting ‘27 is to assume the required value of r to be fp+gs+At; 


substitution in “41 gives 7, and gand A come from substitution in the equation of the line 
As a matter of pure algebra we have to take ‘23, with p written for s, with the equation 


[e; Cs} cy]=[¢g; Cs; et], 
and we have at once 


%p[Cg; Cs; Ce]=[*p%, Ypt—Y- Wp, %ev+Y-M,; cs; Ce], 
which is easily seen to lead to ‘44. 
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On the other hand it is not difficult to reach the results by reasoning more geometrical. 
Let oo, To be rays through O such that the vectors s, t are vectors of amounts s, ¢ in these 
rays, and let the line (p, P) meet the plane containing these rays in the point J; let this 
plane be given a cyclic direction, let » be an angle from op to ro, and let 6 be an angle 
between the direction normal to the plane and one direction of the line. Then if r is 
expressed as fp+gs+At, the equation 


fJ pst=J rost 


expresses that r—rg is coplanar with s and t, and gs, At are the coordinates of J in the plane. 
Hence by 24:26 the distances of J from the axes are Atsin, —gs sin, and the momental 
vectors of og, To about J are vectors with these amounts in the direction normal to the 
plane. So from 236°44 the momental products of unit vectors located in og, To by the 
rotor @ located in the given line are Apt sin # cos 6, — gps sin # cos 6, where p is the amount 
of p in the direction associated with the angle 6, and so finally the momental products of 
rotors with vectors s, t located through O by the rotor @ in the given line are 


hpst Sin @ cos 6, —gpst sin @ cos 6, 
that is to say, are 1. pst, —g.J pst, and since these same momental products are other- 
wise given by 236-23 as / Ps, % Pt, the values already found for g, 4 are recovered. 


*5. An attempt to anticipate every question that can arise concerning 
intersections of lines and planes would be an absurdity, but there is one more 
set of problems of this kind that deserves explicit mention. 

Let o, t be any two rays that are not parallel, and let ¢«,, be an angle 
between them; then there is one definite ray a which cuts both o and 7 at 
right angles and has a direction round which e¢,, is an angle from o to 7; it 
is often necessary to know this ray and the points S, 7 in which it cuts o, r. 
The ratios and cosines of @ are given in 2°51. 

This probiem is included in a more general one which is in fact easier to 
discuss. If (s, $), (t, T’) are two lines that are not parallel and k is any vector 
not coplanar with s and t, there is one and only one line parallel to k which 
cuts both (s, S) and (t, T), and the problem is to find the points S, 7 in 
which this line meets the given lines and the momental vector K of the rotor 
obtained by locating k in the line. : 

The simplest determination of K comes from 225°34. From 6°42 and 6°45, 


§Kk=0, §Ks+/Sk=0, SKt+/ Tk=0. 
Substituting in the identity of 225°34, taken in the form 
K J kst = /KkVst+ / KsVtk+ / Kt V ks, 
we have K J kst= § SkVkt— 4 TkVks, 


which is sufficient to determine K, since “Sk and £ Tk are known and 
aJ kst is not zero. 


The positions of 8 and 7’ can be found from ‘15; identically from 225°32, 
ro.f kst=k,/ rgst+s.7 krgt +t./ ksrg, 
rp. kst=k,./rpst+s,.7 kr7t+t.J ksr7, 
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but from ‘15, JIrest=/St, SJrets=/Ts, 
Orpsk= 9 rgsk=/Sk, Jrotk=Jr7tk=S Tk, 
and therefore Ty.) kst= k/St+s/Tk-t/JSK, 
rp? kst=—k/Tsis/ Tk—-t/SK. 
From *545 and *546, 
Vrorg (I kat) = — (Ff St+ f Ts) (Ff Sk Vet -SF Tk V ks) 
and therefore these formulae imply not only 
(vp- Fs) «J kst= —-k (F St+ Ts), 
but also VrospJS kst= —K(/ St+ F Ts), 
from °52, inagreement with 235°26, for if S and 7 do not coincide, (rp—Trg, V rgPz) is the 
same line as (k, K). But whether or not S and 7 coincide, 
K= —~Vkr,= - Ur, 
by the very definition of K, and this enables us to reproduce ‘52 from *545 and °546. 
We may find K not in terms of vector products, but in the form fk + gs + ht, 
for substituting this expression in 5] we have 
THK +gHksthFfkt=0, 
TEkst+gI/sS +hH/st =—FS8k, 
fo kt+qgFst +hft =-—/Tk, 
and therefore 
K| SE ks Skt |= 0 k s t : 
Sus Fs Fst 0 Ft GF ee. Sikct | 
Gut Sst Se | | Fsk fks Ss Sst | 
| (Tk Skt Gat FP | 
If the cotractor of (s, S) and (t, T) is to be perpendicular to them both, 
we may take 


k= st. 
Then § Sk= 9 Sst, § Tk=,7 Tst, 
J kst= 6 (Ust¥P =F 8 § P—(F st), 
and therefore ref (UstP=s J Tst —t.37 Sst +V st F St, 
rr ¥ (UstY=s. 7 Tst —t.7 Sst— Vst £ Ts, 
EKS(UstP=' 0 s t 
i S8st Fs Fst- 
OTst Sst Se | 


b 


to substitute in ‘52 from ‘56 and then to apply 223'33 is to reach ‘573 by a 
more difficult route. 

The effect of dealing with rays instead of lines is that certain of the vectors 
become unit vectors, This has no bearing on the general investigation, but if 
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w is to be a ray perpendicular to o and + and if ¢,, is to be an angle from o 
to 7 round aw, the vector denoted in °56 by k becomes p sin ¢,, and the momental 
vector P of the ray is K cosece,,. Instead of °571, 572,573 we have 


rgsin’e,,=s./ Tst—t,.7 Sst+psine,, £ St, 
rp sin’ e,,=s./ Tst —t,7 Sst—psine,, Ts, 
P sin’ ¢,, = 0 s t 
J Sst 1 COS Eg; 
J Tst cose, 1 


Translated into elements referring to a Cartesian frame, ‘545, ‘546 give 
for any coordinate or projection w, 


Wg J kst= Ux J St+wef Tk-—w,% SE, 
Wr J kst=—uy SF Ts+uwg% Tk- uF Sk; 


we can make a similar version of ‘55, but in general simpler expressions come 
from *52, which gives 


Xe [Pei Poi Pe]=—| 0 tre Me |, Le [ens Ca e]=—| 9 Ye % |; 
G§ Sk mg Ns SSk ys % 
STK me MM | | STK ye 4 


formulae deducible immediately, the first from the set of linear equations 
prog =0, PsC, =—- F Sk, 1C, =- F Tk, 

the second from the equivalent set 
GP, =0, tgP, =— IF Sk, oP. =— Ff Tk. 

Perhaps the simplest process for discovering ‘591 algebraically is to suppose 
F, G to be particular points of the lines s, ¢ and /s, 7k, gt to be the vectors 
of the steps FS, ST, TG; then f, j, g are determined by the set of equa- 
tions 

apt filg + ji + 9X = 2G, 
Yrtfystjyx t+ Jyt=Ye, 
tpt fégt+ jet 9% =2¢- 

If between these equations and 

tp + fig = tg 
we eliminate f, 7, g, we have wg given by the equation 
De te tg OO |=, 
| %@—tp te Te MH 
DE Bue ae eye Yk 


Zq—Zp % *% 4% | 
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that is, by 
ag[es; Ce; Chl =2elca; Ce; Cx] +| 2F P20 0 
Ugtp Ue UH UW, 
lsYr Ys Yt Yx 
UsglF Zs Zt 2k I 
=ag[C@; Ct} ge 0 Tet | 
UsYr—Ystr Yt Yk 
| Uglp—2Zgt(p 2 ZE 
= Tw, Pick — Ata [0, —N,, Ms; ce; Cx] 
= T70;Picx — T™ {a (Msyx + Ns2x) — x (Mey + N,2)}, 
that is, by Tag [cx; Cs Ce] =a Poop +23 Picy — 1% Pscx, 
and this is one of the formulae covered by 591; the process fails to make 
clear why all the formulae to be found should have the same form, 
Since jk is the vector of a step from the line s to the line ¢, the spatial 


product .7s (jk) t is by definition the momental product of the rotors by which 
the lines are being identified; hence from 5°51, 


j.Jskt =F St+ I Ts. 


By this equation, which may be verified from °545 and ‘546 or from ‘594, we can 
determine the coefficient j without finding the positions of the points S, 7. 


CHAPTER III 4 


VECTOR FRAMES 


340. Introduction. 341. Coefficients and polar coefficients ; the polar of a vector frame. 
342. The evaluation of projected products; the fundamental magnitudes and the polar 
magnitudes of a vector frame ; relations between coefficients and polar coefficients. 343. The 
evaluation of vector products and of spatial products. 344. Vector frames in a plane. 
345. Attached frames and their use. 346. Attached frames and Cartesian frames; loaded 
Cartesian frames. 


340. INTRODUCTION. 


In many investigations, vectors may profitably be described not by reference 
to a Cartesian frame but by their relations to a given set of vectors, or as we 
may say by reference to a vector frame. 

Examples are to be found in 36°2 and 87°5: in 36247 and 87'578 a desired 
vector was regarded as found when it was expressed in the form bs + ct with 
known values of b and c, the vectors s and t being given, and in 37'545 and 
37°55, with three known vectors k, s, t the problem was taken to be the 
expression of unknown vectors in the form ak + bs + ct. 

These cases are isolated, if characteristic, and do not indicate a need for a 
systematic treatment, but since the construction of algebraic space, real or 
complex, depends on familiarity with vector frames, some consideration of 
vector frames is part of our task. The notation adopted is in part traditional 
in differential geometry and in part designed for use in that subject. 


341. COEFFICIENTS AND POLAR COEFFICIENTS; THE POLAR 
OF A VECTOR FRAME. 


‘1. Three vectors x, y, z in space are adequate to be the constituents of a 
vector frame if every vector in space can be expressed in the form /x + gy + hz, 
where f, g, h are numbers; the condition both necessary and sufficient for this 
is that °the vectors x, y, Z are not coplanar; an equivalent form is that the 
spatial product .7 xyz is not zero. Assuming this condition fulfilled, we must 
take the vectors of reference in a definite order, but we have no selections to 
make analogous to those which determine the angles of a Cartesian frame ; 
a spatial convention is however assumed, and this gives to the spatial pro- 
duct .7 xyz a definite value which we denote by J and call the °spatial 
magnitude of the frame. ° The spatial magmtude of a vector frame ws necessarily 
different from zero. 

‘2. If x is any vector, we denote by &r, nr, or the three numbers such that 

r= &x+7ry + &Z, 


and we call these numbers the °cvefficients of r in the vector frame xyz. We 
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can exhibit the coefficients individually as ratios of spatial products, for we 
have seen in 225'32 that 

r./xyz=x J ryz+yfxrz+2Z,/xyr, 
and this, in our present notation, is equivalent to 

Fete: Ged =a) TY Zea) eth eey BYE: 

The numbers which correspond to the projections in a Cartesian frame are 
projected products, and we write 
Ae = ISD, fra SV, w= JS 2. 

It will appear in ‘4 that these numbers are appropriately called the “polar 


coefficients of r. 
For contracted notation we write 


f= (x,y,z), 
aCe LOM ae 
Thus ‘21 is written r= yet, 


‘3. The frame to be taken as polar of the vector frame xyz is of course a 
frame XyZ in which each constituent 1s perpendicular to two of the three 
vectors composing the original frame: . 

GYR H= IS UH SF T= IS xy = IG xZ=F yz=0. 
These conditions are not sufficient to determine the polar frame, and we utilise 
the freedom that remains, to secure a simplicity unapproachable with Cartesian 
axes. 

From °81, if r can be expressed both as &x+ ny + fz and as EX+ 7y + €z, 
then identically 

Gur=EGxux, Syr=qS yy, Sw=lS zz, 

Smr=EG=x, S¥Jr=anSyy, Szr=CS zz, 
and it is evident that the maximum of simplicity will be attained if we are 
able to take 

GF xZ= GF yy=/2z=1. 
Now if p is any proper vector perpendicular to both y and z, a vector & satisfies 
the last two of the conditions 
Jxx=l, J yx=0) f7x—0 
if and only if it is a multiple ap of p. The first condition then becomes 
a’xp=1; 

since X is not coplanar with y and z, / xp is not zero, and ‘36 is satisfied by 
a unique value of a, which is not zero. Thus there is one and only one vector 
% that satisfies “85, and this is a proper vector: °a vector frame in space has 
a unique polar, Moreover, from the form of 31 and 34, 


peas Gee , 
Lhe relation between a vector frame and its polar is a symmetrical relation 
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‘4. With the simplification which x, y, Z have been chosen to effect, ‘32 
°33 become 


Guar=F, Syr=7, Szr=t, 
SRr=& S¥jr=n, Szr=6 
and may be summarised in the assertion that 
Lhe polar coefficients of a vector in a vector frame are the coefficients of the 
same vector in the polar frame. 
Explicitly, if Xx, fr, vr are defined as in 24, then 
r=ApX¥ + pry + vrZ, 
or in contracted notation, r= urf. 
From ‘43 comes a theorem that we might have derived directly from 215:24: 
A vector in space is completely determined by its projected products with any 
three vectors that are not coplanar. 


‘5. Since X is perpendicular to both y and z, it is a multiple of their vector 
product. It follows therefore from the identity of x (Wyz) with .7 xyz that 
Y yzis Jz. The same conclusion follows a comparison of 44 with 225:34, which 
can be written 

Jv =r V z+ py UV 2x + vy Uy: 
The polar of the frame xyz is formed of the vectors 
J Vyz, J Vaz, JV xy. 
Here the reciprocal nature of the relation between the frames is concealed. 

From ‘51 and 22528 

Vyz=J>x J xyz=J"x; 
but if J is the spatial magnitude of the polar frame, 


) 32 =Jx, 
since ‘51 applies to the polar frame; hence 
JJ =1: 


The spatial magmtude of the polar of a frame is the reciprocal of the spatial 
magnitude of the frame. 
A direct proof of 54 is furnished by 32°63, on substitution from ‘31 and ‘34, 


342. THE EVALUATION OF PROJECTED PRODUCTS; THE FUNDAMENTAL 
MAGNITUDES AND THE POLAR MAGNITUDES OF A VECTOR FRAME; 
RELATIONS BETWEEN COEFFICIENTS AND POLAR COEFFICIENTS. 


‘I. If the first of two vectors r,s is given by its coefficients and the second 
by its polar coefficients, the projected product is determinable from first 
principles; we have 

Grs=IF (EeE+ Hey + &Z)S=ErS x8+9rSYS+ GS 2s, 
that is, I TS = YrUsz, 


and similarly JG TS = UrXs- 
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In these formulae the vectors x, y, Z are not involved, except in so far as the 
coefficients and polar coefficients depend on them, but it is otherwise if the 
vectors r, s are given both by coefficients or both by polar coefficients. 


‘2. It follows from the distributive and commutative properties that the 
projected product ¥ (ex + nry + &Z) (&s¥ + sy + fz) of any two vectors r,s 
is given by 

rs = Lé&&g+ Myrynst+ N&x os 
+ P (nr&s+ &ns) + Q (Ss + Erbe) + B (Exe + avs); 


where 

L=§2, M=Sy, N=$v, P=Syz, Q=Szux, R= SFxy. 
The coefticients ZL, M, N, P, Q, R are called the fundamental magnitudes of 
the frame; in order to write ‘21 briefly in the form 


Irs = SyrVs; 
we put L=8", P=S8*= 8? 
and so on, and we observe that from 32°63 
hr | Le ere ae 

Ney ga a) md at 

| Q 4 2y Nv. 
a formula that we can abbreviate to 

J? =([[S]]. 


The projected product xr, which is the polar coefficient Ay, is the co- 
efficient of &, in ‘21; explicitly this coefficient is the linear function 


L& + Ror + Q&, 
denoted by S*y-; ne ef 


The polar coefficients of any vector are given in terms of the coefficients 
themselves by the formulae 


N=Sly, wp=S*y, v= S*y, 
‘3. In terms of their polar coefficients the vectors r, s take the forms 
AeX + pry + vrZ, As¥ + wsy + vgZ, and therefore 
ITS => TteNe + Mur ps a Nir vs 
+P (Urls sais Vy Ms) te Q (Vy Ag an Ars) ete R Orbs ar Urs), 


where L, M, N, P, Q, & are constants called the polar magnitudes of the frame 
xyz and given by ¥ = 
Li ER a — aE, 
and so on. To abbreviate °31 we write 
ee Sx, Pa S2, 
and so on, so that with v for QA, pu, v), ‘31 becomes 


f rs = Sur Ug. 
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The coefficients of gs, Ms, ¥g in ‘31 are S1u,, S?uz, S*uz, and these are the 
polar coefficients of r in the frame xyz, and therefore are the coefficients 
Ex, Nr» or: 

The coefficients of any vector are given in terms of the polar coefficients by 
th q q a 

e formulae Bashy “och laren 


‘4. Since either of the frames xyz, ¥¥Z is deducible from the other, the 
fundamental magnitudes of the frames are related. Either set of magnitudes 
can indeed be determined from the other; the explicit results are all de- 
rivable from the relation 

J (Urs)(VUtu) = F/rt f/su—SruF st 
which we have seen in 225-43 to hold between any four vectors, for this 
equality combines with 1:51 to give at once the typical equations 
PL=MN-P? J*P=QR-LP, 
PL=MN-P J?P=QR-TP. 

But results such as these are seldom used, the relation between the sets of 
magnitudes being applied as a rule in another form. If we substitute for X, 
p, v from ‘28 in 85 we have Sioa 

E= SSE + S18? + S18°F, 

n= S29:£ + S2S2n + 8282¢, 

C= SSE + S382q + S288, 
where, in agreement with 25-62 and 25:44, S'S/ denotes S#,S¥ + 8287 + §# 9%, 
and since the formulae in ‘44 are true for any vector whatever, they are 
identities; hence 

The value of the sum S'S! ts unity or zero according as 1 and j coincide or 
differ. 

On the assumption that J? is not zero, the relation asserted by ‘46 between 
the two sets of magnitudes is algebraically equivalent to the relation deduced 
from ‘41, for on the one hand ‘46 can be verified from ‘42 or ‘43, and on the 
other hand ‘46 by giving the values of the three expressions S#S!, 8482, 84S? 
provides three linear equations of which one is not homogeneous for the de- 
termination of 8S“, S®, S® as functions of L, M, N, P, Q, RB. 

The substance of the last paragraph can be regarded in the light of pure 
algebra. The sets of coefficients &, 7, € and A, w, v are two sets of variables, 
related linearly to each other; one set of formulae of transformation is given 
in ‘28, and the set given in ‘35 is the reciprocal set. If we lay no stress on 
this aspect, it is not only because we are concerned primarily with geometry, 
but also because the work as it presents itself to us involves a restriction of 
symmetry and a restriction in the number of variables : to pursue an algebraical 
investigation in which these restrictions are irrelevant without abandoning 
them would be only less undesirable than to enter here on a discussion of the 
elements of the general theory of linear substitutions. 
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943. THE EVALUATION OF VECTOR PRODUCTS AND OF SPATIAL PRODUCTS. 


‘1. We have seen that the vector products U yz, V zx, U xy are J, Jy, Jz, 
and that the vector products Y yz, UV zx, V xy are J "x, Jy, J—z; we deduce 
the equations 

Y (Ex + nry + &Z) (Ex + sy + Sz) 
= J (nr bs— Sens) E+S (Sis — Eos) ¥ +S (Exns— nx Es) Z, 
DV (Ae ¥ + peY + vrZ) (Ask + sy + YsZ) 
= J (rg — Vr fg) K+ J (ve Ag — Ars) VY + J (Arbus — rs) Z: 
In the vector frame xyz, the vector product of the vectors r,s has the coefficients 
J (Urvg—Vrps), J (veAs—Axvs), J (Arts — MrAs); 
and the polar coefficients 


J (nr os = fr Ns); J (br &s a Er 5), J (Erns— nx Es). 
-2. We can infer the theorem that 


For any three vectors q, r, 8 the spatial product is given with reference to a 
vector frame by 
J ars=JS [Nas Xr; Xs] =J*[va3 vr; vs], 
from ‘13 and 225-21, but it is more interesting to remark that 
J.J ars =[vq; ur; us] 
is a version of 32°63, and that if we regard the coefficients of q, r,s as pro- 
jected products in the polar frame, then 


J.J ax8=[Xqs xe; Xs] 
is another version of the same theorem. The distributive property of the 
spatial product also leads to 


J ars =J [Xq3 Xr 5 xs] 
if the coefficients of the vectors are taken to have their primary meaning. 


*3. Algebraical identities can be derived from ‘13 as from 32°35 in 32°8. 
But in geometry it is usually easier to appeal directly to the vectorial relations 
which such identities represent than to use the identities themselves. 


344. VECTOR FRAMES IN A PLANE. 


‘1. The theory of a vector frame in a plane agrees in its main lines with 
the theory of a frame of the same kind in space, but at one point there is a 
divergent track due to the countersymmetry of the prepared plane. 

A plane vector frame is formed of two vectors x, y which are not parallel, 
taken in a definite order; the areal product .4 xy, which is not zero, we denote 
by Cand call the °areal magnitude of the frame. 
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The vector r can be expressed as &x+nry, and &, nr are called the 
coefficients of r, while /xr, Syr are called the polar coefficients and denoted 
by IN [lira 
‘2. The polar frame xy is defined by the equations 
§ Y= IS xy = 0, 21 
§xx=JSyy =1, 22 
exactly as in three-dimensional work, and again these equations lead to 
fst ate J It = jr, 23 
and being symmetrical in the two sets of vectors imply also 
r=x/xur+y/yr: 24 
The polar coefficients of a vector in one frame are the coefficients in the polar +25 
Srame. 


The vectors X, y, having the pairs of directions at right angles to y, x, are 
multiples of the vectors é y, é x obtained by erecting y, x, and it follows from 
the identities 

§(6y)x=—- Ary, S(Ex)y= Ary, 

cases of 222714, that 6y=—Cx, 6x=Cy: 26 

The frame polar to xy is formed by —C2 €y and C7 &x. 27 

The relation between the areal constants of a frame and its polar is given 
most directly by 222°25, for 

A xy AxY =I REI VY —-S KY S yk 
reduces on account of ‘21 and ‘22 to 
CO=1: 28 

The areal magnitude of the polar of a frame is the oe of the areal 29 

magmtude of the frame. 


The same result comes if ‘26 is applied to the polar frame, for then 


éy =—Cx 
and therefore 6x = — 00x, 
a relation that must be reconciled with the universal relation 
6*r=-—Yr. 
‘3. Since r= &x+7ry, 
the erected vector Gr is given by 
6r=& 6x+7r GY, 32 
and therefore by 6r=C(&Y— nrk); 33 
hence SG (Er)s=C (ke F YS — nr SF KS), 


that 18, A rs = C (Een — Yr Ex). 35 


36 


37 


“64 
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This formula, expressed in terms of the polar frame, becomes 
A rs = C7 (Az bs — brs); 
which multiplied by C is simply a version of 222°25: 
The areal product of the vectors r,s is gwen by 


Avs = CO (Ens — ne Es) = C7 (Aris — re)» 


‘4, For work in a plane we write 
HE=§xX, F=Sxy, G=Sy’, 
RGR, Ti ERY, WG ay, 
and we see that because the projected product is distributive 
Jf rs = bees + F (Eens + nr &s) + Gyr, 
§ 18 = Erydg t+ F (Aris t+ Meds) + Gur ps. 
To express these formulae briefly, we write 
Heo = 52 Sh Gs 
B-5, Pae=59, G=5%, 
x=), v=Q-) 
so that J 18 = S\¥eVe = Suris; 
to which we may add I TS = Yr Us = UrXs- 
‘5. The relations between & » and X, w for any vector take symbolically the 
same form as the corresponding relations in space: on the one hand 
A=Sty, p= Sty, 
and on the other hand E= Stu, “qieiS?v, 
Explicitly, N= HE+ Fn, w= FE+ Gn, 
F=Hrv+ Fu, n= Prt Gu. 
‘6. The relations between the polar magnitudes Z, F, G and the fundamental 
magnitudes #, #’, G may be found explicitly by applications of the identity 
I (6v) (Es) = Frs, 
which gives OH=G, OF=—-F, (G=E, 
@CE=G, OF=-F @G=H#. 
But, again as in the case of frames in space, the valuable identities are not 
these, but simpler relations which come from the identities 
E=H18'F+4 8182, n= S2S1E+ S2S2n, 
where now S‘S/ denotes S"S¥+S28%; from 64 we have a theorem expressed 
by the enunciation of 2°46, with the present interpretation of the symbols, 


345 VECTOR FRAMES it 


but it is not a laborious matter* to write out all the identities implied : 
they are 


EE+FF=1, EF+FG=0, PE+GF=0, FPF+GG=1. 
It is not C itself but C? which enters into °62, and C? is given in terms of 
£, F, G by the identity 
(Axyy~=IX Sy —(S xy), 
which is a particular case of 222-25 and implies 
C= KG —F; 
the correlative formula 0? = EG-F? 


does not need independent proof. 


345. ATTACHED FRAMES AND THEIR USE. 


‘1. The processes described in the last chapter for the location of points 
and planes, rays and rotors, by means of a Cartesian frame OX YZ, are essen- 
tially definitions of vectors which relate the entities in question to the one 
point O; the vectors having been defined, the subsequent use of the frame 
OX YZ in their specification is merely one way of discussing their interrela- 
tions. It follows that to use a vector frame xyz for similar work we have only 
to associate with the frame a definite origin of reference O. Then, for example, 
a prepared plane is located by the direction normal to the plane together with 
the length in that direction of the normal step to O from the plane; the 
direction can be treated as a unit vector, and the length as the amount of a 
given vector in a given direction. 

The frame xyz attached to an_origin O we denote by Oxyz. There is no 
reason why the coefficients and polar coefficients of the vector of a step OR 
should not be called the coordinates and projections of R in the vector frame. 

Attached frames may be used in a plane as well as in space; there are no 
special features that call for comment. 


‘2. The vectorial equations of planes and lines involve only the origin of 
reference and are the same whether a vector frame or a Cartesian frame is 
being used, but in the algebraic equations which replace these vectorial 
equations the variables naturally are numbers appropriate to the frame in use. 
With a Cartesian frame the variables associated with a variable point £ are 
coordinates or projections of &; with an attached vector frame Oxyz they are 
coefficients or polar coefficients of the vector of OR, 


* In the branch of differential geometry which is the developed subject to which this 
article is most nearly allied, it has not been usual to introduce symbols for the magnitudes 
E, F,G; I am convinced that the presentation of the subject has suffered not a little from 
the omission. 
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In the matter of algebra the change is slight. If the vectors x, y, z are 
vectors of amounts U, V, Win the directions of the axes of a Cartesian frame 
OX YZ, then 

r= &X+ ry + Or Z= UE 1z + Varly+ WG, 
and therefore p= Uke, Yr=Vor, 22> Wee, 
while on the other hand 
§xr=US riz, Gyr=VFrly, § z= WF rl,z, 


and therefore Ar = Ule, fe = Vins, te = Wrz. 


*3. The modifications of 34:31 and 36°51 are obvious, and can be made 
either by means of ‘22 and ‘24 or from the vectorial equations. 

In place of the equations in 34°31 appear - 

Un X as Ny, Xnvu maa N, 
and conversely every linear relation between the coordinates of a point in a 
vector frame corresponds to a definite plane, and so does every linear relation 
between the projections. 

In a vector frame a line (k, K) has six coordinates, &, x, &%, =x, Hi, Ze, 
the coefficients of k and K, and six projections Ax, we, ve, Az, Mz, Nz, the 
polar coefficients of the same vectors; the specification is homogeneous, and 
the coordinates and projections are connected by the identity 

Xv=Ty = 0, 
where Xe (2; H; Z), T= CA, MN). 
Equations of the line, that is, of particular planes through the line, are given 
with reference to the vector frame simply by translation of their vectorial 
forms; thus, since every vector r from O to a point on the line satisfies 
YU rk = K, 
it follows from 3:13 that every point on the line satisfies 


J (Se — Enn) = Az; 


which is the equation of a plane parallel to x, and also 
J (vy — vex) = Ep, 
which is the equation of a plane parallel to . 


346. ATTACHED FRAMES AND CARTESIAN FRAMES; LOADED 
CARTESIAN FRAMES. 


‘1. The Cartesian frame OX YZ can be compared with the vector frame 
Olz1y1z, the components a, y,z and the projections /, m,n of a vector in the 
Cartesian frame being the coefficients & , € and the polar coefficients A, p, v 
of the same vector in the vector frame. In this way many results in-the 
previous two chapters can be deduced as particular cases of the corresponding 


346 . VECTOR FRAMES 173 


theorems in the present chapter. But the deduction fails if there is explicit 
mention of the polar frame, for the polar of the vector frame lz1ly1, is formed 
of the vectors (sec ZA),, (sec HM), (sec ZN), and in general these are not 
unit vectors, and the vector frame which they compose does not correspond to 
the frame OLMN which is the polar of OX YZ; in fact the polar coefficients 
r, mw, v of a vector rin lzlylz are the projections 1, m, n of rin OXYZ, and 
these are not the components of r in OLMN. In defining the polar of a 
vector frame we have taken advantage of the possibility of choosing the 
magnitudes of the polar vectors to secure a simplicity more complete than is 


attainable with the Cartesian frame, where only the directions of the polar are 
at our command. 


2. Instead of deducing Cartesian formulae from vectorial, we can describe 
what is effectively a vector frame attached to a point O by means of a Car- 
tesian frame in such a manner that the vectors themselves are thrown into 
the background. Suppose U, V, W to be three numbers, subject to the con- 
dition that no one of them is zero but unrestricted in sign, let X, Y, Z be the 
points at unit distance from O on the axes of a Cartesian frame OX YZ, and 
let F, G, H be the points on the same axes at distances U, V, W from 0. 
The Cartesian coordinates a, y, z of a point R are the ratios of the volumes 
ORYZ, OXRZ, OXYR to the volume OXYZ, but the position of R is de- 
scribed equally well by the ratios of the volumes ORGH, OFRH, OFGR to 
the volume OF GH; the latter ratios we call the °adapted coordinates of R in 
the frame obtained by °loading OX YZ with the set of numbers U, V, W, and 
we denote these adapted coordinates by &, , ¢ From the equalities such as 

ORGH/OFGH = ORYZ/OFYZ =(ORYZ/OX YZ)/(OF/0X) 
we have the relations between the adapted and the Cartesian coordinates: 


E=2/U, n=y/V, C=2/W. 


‘3. The ratios of a direction and the components of a vector are adapted to 
a loaded frame in the same way as the coordinates of a point. The set of 
formulae giving projections J, m,n in terms of adapted components €, y, ¢ is 
found by the substitution of UE, Vn, W¢ for a, y, z in 24°33 and is 


l= UE+ Vncosy+ WEcos B, 
m = UEcosy+ Vn + WEcosa, 
n= UEcosB+ Vn cosat WE; 


this set lacks the symmetry of the set from which it has been derived, the 
coefficient W cosa of ¢ in m differing from the coefficient Vcos a of » in n, 
but symmetry is at once restored if we take the equations in the form 


UlL=EU*? + UV cosy + GWU cos B, 
Vin = EUV cosy +V?2+ EV W cosa, 
Wn= EWU cosB+VW cosa+ CW? 
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We write therefore A= UY p= Vem, w=, 
L=U2, M=V2, N=W?, P=VWeosa, Q=WUcos8, R=UV cosy, 
and we have X, p, v, the °adapted projections of a point or vector, or the 
adapted cosines of a direction, given in terms of adapted coordinates, com- 
ponents, or ratios, by the symmetrical set of formulae 

N= LE+ Rn + QS w= RE+Mnt+ PE, y= QE+Pn+ NE, 
which leads necessarily to a symmetrical set 

£=DT04+ Rut+Qy, n=RAt+ Mest Pr, €=Q.4+ Put Nv 
expressing £, 7, € as functions of d, w, v. That the use of UI, Vm, Wn is the 
natural complement to the use of x/U, y/V, z/W is seen otherwise if we aim 
at presenting the cosine of angles between two directions II, K in a form 
Anék +n +n analogous to the elementary form [ya + myx + MnZK.- 
Expressions for the coefficients in *35 in terms of U, V, W and frame angles 
are found by a comparison of ‘36 with 24°84; writing UE for #, X/U for J, and 
so on, and putting also 


J=TUV YH, 
we have from 24°34 three formulae of the type 
E=rAJ? V2 W? sin? at pd W cot l+vJ~ V cot B, 
and therefore L=J-V?W?sinta, P=J—~UcotA. 

‘4. The polar of the loaded frame with which we are dealing is of course 
to be a frame obtained by loading the polar of the Cartesian frame OX YZ, 
but the numbers U, V, W to be associated with this polar are at our disposal, 
to be selected in the manner which, while retaining the symmetry of the rela- 
tion between a frame and its polar, leads to the simplest relations between 
adapted components in one frame and adapted projections in the other. 
Whatever numbers are chosen, we have from 24°23 


X¥=EUU cosBA, ~=nVVcosHM, v=fWWeoosZNn, 

A=EUU cosBA, w=HVVcosHM, v=fWWeosZN; 
if then we define the polar amounts to satisfy 

UU cos ZA = VV cos HM = WW cos ZN = 1, 
a definition that is always valid since none of the cosines can vanish, we 
secure all the symmetry and simplicity we can wish. Explicitly, 
U=(T sina)/U, V=(Tsin8)/V, W=(Tsin y)/W, 

and with these polar amounts 


Lhe adapted components of any vector in a loaded frame are the adapted 
projections of the same vector in the polar frame. 


It follows from °45 and ‘33 that the coefficients in ‘36 are given by 
L=U?, P=VWoosA, 


and so on, and it is an easy matter to return from ‘44 and ‘46 to ‘39. 
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‘5. The vector frame attached to an origin marks the limit of our work. 
Let us consider for a moment the extensions which are most evident. 

A vector attached to a point gives place readily to a rotor located in a 
definite line through the point, and if in the same way a vector frame attached 
to O can be regarded as a frame composed of three rotors concurrent in 0, 
there is an immediate extension to a frame composed of three rotors that are 
not assumed to be concurrent. It is true that in general a rotor p can be 
specified completely by its relutions to three given rotors: the vector r of the 
rotor can be expressed in terms of the vectors of the given rotors, and the 
axis is determinate if the momental product of p and each of the rotors of 
reference is known. But it is not possible to express an arbitrary rotor as a 
sum of multiples of three standard rotors, however these rotors are chosen ; 
indeed, if we are to construct a rotor frame to deal with rotors by decomposing 
them we must have not fewer* than six rotors of reference. If we can decom- 
pose any rotor we can decompose any + motor, since we can then resolve the 
constituents of any set of rotors, and if the unit of our work is the motor we 
shall construct our frame of motors rather than of rotors. The ultimate frame 
for analysis in which motors play the leading part is composed then of six 
motors, unrestricted except by the condition that they are independent, and 
between the attached vector frame and the general motor frame the only 
frame deserving of detailed study is a frame bearing to the motor frame the 
same relation as that of the Cartesian frame to the attached vector frame ; 
thist is the frame formed of six screws of arbitrary axis and pitch, and its use 
is developed exhaustively in Ball’s classical work. 

The conception of a loaded Cartesian frame is a timorous one, from which 
the formulae fundamental in the theory of a vector frame are reached by 
steps that are tentative. Nevertheless, the weaker§ idea is not without value. 


* The theorem is virtually Mobius’s. If the rotors of reference, specified with the help 
of an origin O, are (p,, Py), (pz, Pz), ..., the problem of decomposing the rotor (r, R) is 
equivalent to that of finding a single set of numbers a, a, ... such that 


L=NPit%Pet..., R=4Pi+a,P2+.... 


There are six scalar equations, and the problem may be expected to be insoluble unless 
there are six variables, implying six rotors of reference. In the problem of utilising an 
attached vector frame, the equations are of the form 


L=M%Pit+ap,+.... R=Aypit+A2Prt..., 


and the six variables imply only three vectors of reference. This simple enumeration 
renders the result intelligible, but of course does not afford a proof. 

+ This is why five rotors can not form a frame adequate for the decomposition even of 
pure rotors, although a rotor requires only five magnitudes to characterise it; a motor 
involves six independent numbers. 

+ Compare 246°4 on p. 86 above. 

§ Weaker because in complex space there are attached vector frames that have no 
loaded Cartesian counterparts. 
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The loaded frame can be introduced with effect into analytical work from 
which the explicit mention of vectors is excluded: here is a concession to 
prejudice, for vectors and rotors are not less native to the realms of geometry 
than are circles and planes. A stronger case for the consideration of this 
frame rests on its relative finality; it is difficult to see how in three dimen- 
sions the idea of a Cartesian frame is to be modified further, unless there is 
some sense in which the origin as well as the axes can be loaded. But it is 
impossible to conjecture the value of motor frames in geometry, and if we are 
to pause at the attached vector frame, it is satisfactory to recognise that there 
is one aspect in which this frame does not admit of generalisation. 
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CHAPTER III 5 
CHANGE OF AXES 


350. Introduction. 351. Ratio schemes and cosine schemes. 352. Effects of a change 
of axes on the components and projections of a vector. 353. Relations between the schemes 
of a transformation. 354. Change of axes in a plane. 355. Change of vector frames. 
356. Change of origin ; effects of a change on the vectors used to specify points and rotors. 


350. INTRODUCTION. 


The method adopted in 36:2 and 37-4 for finding elements to specify a 
required ray or point with reference to a frame OX YZ, is virtually the dis- 
covery of corresponding elements with reference to another frame, followed 
by a passage from this frame to OX YZ; in 36:2 the subsidiary frame was the 
Cartesian frame formed by the rays through O parallel to «, o, 7, in 37°4 it 
was the attached vector frame that we should now denote by Opst. 

Again and again this feature presents itself in analytical geometry: there 
is no effort to describe all the points which have to be considered in a single 
investigation by means of a single frame, but at every stage reference is made 
to the frame which appears best adapted for immediate use. The process in 
the paragraphs quoted is entirely characteristic, and as it was possible for us 
to use it without having explicit ‘formulae of transformation’ at hand, so asa 
rule no reference should be made to general formulae, but reliance should be 
placed in individual cases on the methods, obvious in themselves, by which 
such formulae are obtainable. If after this assertion we proceed to obtain 
general formulae, the reason is that this course seems the simplest along which 
to indicate the methods themselves. 


351. RATIO SCHEMES AND COSINE SCHEMES. 


1. Let OXYZ, O°X*Y°Z he any two Cartesian frames, and let us dis- 
tinguish all symbols relating to the second frame by the affix indicated; thus 
we are to denote by T the sine of the first frame, by @° the component symbol 
of the second frame, by & the ray OX, and by yr, my the second component 
of a vector r with reference to the first frame and the second projection of 
the same vector with reference to the second frame, while n,», n°,» denote the 
cosines of the angles between the y-axis of the second frame and the z-axes of 
the two frames,—the second of these cosines is expressible otherwise as cos a’, 
but the first depends on the relations between the two frames. 

N. 12 


23, 24 


25, 26 


SL 


“21 


22 


178 CARTESIAN AXES AND VECTOR FRAMES 351 


‘2. If a frame is used for the identification of vectors only, the position of 
the origin is irrelevant. It is therefore worth while to consider in detail the 
manner of describing the relations between the directions of the axes, before 
discussing questions that involve the origin. 

The directions of £°, n°, £° with respect to OX YZ may be given either by 
ratios or by cosines, the complete specification being expressed in a scheme or 
matrix of one of the forms 


2 L- mm % 

X°| op YR  2g0 X°| Lio me Neo 

Y*| 2 Yo 240 Yih bg Mapa “atep 

Z| Heo Yoo go Z| leo Meo Neo 

while a similar scheme of one of the forms 

> wapy 72° i mn 

X.| ae ays 2% X| Ms m ns 

Y\ eo, Yr 2 Vales ate aa 

Ly Cale Z\ Pe ms. ne 


expresses the directions of axes of OX YZ with reference to O.X°Y°Z. In 
general no two of these schemes are identical, but there are intimate relations 
between the four of them. 


352. EFFECTS OF A CHANGE OF AXES ON THE COMPONENTS 
AND PROJECTIONS OF A VECTOR. 


‘1. The most important question, and perhaps also the simplest to answer, 
concerns the relation between the components and projections of a vector r 
relative to OX YZ and the components and projections of the same vector 
relative to O.X*Y°Z*. To abbreviate the formulae that occur we write 


x= C& 0, ©. 


‘2. By the definition of components, r is the sum of the vector ay in &, the 
vector Yr in y, and the vector zy in & and to obtain ay, yr, 2°» we have only 
to decompose the same vector into vectors in &°, n°, €°; supposing the elements 
of the ratio scheme 1°25 known, we can express a unit vector in E as the sum 
of a%, %, 2°¢ in &, °, €°, and we can dissect in the same way unit vectors in 
m, €; there follows then the set of formulae 

Dy = ye + Yeh, + Zp X¢, 
Pr = Lr yet Yry’, + eye, 
2p = Ue + Yen + Se, 
that is, 


ni) Ral Veo 0 hs 
ap =Cr®., Yr =Cryy, 


The constitution of the formulae is perhaps clearer in umbral notation than 
when the expressions are written in full. 


Nig ges 0 
Bes Cr2,. 
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If it is the ratio scheme 1:23 that is supposed known, we have in the same 


wa a) —_ 
uf e=Or@, Yr=CrYy, 2 =Cr%,o, 


and because this set of equations giving ay, Yr, Zr in terms of 2,, yr, 2°y is 
equivalent to the set ‘22 which gives ap, yr, 2y explicitly in terms of 
Lz, Yr, Zz, the set of coefficients occurring in one of the sets of equations is said 
to be the reciprocal of the set of coefficients occurring in the other set of 
equations, and the scheme composed of one set of ratios is called the ° reciprocal 
of the scheme composed of the other set. 

If knowing the elements of the scheme 1:23 we wish to determine 
De, Yr, 2° In terms of wy, Yr, Zr, We may reverse the set of equations ‘23 
algebraically, obtaining * 

De: Ye: Pei 1 = [ex 56,95 Ceo] : [ego 5 Ce 3 Ceo] : [Cz0 5 C05 Ce]: [Cz0 5 C0 3 Coo]. 
The significance of 26 is apparent from 23°55 and 32°43: 4T [cr3 ¢,03 Co] 


and $7 [cg ;c,0;¢¢o] are the actual volumes, calculated by means of the frame 
OX YZ, of two tetrahedra whose volumes have the ratio of xy to unity. 


‘3. The last consideration shews immediately that if it is the cosine scheme 
1:24 that is given, then 


Oe Y's: tet 1 = [pes py s Pool: [pes pes pool: [pes pis Pe]: [Pes Poo s Pool, 
for by 32°43 the volumes of the same two tetrahedra are expressible also as 
ET [Pes Pro 3 Peo] and §T [poo ; Py; por]. 


* Not all text-books give the simplest method of effecting such a reversal. To find yy, 
for example, it is sufficient to regard the equations as three equations, linear and not homo- 
geneous, in the two variables 7, y°,; the condition of coexistence is the determinantal 
equation 

[ego ; JY x,0 — Cp ; Ceo] =0, 
in which no confusion of signs is possible. Similarly to find from the set of equations -23 
the value in terms of Zp, 7p, % of a given linear function fv,+gy°,+h2,—k, we merely 
add to the given set the equation 

Pth=farptgyet hey, 
where it is the value of p that we have to find; eliminating from the four equations the 
three variables 1°,, 7°, 2, we have the equation 


ptk f g hk |=0, 
Ty Up Ly Boo 
Yr Yo Yo Yoo 
ep 20 40 0 | 
which gives p without risk of error in the form 
-| & h 
fg By Uy Leo |. 


Ly Xx Xo Leo 
Yer Yo Yo Yeo 


ae 2 0 40 
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26 
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Just as *26 comes from the reversal of ‘23, so ‘31 is equivalent to 
lp=Cpl.o, Mr=C'rMyo, Ne = OPN, 
and these formulae can in fact be deduced by an argument parallel to that 
giving 21: r being decomposed into £"y, °r, £% along the axes of Oo X2y eZ, 
the projections of r and its parts on OY for example are 
Me, @yrmye, YxrM», "Meo. 
Regarding /y, mr, rx as projections of r, we may calculate them from the frame 
OX yey by any of the formulae in 32°21; thus we have 
= Pores = Cy p's= preor= =f 7 ep" re 
To pass from components in one frame to components in another when it is 
a cosine scheme that is given, it is best to use projections, implicitly if not 
explicitly, as stepping stones. Thus we may use 32°14 to replace ‘32 by 
@cr=Crlo, Per=c'rmy, @cr=crny, 
or we may take from ‘3 
Ue =[Cce; Pos Peol/l Pe 3 Par s Peo]; 
and so on, where @ serves as an umbra for (@!, @, G*), that is to say, where 


Clr = oO Cr, G' Cr, G' cr ). 


353. RELATIONS BETWEEN THE SCHEMES OF A TRANSFORMATION. 


‘1. Since no restriction has been placed on the vector r whose relations to 
the two frames have been considered, the formula 


y= Cp p's 
which is part of 2°33 can be nothing but 
ly =c'zl,o 
which appears in 2°32, and therefore 
Pe=lp, mz=l», n= Igo. 
These relations between the two cosine schemes are perfectly straightforward, 
concealed only by our notation; by definition, the elements of the first column 


of 1:24 are the cosines of angles between OX and the three axes of the second 
frame, and the elements of the first row of 1:26 are these same cosines: 


Lhe two cosine schemes connecting two Cartesian frames are composed of the 
same elements, but the rows of each scheme are the columns of the other. 


‘2. The relation between the two ratio schemes is not as elementary as that 
between the two cosine schemes. Generally speaking, the two ratio schemes 
have no elements in common. 

The whole theory is implicit in the assertion that the two sets of equations 
2°22, 223, regarded as connecting the two sets of variables (tr, Yr, Zr), 
(2s, yr, 2°y), are algebraically equivalent. This consideration alone, for example, 
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shews that the elements of one ratio scheme can be deduced from those of the 
other without any knowledge of the angles of either frame. Explicit results 
are ready to hand, for we need only compare 2'22 with 2:26 to find the typical 
formulae 


Wer ye: 2:1 = (Yyoego— ZpYeo) : (Yeoego — ZeoYer) : (YgoZqo — Seo¥yo) + [Cz0 5 C,0 3 go]. 

But the simplest and for many purposes the most useful relations between 
elements of the two schemes are not relations expressing elements of one 
scheme in terms of elements of the other, but are relations involving three 
elements from each scheme; if in the equations of the set 2:22 we substitute 
for ar, Yr, 2y their values given in 2°23 we have 

Dy = Uy (LeU + You, + ZpoX"e) 
+ Ye (Hg + Yn Dry + Zq0 ¥%¢) 
+ 2, (ago De+ Yooe”, + Zeo Xe), 
and similar expressions for yy, 2s, and since 2s, y’r, 2°, are independent, these 
are only the cdentities 
p= Oy, Yr=yr, r= 2r; 

in the same way substitution from 2°22 in 2:23 gives expressions equivalent 
to the identities 

tyr, Yr=Yr, 2=2r; 
eighteen distinct relations between the elements of the ratio schemes can be 
deduced, but they are all comprised in the statement that 

If each element of any one row of one of the mutually reciprocal ratio schemes 
relating the directions of the axes of two frames is multiplied by the corresponding 
element of any column of the other of the two schemes, and the three products 
are added, the result is wmty if the row and the column correspond but vs other- 
wise zero. 

We can express the results of ‘24 in umbral notation, the typical set of 
formulae apparent from ‘23 being 

Czxo0, = 1 CX, = 0, Coon", = (0). 

The identities implied in ‘24 involve ali the relations between the elements 
of the two ratio schemes which are independent of the angles of the frames; 
for example, the three identities 

Cpe, =1, coy, =0, co2°,=0 
can be solved as simultaneous equations for expressing 7, yz, Zg In terms of 
the elements of the first ratio scheme, and the three identities ‘25 as simul- 
taneous equations for expressing 2*:, x°,, 2°, in terms of elements of the second 
ratio scheme; each element of one scheme may in fact be found in this way 
from two distinct sets of equations, but the two solutions give expressions 
which are identical and not merely equivalent. 


23 


24 


25 


"26 


gi ¢! 


“11, 12 


13, 14 
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_ 


‘8. That -26 has the same form as 2°22 is of course no coincidence; from 
one point of view, ‘°26 merely makes for one special vector the assertion that 
2:22 makes for every vector. It must not be forgotten that the elements of 


ratio schemes and cosine schemes are actual ratios and cosines of directions. 
For this reason, for example, 32°26, 32°22 can be applied to give 
¥ Cs = Paces = F ps? = if 
E CyoCge = PyvCgo = Cyopeo = Ff PyPgo = COS a", H 
and for this reason also 32°52 implies that the determinant of each cosine 
scheme is the product of the sines of the two frames, and that the determinant 


of the scheme describing the direction ratios of O°X'¥*Z with reference to 
OX YZ is T/F. 


354. CHANGE OF AXES IN A PLANE. 


‘1. Of change of axes in two dimensions in cases which have parallels in 
the three-dimensional problems already considered we say nothing, but the 
description of directions by means of actual angles, as in 31°3, presents the 
question in a simple manner peculiar to plane geometry, for with the obvious 
notation we have for any vector r 

@=Artae, Sr=S8s+8,. 

While the whole theory is implicit in ‘11, these formulae are not specially 
adapted to serve us here. They deserve mention rather for the light which 
they throw on the theory of moving axes in a plane, which is beyond the scope 
of this volume. 


355. CHANGE OF VECTOR FRAMES. 


The problem of changing from one vector frame to another need engage 
our attention only for a short space, for we did in effect transform the same 
problem for Cartesian frames into a special case of the present one. 


‘1. The relation between two frames xyz, x°y*z’ is supposed defined either 
by one of the schemes 


x Uys x’ <y*. = 
SE me & x Foo & 
Yo Ee mp & y & my SY 
Ziep ne & z|2%  &, 


which state the coefficients of the elements of one frame in the other frame 
or by one of the schemes 


ek GN ee ieee a he 
=| Aa es EM we vy 
yooAy fy vy Yi ry py ry 


a Zw. wz Wy 
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which give polar coefficients, and we find it convenient to denote the first two 
of these schemes by X (f°/f), X (£/£"), and the last two by T (f/f), T (£/£°), where 
X, T are suggested by y, v. 

Since each element of a polar scheme is the projected product of the vectors 
which determine its position in the scheme, v°y for example denoting 4 yz", 
the two polar schemes T (f/f), T (£/f°) are formed of the same nine elements, 
the rows of one scheme being the columns of the other; we describe the 
relation between the schemes by saying that each is obtained by transposing 
the other, and we write 


T f/f) = HIT), TE) =H 0 P/E), 

The relation between the schemes X (f°/f), X (£/f°) is the same as the 
relation between the schemes of ratios in the earlier work: the equations 
defining x’, y°, z’ in terms of x, y, z are algebraically equivalent to the equa- 


tions defining x, y, z in terms of x°, y’, z°, and we say that each of the schemes 
X (f/f), X (£/f°) is the reciprocal of the other, writing 
X (f/f) = f{X (AE), X (HP) = F(X (Pf). 

‘2. Given the relation between xyz and x°y*z°, the relation between either 
of the frames xyz, xyz and either of the frames x’y°z’, X°y°Z is implicitly 
determined, and the object of the notation of the last paragraph is to enable 
us to express this relation briefly in the three cases. The fundamental relation 
by means of which we pass from a frame to its polar is 

X (/F) = (P/f), 
which is merely a version of 41:43, adapted to frames; since the relation of 
xyz to xyZ is symmetrical, ‘21 implies 
T (f/f) =X (£°/£). 
Combining ‘22 and ‘21 with ‘19 and -17, we have 
T (f/f) = X (f/f) = F(T (£/P)} = SHAT (F/£)}, 
X (f/f) =T (f/f) = Z (X (£/P)} =H LX (F/£)}. 

It will be observed that in double changes of the special kinds that occur 

here the order of transformation does not matter: it makes no difference 


whether we interchange rows and columns before or after constructing the 
reciprocal scheme; symbolically, 


Si = UJ. 


‘3. To evaluate the magnitudes connected with a frame x’y*z® by means of 
a frame xyz to which x°y°z’ is related we have only to bear in mind intrinsic 
interpretations of these magnitudes. Because J° is the spatial product 
J © yz, we have from 43°21 


P= J [yx >Xy°> Xz] = J [vx0 3» Vy; vz |, 


‘17 


"19 


21 


22 


23 
"24 


31 


32 
33 


“41 


“42 


"43 


“44 
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and because L’, P° are the projected products F(x", ¥ y"z", we have from 42°23 
LD? =Syx°, P* = SxyoxXz, 


and from 42°34 Do = Sux, 0 = Suyovz. | 
To write down the polar magnitudes of x’y°z’ we appeal to ‘24, for the 
roaun X (P/F) = # (X P)} 


is equivalent to the set of relations 

B= S584 SyV t+ &4z, Y=nakt+ y'yV + xe, B= O's + Oy + O27, 
and implies D=S8 (Ce), P?=S0%eh"s, 
and so on, and also DP =JS [E53 03 Ss], 
which being identical with = _ 
PHS [x5 X's Xa] 
is equivalent to J=S [yx 5 X95 Xx], 
and restates a part of ‘31, reversing the réles of the two frames. The resem- 
blance between ‘35 and ‘82 is deceptive; it is somewhat of an accident that we 
can denote with so little trouble functions connected with the rows of the 
scheme # {X (f/f°)}, and for the rows of the scheme -¥/ {T (f/f°)}, which would 
occur in formulae analogous to 38, we have no notation ready. 


*4. The formulae connecting the coefficients of any vector r in xyz with 

the coefficients of the same vector in x°y°z° depend simply on the identity 
Vr f = Xrf, 

or on the interpretation of the coefficients as ratios of spatial products. Since 
polar coefficients are coefficients in a polar frame, a single set of formulae 
combines with the transformations of °2 to give the results in every case 
required, but we can deal directly with polar coefficients by treating them as 
projected products. To read &,, n°, &: from ‘41 as coefficients of x°, y®, z°, we 
must be able to express each of the vectors x, y, z in terms of the vectors 
x’, y’, 2°, that is to say, we must know the scheme X (f/f); we have then 


X=Y'xP, Y=y'yf, 2=7°cf", 
and so from ‘41 Xf = Fey ak? + nex yf + Sex nf? 
= yr b's® + y¥rn’sy? + Xr Fez: 
The coefficients of any vector in the frame xyz’ are given in terms of the 
coefficients of the same vector in the frame xyz by the formulae 
&, = Vr E's, ”'r = Vr7"s; Or Nr Os, 
where the coefficients in each expression are the elements of the corresponding 
column of the scheme X (£/f°). 
In Mr= UrX¥x, [r= Ur Xy, Ur = vy Xz 
we have merely versions of 42°13, but we can exhibit ‘44 as a deduction from 


‘43 by observing that if \°p, u°s, v°, are to be expressed in terms of Xz, br, Vr; 
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the coefficients come from the columns of X (£/F’), and therefore by -24 from 
the rows of X (f°/f). Reference to 42°12 or to the identity 


X (f/f) = #T (f°/£) 
gives us Mr=Xr’m, Mr=Xr’y, Ur=Yrvz, 
which can be written also as | 
My = Xr "s, r= Xr bs, Vy = Vr ve. 
There remains the expression of &p, "x, 6° in terms of Ag, fr, Vy, involving 
the elements of the scheme X (f/f°), which is J {T (£/f)}; we have 


Be = [ue 5 H"s5 v'¢|/[N5 ws v's], 
or in another form Ep = [Up j vyo j Uz0]/[ vax } vyo 3 Uzo |, 
and so on, a formula that can be deduced either from the nature of the scheme 
SF {V (£°/f)}, or by an algebraical reversal of -46 or 45 followed by an inter- 
change of the two frames xyz, x°y°z°, or from 43:21, which asserts that 
[ur ; Vy» 3 Vz] has the value J .7 ry°z°; reference to 43:21 gives in the same way 


Be = [Xe 3 X93 Xz0]/[X= 3 Xv 5 Xz], 
for direct use if X (£°/f) is known. 


356. CHANGE OF ORIGIN; EFFECTS OF A CHANGE ON THE 
VECTORS USED TO SPECIFY POINTS AND ROTORS. 


‘1. To describe the relation of one Cartesian frame to another or of one 
attached vector frame to another requires, in addition to a scheme relating the 
unattached frames in the one case or the directions of the axes in the other 
case, only a specification of the vector of the step from one origin to the other; 
this vector maybe given by its components or its projections in either of the 
Cartesian frames, or by its coefficients or its polar coefficients in either of the 
vector frames. As far as the frames are used only for the analysis of vectors, 
no change is produced by the attachment. 


*2. To see the effect of a change of axes on the specification of directions, 
points, and other concepts with which we have to deal, we have only to con- 
sider the intrinsic nature of the numbers used in the specification. 

The ratios and cosines of a direction are the components and projections of 
a vector which in itself is independent of the frame of reference, and the for- 
mulae of sections 2 and 5 of this chapter apply to this as to any other vector. 

The coordinates and projections of a point are the components and projections 
of a vector, but this vector depends on the origin of the frame. Formulae 
already given in this chapter connect the description of the vector of the step 
O’R by means of the frame 0°X°Y°% or O'x*y°z with the description of thas 
same vector by means of the frame OX YZ or Oxyz. But in the frames OX YZ 
and Oxyz it is the vector of the step OR, not the vector of the step O'R, that 


“45 
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48 
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is fundamental, and if we wish to pass from coordinates or projections of R 
relative to one frame to coordinates or projections relative to the other frame 
we must remember that the vector of OR is the sum of the vector of O°R and 
the vector of OO° 

A plane is described by means of a direction and a distance; the relations 
between the elements describing the direction with reference to one frame 
and the elements describing the same direction by means of another frame 
are such as we have been considering; the relation between the distances of 
0 and O° from the plane is given in terms of the position of O° relative to 
OX YZ or of O relative to O°X°Y*ZH by an application of 34°12. 

The vector of a rotor is intrinsic to the rotor, and calls for no discussion ; 
the momental components and momental projections of a rotor with respect 
to a frame are derived from the momental vector of the rotor about the origin 
of the frame; the formulae that connect the components and projections of 
the momental vector of a rotor about a point Q with respect to one frame 
with the components and projections of the momental vector about the same 
point Q with respect to another frame are in no particular affected by the 
nature of the vector, but the application of these formulae to the momental 
components and projections of the rotor with respect to the frame O°X°Y°Z° 
or 0°x°y°z° gives the components and projections with respect to OX YZ or 
Oxyz of the momental vector of the rotor about the point 0°; the momental 
components and projections of the rotor with respect to OXYZ and Oxyz 
depend on the momental vector about O, and an application of some propo- 
sition of the type of 35°31 is necessary if they are to be derived from the 
momental vector about O°. There is a method of deriving momental com- 
ponents and projections differing slightly from the method just indicated ; 
momental projections with respect to any Cartesian frame are moments of a 
rotor about the axes of the frame, and momental projections with respect to 
any attached vector frame are actual momental products; playing this part, 
momental projections relative to one frame can be calculated directly by 
means of 35°51 from specifications relative to another frame, and the passage 
from momental projections to momental components can then be made if 
necessary by means of the usual formulae connecting components in a frame 
with projections in the same frame. 

What has been said of a single rotor applies, mutatis mutandis, to a set of 
rotors and to a ray. The vector of a set of rotors is independent of the origin, 
as 1s the unit vector by which the direction of a ray is subjected to analysis. 
But the vector to which the momental components and projections belong is 
the momental vector about the origin, and suffers an intrinsic change, given 
by 241'39 or 235°24, if the origin moves from 0 to O. 
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CHAPTER 1V 1 


ALGEBRAIC VECSPACE 


410. Introduction. 411. The fundamental properties of a three-dimensional algebraic 
vector field ; triplets and inner products. 412. Projected products and fundamental magni- 
tudes ; spatial products and spatial directions; prepared vecspace; the polar of a frame. 
413. Veclines and vecplanes; perpendicularity. 414. Vector products. 415. Nul vectors; 
isotropic veclines and vecplanes. 


410. INTRODUCTION. 


The formulae of Chapter III 4 and article 355 suggest the means of con- 
structing an algebraic space whose properties depend only on those of real 
numbers. One outcome of this construction is to prove that the properties of 
geometrical space which are- reproduced in algebraic space are mutually con- 
sistent—in other words, that in the assumptions of Euclidean geometry there 
is no latent contradiction. Were this its whole effect, the formation of the 
algebraic space corresponding to the space of geometry would be the concern 
only of those philosophers who investigate the logical foundations of mathe- 
matics. But there are developments of another kind. A construction with 
real numbers is always a challenge to perform a corresponding construction 
with complex numbers, and there is in fact no stage in the construction of 
algebraic space at which a hypothesis as to the nature of the numbers used is 
necessary: it is no harder* to build an algebraic space that is complex than 
to build one that is real. Complex algebraic space as a whole does not in any 
sense correspond to the space with which we have been dealing hitherto, but 
just as the algebra of complex numbers is more uniform than the algebra of 
real numbers and gives invaluable help in the study of theorems relating to 
real numbers alone, so the space in which coordinates are complex is the space 
in which analysis can work most freely, and attracts mathematicians both for 
this reason and because many of its features imply properties of real algebraic 

* And of course no easier: to ‘let’ the coordinates be complex instead of real, while 
the axes are still vaguely supposed to be Cartesian, is an absurdity the acceptance of which 
should have disposed long ago of the claim that mathematics is a training in accuracy of 
thought, and yet writers as scrupulous as possible to face all analytical difficulties seem to 
admit complex points in this very way. ; 

Hamilton’s bivector, regarded as a pair of vectors (just as a complex number is a pair of 
real numbers), has no logical flaw, and there is a corresponding complex space of which the 
element is a pair of ordinary points, but the direct contemplation of the bivector and the 
point-pair seems to me to be a hindrance rather than a help in the technical task of framing 
definitions and constructions by which the language of ordinary geometry acquires useful 
significance in complex space. 
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space which can be transferred to the space of ordinary geometry. The services 
of complex vectors and complex frames in the study of Euclidean space alone 
render some account of complex space a natural part of our work. Difficulties 
arise because, whereas in dealing with ordinary space we have accepted position 
and direction as undefined and avoided the explicit recognition that absolute 
position and absolute direction are indeterminable if not meaningless, in con- 
structing algebraic space we are unable to shirk issues by appealing to pre- 
conceptions that it is not our business to criticise. 


411. THE FUNDAMENTAL PROPERTIES OF A THREE-DIMENSIONAL 
ALGEBRAIC VECTOR FIELD; TRIPLETS AND INNER PRODUCTS. 


‘1. The propositions of geometry depend not at all on any hypothesis as to 
the nature of points and vectors themselves, but on the relations which are 
assumed to hold between vectors and vectors and between vectors and points. 

The relations which are suggested by Euclidean geometry and reproduced 
in algebraic space of three dimensions are as follows: 

° Any three vectors subject only to the condition expressed by saying that 
they are not coplanar or that their spatial product is not zero can form a 
vector frame ; 

°If x, y, z form a frame, an arbitrary vector r can be expressed symbolically 
in one and only one way in the form &x+ yry + & 2, written briefly as yrf, 


where CS Ce 1; &); f= Gs y, Zz) 


and &, nr, & are numbers; no two vectors have the same set of coefficients 
in a given frame ; 

°There is a vector (yr+xs)f, that is, (& + &)x+(nrt+7s)¥ +(& + &) Z, 
and this vector depends only on the vectors r,s, of which it is called the sum, 
not on the vectors x, y, Z; 

° Associated with any two vectors r,s there is a number /rs, their projected 
product, which is independent of the vectors of reference x, y, z, and the 
function rs is linear and homogeneous in each of the sets of coefficients 
(Er, nr, Sx), (Es, Ns, Ss) and is a symmetric function of the two vectors ; 

*The difference of position between any two points P, Q is determined by, 
and may in fact be identified with, a definite vector, the vector of the step PQ ; 
if this vector and the position of one of the points are known, the position of 
the other point is fixed ; 

“If R, S, T are any three points, the sum of the vectors of the steps RS, ST 
is the vector of the step RT. 

In the geometry of ordinary space, two other conditions are fulfilled: 

*Projected products, and the coefficients of vectors in vector frames, are 
real numbers ; 

*The projected square /r* is essentially positive unless the three coefficients 
Ey, nr, Sr are simultaneously zero, 
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To say that if the former of these additional restrictions is removed there 
is no object in retaining any restriction similar to the latter, is to understate 
the case; it is in no slight degree for the sake of analytical processes requiring 
freedom from the latter that it is worth while to break away from the former. 
We proceed therefore to investigate consequences of the first six assumptions, 
without any suggestion as to what points and vectors are supposed to be: to 


us a field of vectors or a°vecspace* is to mean primarily a class for whose. 


members the first four assumptions are true,—with some interpretation of the 
plus signs in the identity r= & «+ 7ry + &z that allows the symbols to be 
manipulated exactly as in algebra,—and a space is to be a class with whose 
members some field of vectors is associated in the manner prescribed by the 
fifth and sixth conditions. For convenience we use always definite words that 
are applicable, strictly speaking, only in the study of a given vector field and 
a given space, but in this we are merely adopting a custom which is common, 
though sometimes concealed, in every branch of geometry as well as in other 
parts of mathematics. 

Geometry is the study of relations between points, but since we propose 
to derive the properties of space from the relation of points to vectors, we 
find it convenient to discuss relations between vectors and the problems of 
measurement in a vecspace before giving any attention to points. 


‘2. Something must be said of the numbers*+ that are to serve as coefficients 
or as projected products. In the conditions already made, it is implicitly 
assumed that these numbers compose a single group such that the sum and 
the product of any two of them belong to this group. Doubtless some progress 
could be made without further assumptions, but to work rapidly we not only 
subtract and divide but extract square roots and introduce angles by defining 
numbers to serve as sines and cosines. In fact the only number-groups that 
we really contemplate are the group formed of all the real numbers and the 
group formed of all the complex numbers. The real group provides a real 
algebraic vecspace and real algebraic space, while the complex group gives a 
complex vector field and complex space. Our object is to suggest definitions 
and constructions which, while they enable the language of ordinary geometry 
to be transferred to the geometry of real algebraic space, are significant when 
the space is complex. 


3. By assuming the possibility of subtraction, we assume implicitly that 
there is a° zero vector, definable as a vector which can be added to any vector 
without producing any effect ; °if 0 denotes a zero vector, r+0 is identical 


* The need for this word and the cognate vecplane and vecline, all of which are used in 
my Fourth Dimension (1921), seems imperative if vectors are discussed before points. 

+ These are supposed to be of one of the kinds with which elementary algebra is 
familiar: we are not concerned to tabulate such properties as that subtraction is possible 
and multiplication commutative. 
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with r, Thus (£ + £9) ¥ + (nr + 70) ¥ + (G& + %) Z as well as &xX + mry + OrZ 
is an expression for r, and therefore 

fe+fo=&, netno=nr, S&+ fo= &. 
Hence in any field°there is only one zero vector, and that is a vector whose 
coefficients in every frame are all zero*. “If the coefficients in any one frame 
are zero, the vector satisfies °33 and therefore 32, and is therefore the zero 
vector. ; 

‘4. One doubt may be dispelled at once: to shew that we are not about to 
waste time by studying self-contradictory concepts, we can give an example 
in which the properties ascribed to vectors and points are certainly to be found. 

Let an ordered set of three numbers be called a triplet, and let the number 
fp +9q+hr be called the inner product of the triplets (f, 9, h), (p, @ 7). 
Also let « (J, m, n), where « is any number of the same kind as the elements 
of the triplets, mean the triplet («l, «m, xn), and let (f, g, h)+(p, g 7) mean 
(f+p,g+9q,h+r). Then the arbitrary triplet (#, y, z) is expressible in terms 
of three given triplets (fF, g, h), (1, m, n), (p, g, 7) in the form 

E(hg h)+n l,m, n)+ $(p, @ 7) 


if and only if &, », € can be found simultaneously to satisfy the three equations 
Eft nlttp=«, fgtamtiqey, thr mt gras: 
any three triplets whose determinant does not vanish can serve as a frame. 
If the two triplets (a, y, 2), (a, b, c) are expressed in the forms 
ECS, gy h) re (1, m, n) + C(p, q; T); acs, g; h) +8 (i, ™, n) +9 (p, q; #); 
their inner product za + yb + ze is 
(Ef + ml + Sp) (af+ Bl + yp) 
+ (Eg + nm + 0G) (ag + Bm +9) 
+ (Eh + nn + Sr) (ah+ Bn+yr). 
As a function of & 7, , a, 8, y this expression has coefficients depending on 
the three triplets (f, g, h), (l, m,n), (p,q, 7), but the value of the expression 
for a given pair of triplets (#, y, 2), (4, b, c) does not depend on the triplets of 
reference, the simple explanation being that a change in the triplets of reference 
affects the values of & », € a, 8, y no less than the values of the six numbers 
P+¢ a h?, P ae m? ae n, p+ ¢ +7, 
Ip+mg+nr, pf+qgtrh, fl+gm+hn, 
which are the coefficients of 
Ea, np, oy, 
ny + SB, Ca + Evy, EB + na, 


* The meaning of zero in this assertion varies with the kind of numbers in use, though 
the same symbol is employed in every case, 
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in the expression for the inner product; and it is to be observed that as a 
function of the sets of variables (&, 7, ©), (a, 8, x), the inner product wa + yb + 2c 
is homogeneous, bilinear, and symmetrical. 

Thus triplets with their inner products possess relations exactly of the kind 
postulated of vectors with their projected products. Further, the triplet (a, y, 2) 
is obtainable from the triplet (a, b, c) by the addition of the triplet 

(a—a,y—b,z-C), 
and for any third triplet (J, m, n), 

(L—a,m—b,n-—c)+(e@-l y—m,2—-—n)=(e4-4, y—b, 2-0). 
Hence if triplets can serve as vectors, they can serve equally. well as points, 
And all that is necessary if a complex vector-field and complex space are 
required is to use complex numbers as the elements of the triplets. 

Here it must be said that there are arguments against the obvious and easy 
course of defining vectors and points as triplets and reducing analytical geometry 
to a branch of the calculus of extension. Comparison with ordinary geometry 
is sufficient to arouse discontent with this method: a proposal to identify a 
point with its set of coordinates in some particular frame could emanate only 
from a logician in difficulties or a teacher in a hurry, and the logician at any 
rate would have no reason to choose a trirectangular frame. But discontent 
is no argument; the course taken by a puzzled logician might be logically 
necessary, and it is for us to shew that in this case the plan apparently simple 
is really both unnecessary and undesirable. 

To suppose it necessary to define vectors otherwise than by their mutual 
relations is to mistake the nature of mathematics. The normal form of a 
mathematical theorem is an assertion that if certain relatvons hold then other 
relations also hold. What the concepts are between which the relations hold 
is always* a matter of indifference ; to find that in a particular instance the 
relations do hold is important if the instance is so interesting in itself that it 
is desirable to know what general theories are applicable in its study, and may 
be of service if no other proof is available that the relations are mutually 
compatible, but to present the consequences of a set of relations as a theory 
of one particular set of concepts between which the relations hold is a double 
error, apt on the one hand to obscure the effects of the relations by modifica- 
tions due only to the nature of the subject-matter, and on the other hand to 
cause ambiguities of language if not of thought if later the same relations are 
recognised between concepts of a different kind. 


It is precisely when regarded as a deduction from relations of a prescribed 
form without any assumption as to what a vector as, that the theory of vectors 
has its purest and most adaptable form. 

* Compare Russell (Mysticism and Logic, p. 75, 1917; reprinted from International 
Monthly, 1901): “Mathematics may be defined as the subject in which we never know what 
we are talking about, nor whether what we are saying is true.” 
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Even if attention is concentrated on the relations, at first sight the inner 
product seems only a special case of a projected product and it can not be 
taken for granted that all relations between triplets imply relations of exactly 
the same form between vectors of every kind. If it is in fact true that in every 
class that we are prepared to call a field of vectors there must be a frame such 
that the projected product of any two vectors is the inner product of their sets 
of coefficients in this frame, not only is this a matter that requires proof, but 
the proof must be based on a study of the general relation, and until the proof 
is forthcoming it remains an open question whether the assumption that the 
projected product has the form of an inner product is not an implicit limitation 
on the vecspace to be studied. 

To produce a last argument, we can say that a treatment that defines vectors 
as triplets can hardly avoid defining points in the same way. But if no dis- 
tinction can be drawn between vectors and points, it becomes almost impossible 
to reproduce the language of elementary geometry, and premature simplicity 
exacts as usual a heavy toll: for example, it is necessary to say that any three 
triplets are punctually coplanar, but that the triplets (f, g, h), (4, m, n), (p, % 7) 
are vectorially coplanar only if 


Ff g h|=9, 
Lm n 
Paid get, 

and that the four triplets (f, g, h), (1, m, n), (p,q 1), (& y, 2) are punctually 


coplanar if 
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412. PROJECTED PRODUCTS AND FUNDAMENTAL MAGNITUDES; 
SPATIAL PRODUCTS AND SPATIAL DIRECTIONS; PREPARED VECSPACE; 
THE POLAR OF A FRAME. 


*1. From the assumption as to its character, the projected product rs is 
necessarily given by a formula that can be written 
Srs= Ley Es + Mnrns + NG te 
+P (nos + & 1s) + Q (Sr bs + Ee fs) + BR (Ens t+ Nr Es), 
or briefly FI 18 = Syr¥z, 


where the six coefficients 1, M, N, P, Q, R are independent of r and s and 
have therefore the values of the six particular projected products fx’, Sf y?, 
I@’, IS YZ, (2x, F xy. It is convenient to have symbols for the three pro- 
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jected products /xr, /yr, ¥ zx, which are given in terms of the fundamental 
magnitudes L, M, N, P, Q, R and of &, nr, S& by ‘11, and we write 


w= SEP=SNyp, pra Syr=LKye, vyr=S ar=S* yz, 


V= CK, V): 
Then identically I TS = Urs = XrVs, 
and in particular IT? = Upyr. 


It is to be observed that no additional hypothesis is required to secure the 
important identity 
fr(s+t)=Srs+ Lrt. 


*2. For ordinary space, spatial direction is accepted from experience, and 
spatial products are defined without reference to projected products or to the 
decomposition of vectors. We have now to shew that we can introduce spatial 
directions and spatial products into the theory of algebraic space without 
additional indefinables, in such a way as to reproduce the algebraic relations 
that hold between spatial products and projected products in ordinary space. 
The corresponding questions for vector products and areal products are con- 
sidered in due course. 

If x, y, z are themselves given in terms of three vectors x°, y°, z° by 
expressions 

X=%aP, y=y'yP 2=7°2F", 
then r=&x+ ry + &Zz= Vx E'¢x + Xrn°ey? + Xr ary AB 
hence x’, y’, z’ form a frame, and the coefficients of r in this frame are given by 
= Xr Ee, r= Xr 1°, r= Xr Os. 

Since the vectors x, y, z as well as the vectors x’, y’, z° compose a frame, an 
arbitrary set of values of £,, 7°r, €°r must lead to a corresponding set of values 
of &, nr, & which is unique, and therefore the determinant of the set of 
equations ‘22, regarded as equations to determine &, yr, G in terms of 

°., nr, Sr, must not be zero; this determinant is expressible as [[°]]. 

From ‘22 and the rule for forming the product of two determinants, it follows 
that if r,s, t are any three vectors and p denotes Cr, s, t.), then 


[[x°e]] =[lxel] [lx’el]; 
thus [[y°s]] is the ratio of a function independent of x, y, z to a function in- 
dependent of x°, y’, z’, or since it depends on nothing but these six vectors, 
°is the ratio of a number depending only on the frame x°y°z® to a number 


depending only on the frame xyz. 
The last conclusion is easily confirmed. If [[S]] denotes the value of the 


determinant 
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which may otherwise be denoted by [[-£ fF], 14 gives 
((v%e}] = (ES°1 (xe 
and “16 gives (iS) = (lel (Lx’e 
hence [SJ = (ESD Ex’el P, 
°and [[x°e]] is the ratio of a square root of [[S]] to a square root of [[S°]]. 


*3. Let us describe a set of three vectors (r, 8, t) associated with a particular 
square root p of [[¥ pp]] as a directed triplet* of spatial product p, and let us 
say that the directed triplet in which (r’, s’, t’) is associated with p’ is 
spatially codirectional with the directed triplet in which (r”, 8’, t”) is associated 
with p” if when the vectors are referred to a frame xyz 

P (Lxe’]] =P" [xe]: 

From -23 it follows that if two directed triplets are spatially codirectional 
with a third triplet whose spatial product is not zero they are spatially co- 
directional with each other. Hence directed triplets fall naturally into two 
classes such that any two members of the same class are spatially codirectional. 
If (r, s, t) associated with p is a member of one class, (r, 8, t) associated with 
—p is a member of the other class; any directed triplet of spatial product 
zero belongs to both classes. The two classes are called the two ° spatial direc- 
tions, and if (r, s, t) associated with p is a member of one of these classes, p 
is called the °spatial product of rst in this direction. There is no difference of 
character between the two spatial directions—in fact if (r, s, t) associated 
with p is in one direction, (8, r, t) associated with p is in the other direction— 
but it is always to be assumed, in the absence of specific assertion to the 
contrary, that spatial products are measured in the same direction. In other 
words, the space which is studied is a ° prepared space, in which it is a definite 
square root of [[-/ pp]] that is associated with (r, s, t); this square root can 
be called simply °the spatial product of rst, and is denoted by .7 rst. Then 
for any two sets of vectors (r’, 8’, t’), (r’, s”, t”) referred to any frame, 

Jr's t’.[[Xp ]]=.7 2’s"t”. [[yp]]. 

We denote the spatial product of the three vectors forming the frame xyz 
by J, and since the determinant [[y¢]], in which every element of the principal 
diagonal is 1 and every other element is 0, has the value 1, we have as a 
particular case of 36, for any three vectors referred to this frame, 


J vet =J [xp], 
whence J(q+r)st=.7 qst+.7 rst, 
J srt= J rts=— J rst. 
‘4, There is one case in which the discussion just completed seems super- 


fluous. It is not inconsistent with the assumptions 1'11—1'14 to suppose that 
every determinant of the form [[-% pp]] is zero. But the algebraic space which 


* This use of the word triplet is of course entirely distinct from the use in 1°4 above. 
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results from this supposition* has so little resemblance to Euclidean space 
that it is outside our province to pursue the investigation. We add therefore 
an explicit assumption to those already made: 
For at least one set of three vectors r,s, t the determinant 
ft rs Frt 
Ssr Ss Sst 
gtr Sts) ov 
does not vanish. 
And it follows from ‘37 that 
The necessary and sufficient condition for three vectors to form a frame is 
that their spatial product is not zero. 
With the introduction of spatial products, °25 may be changed to 
[[vs]] = Jed, 
or with r, s, t substituted for x°, y®, z°, to 
[[-/pf ]] = 7 rst .7 xyz, 
which is more obviously general and requires no restrictions whatever to be 
placed on the six vectors, for if either side of ‘45 is zero so also is the other. 
Another form of ‘45 is a formula for.a spatial product in terms of polar 
coefficients, namely, 
erst = J lopli: 
The identity [Lf pp]] =(.7 rst)?, 
a special case of 45 that we need for reference, only reiterates part of the 
definition of .7 rst. 
°5. The actual coefficients of a vector rin a frame xyz can be found at once 
from the consideration that 
The spatial product of three vectors vs zero vf two of the three coincide, 
for this proposition, with ‘38, implies 
SF (ExX + ney + eZ) YZ = Ex KYZ, 
SF %(Exx + ny + Se Z) Z= ye J KYZ, 
JS KY (ExX + ney + GZ) = Grd KYL, 
that is, Jeep = SF ryt, Inp=Jxrz, Io=.F xyr, 
orinone formula, r.7xyz=x.J ryz+y 7 xrz+2Z./ xyr. 
6. The assumption that the determinant [[S]] of the frame xyz does not 
vanish has a bearing on ‘14, since this is the condition for &, nr, & to be deter- 
minable from this set of equations if Ay, fr, vr are given: 


* But so far is the supposition in question from being logically absurd, that complex 
space of four dimensions necessarily has three-dimensional ‘sections’ with this very pecu- 
liarity, just as in the complex space with which we are dealing there are planes, called 
isotropic planes, in which geometry takes a form that is anything but commonplace. 
A space in which 42 is not true is said to be tsotropie. 
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If the spatial product of three vectors ws not zero, any fourth vector ws 
determinate if its projected products with these three are known. 

On the assumption that every set of numbers is a possible set of coeffi- 
cients in the frame xyz, it follows also that every set of numbers js a 
possible set of projected products in this frame. In particular, the sets of 
equations* 


Gxx=1, Syx=0, Szx=0, 
Gxy=0, Syy=1, Szy=0, 
G§xz=0, Syz=0, Fmz=1, 


determine three definite vectors ¥, y, Zz. From these equations 
GR(M+ pV +vZ)=r, Sy A+ pyt+rZ)=p, S2AK+ py +rZ) =», 
and therefore the three equations ‘14 are equivalent simply to 
V=Aek + wry + vez: 

The vectors %, ¥, Z compose a frame, and the coefficients of any vector in this 
frame are its projected products in the frame xyz. 

The frame XyzZ is called the polar of the frame xyz, and the projected pro- 
ducts Ar, ur, vr are called the polar coefficients of r in xyz. The relation 
between the two sets of vectors x, y, z and &, y, z defined by ‘62 is symmetrical, 
and ‘45 shews that the product of the spatial products of the two sets is unity, 
confirming that if one set forms a frame, so also does the other. The relations 
between the fundamental magnitudes of a frame and the fundamental magni- 
tudes of its polar are implied by the symmetry of the relation between the 
two frames; the fundamentals of the polar are the six numbers such that for 
every vector 
r= S?yr, 
OS S? Ur, 


Ar = S'yx, Ve = S?YXr 
iin t= Us. 
To set out the consequences of this equivalence would be formally to re- 


produce the algebra of 342-4, which nowhere depends on any hypothesis as to 
whether the numbers employed are real or complex. 


is equivalent to 


In virtue of ‘65, we can replace ‘16 by the theorem that 
If xyz and xyz are frames polar to each other, then for any two vectors r,s, 


Srs=/ur/xs+ Sfyr fys+ far Ff zs. 


413. VECLINES AND VECPLANES; PERPENDICULARITY. 


‘1. Two vectors of which one is a multiple of the other are said to be 
*parallel or collinear. The zero vector is collinear with every vector, but if r,s 
are proper vectors, a proper vector can be collinear with both r and s only if 
r and s are themselves collinear, in which case every vector collinear with one 


* The meaning of 1, like the meaning of 0, depends on the numbers which are used, 
but the property utilised here is common to all numerical meanings of the symbol. 
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of the two is collinear with the other. The class composed of all the vectors 
collinear with a proper vector r is called the vector line or °vecline containing 
r. °The zero vector belongs to every vecline, but no two veclines have any 
proper vector in common. 

If r and s are collinear, the spatial product of these two and any third vector 
is zero; on the other hand if r and s are not collinear, it follows from 2°37 
that it is possible to find a third vector such that the spatial product of the 
three is not zero: °two vectors can serve as two of the axes of a vector frame 
if and only if they are not collinear. 


*2. Two vectors whose projected product is zero are said to be° perpendicular *. 
If two vectors are perpendicular, any multiple of the one is perpendicular to 
any multiple of the other; if either of the vectors is not zero, we may say that 
it is the vecline containing this vector that is perpendicular to the other 
vector; if neither vector is zero, the veclines containing them are perpendicular 
veclines. °The zero vector is perpendicular to every vector and to every vecline, 
and since the simultaneous vanishing of Ag, pr, vy identifies r with the zero 
vector, this property belongs to the zero vector alone. 


°3. Let r,s be two vectors that are not collinear and let t be a third vector 
associated with them to form a vector frame. Then the vector € determined 
by the equations u " 

SFrt=0, FSst=0, Ftt=1 

is by definition perpendicular to both r and s and is not zero because it is not 
perpendicular to t; moreover, any multiple of t is perpendicular to both r and 
s, and any vector perpendicular to both r and s is a multiple of t: 

If two vectors are not collinear, there is one and only one vecline which is 
perpendicular to them both, . 
and every vector perpendicular to them both is contained in this vecline. 


*4. By the vector plane or °vecplane determined by two vectors x, y that 
are not collinear, we mean the class to which a vector belongs if and only if 
it is expressible in the form &x+ ny. The vectors in the vecplane determined 
by two vectors x, y that are not collinear have two distinguishing properties 
which are easily found by associating with x and y a third vector z to form 
a frame. The vector r then belongs to the vecplane determined by x and y 
if and only if for some choice of z the coefficient f 1s zero; but for any 
vector I, 

Sar = Cp SZZ= Cy, 
where Z is the polar vector described in 2°62, and as in 2°53 
JS KY = & SJ KyZ = JSG, 
and therefore the vanishing of & is equivalent both to the vanishing of .7 xyr, 
a condition in which z does not even seem to be involved, and to the vanishing 


* Note that the phrase ‘at right angles’ is to be avoided for the present. 
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of zr. Since £ Zr is zero if and only if the vecline containing 2, that is, the 
vecline perpendicular to both x and y, is perpendicular to r, 

The vectors that belong to a particular vecplane are those which are perpen- 
dicular to some definite vecline. 

If r and s are any two vectors in the vecplane determined by x and y, the 
vecline perpendicular to x and y is perpendicular also to r and s, and therefore 
if r and s are not themselves collinear this is the only vecline perpendicular 
to them both, and the vecplane determined by r and s is identical with the 
veeplane determined by x and y. Hence if two vectors are not collinear, the 
vecplane which they determine is the only vecplane which includes them both, 
or in other words, 

If two veclines are distinct, there is one and only one vecplane which contains 
them both. 

The correlative of this result is easily proved. If two vecplanes are distinct, 
the veclines perpendicular to them are distinct, and the vectors common to 
the two vecplanes are the vectors perpendicular to the two perpendiculars ; 
hence from °32 

If two vecplanes are distinct, the vectors common to them compose a single 
definite vecline. 


‘5. Since every vector perpendicular to all the vectors composing a vecplane 
is in a definite vecline, it is impossible for two vecplanes to be so related that 
every vector in one is perpendicular to every vector in the other, and the word 
perpendicular is available to describe some other relation between vecplanes. 
° Two vecplanes are said to be perpendicular to each other if the veclines 
perpendicular to them are perpendicular veclines. This definition shews the ° 
relation to be symmetrical, but there is a condition, unsymmetrical at first 
sight, which it is useful to know; if r and s are proper vectors, r is in the vec- 
plane perpendicular to s if and only if r is perpendicular to s, that is, if and 
only if the vecplanes perpendicular to r and s are perpendicular vecplanes : 

Perpendicular vecplanes are vecplanes one of which contains the vecline 

perpendicular to the other. 
Thus all the vecplanes which are perpendicular to a given vecplane have one 
vecline in common, namely, the vecline perpendicular to that vecplane, just as 
the veclines perpendicular to a given vecline are all in a single vecplane, 
namely, the vecplane perpendicular to that vecline. 


‘6. Vectors or veclines to any number are naturally described as coplanar 
if there is a single vecplane which contains them all: 

A number of vectors are coplanar if and only if there is a vecline to which 
they are all perpendicular. 
For r to be coplanar with x and y if x and y are not collinear, . xyr must be 
zero; if X and y are collinear, fj xyr is zero whatever r may be, but in this 
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case any third vector is coplanar with x and y; thus in the special case of 
three vectors there is a simple criterion of eoplanarity: 

Three vectors are coplanar if and only if their spatial products are zero; 
if the spatial product of three vectors taken in one order is zero, their spatial 
product in any other order is of course zero. 

We may use ‘63 to replace 2:43: 

Three vectors can form a frame tf and only if they are not coplanar. 

To shew that we are gaining real strength and not simply acquiring a useless 
vocabulary, let us turn to the expansion 

rj abe=aJrbe+b,.7 are +c.,7 abr, 

proved in 2°54 on the hypothesis that a, b, c form a frame. If a, b, c, r are 
any four vectors, either they are all coplanar, in which case the four spatial 
products in ‘65 all vanish and ‘65 remains formally true, or three vectors can 


be selected from them in at least one way so as not to be coplanar and these 
three can form a frame; if rbe is a frame to which a is referred, then 


a,/rbe=r,/abe+b,/ rac+c.7 rba, 
which is simply a rearrangement of ‘65, and a similar reproduction of °65 
occurs if rac or rab is the frame. Thus ‘65 is true whether or not a, b, c form 
a frame: 
For any four vectors r, a, b, ¢, 
r.J7 abco=a,/rbe+b.7 arc+c./ abr. 
An immediate corollary is that 
Ifa, b, ¢ are coplanar vectors and xr is any vector whatever, then 
a7Yrbe+b./are+c.7 abr =0. 


414. VECTOR PRODUCTS. 


_ ‘1, Among the vectors perpendicular to each of two vectors, there is one 
that is of special importance. Let x, y be two vectors that are not parallel, 
and z a vector taken with them to form a frame. Also let k be perpendicular 
to both x and y, and let r be an arbitrary vector.. Then 

J xyr=&.J xyz, Skr=GS kz. 
It follows that if § kz=.J xyz, 
then also Y Kr=) xyv: 
thus ‘12, when combined with the conditions of perpendicularity 

G§kx=0, &/ ky=0, 

does not really involve the vector z. Moreover, ‘12 and ‘14 together determine 
k, for they give explicitly the three functions Ax, fx, vx In a frame obtained 
by associating a third vector z with x and y. The vector k, defined by “12 
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and ‘14, is called the ° vector product of x and y, and denoted by Y xy. It is to 
be observed that since .7 xyx, .7 xy’ both vanish necessarily, ‘12 includes ‘14, 
and *12 alone may be regarded as defining k: 


The vector product V st is the one vector q which is such that for every 
vector Y, G rq=.7 rst. 


This definition succeeds, where the original investigation fails, with collinear 
vectors, for if s and t are collinear, then .7 rst is necessarily zero, and there- 
fore q is not indeterminate but must be the zero vector. 

If a, b, c are any three vectors, 


§(Vab)r=Jabr, &(Vac)r=./ acr, 
and therefore §Vab+Vac)r=fa(b+c)r; 
hence, because r is arbitrary, 

Va(b+c)=Vab+V ace. 
And because J bar =— J abr 


for every vector r, therefore 
UV ba=—YV ab. 


‘2. From 3°66 we see that 
For any five vectors 1, m, r,s, t, 
S$lm J rst=/ lr. mst+ 1s 7 mtr+ / lt 7 mrs, 
and substituting from "16 we have the formula 
film J rst= flr §m(Vst)+ Sis §m(Vtr)+ Slt (m (Vrs), 
which can be written 
fm (1,7 rst) = fm |Ust J lr+ Vtr S1s+ Vrs F it}, 


since ,J rst, flr, /ls, lt are mere numbers. But °23 can be true whatever 
vector m may be only if 


For any four vectors k, r, 8, t, 
k J rst=VUstfkr+VtrfksiVrs & kt. 
The last theorem shews that 


If the three vectors x, y, 2 form a frame, so also do the three vector products 
WY yz, UV zx, Uxy, 
and shews that the coefficients of r in this frame are J~ Ay, J pr, Jo yp. 
These results are in agreement with ‘12 and +14, which taken together express 
that in the frame xyz the vector product xy has the polar coefficients 
0, 0, J, that is to say, that this vector product is Jz: 


If xyz is the frame polar to xyz, then 
Vyz=Jx, Vix=Jy, UVUxy=Jz. 


Thus there is no radical difference between ‘22 and 2:67. 
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‘3. An elegant use of ‘16 is to express the vector product @st with 
reference to a frame xyz. In terms of the coefficients of r, 2:16 and 2:37 give 


JQV=vqXr, J rst=J [[yp]], 
and therefore for ‘16 to be an identity as far as r is concerned, 
(Aq; FKa> Vq) a 4 &. Ns os 
& mr ot 


o) 


similarly from 2°16 and 2°46, 
/ ql —Vair, 4 Tet = J. |[ vp ||, 
and the coefficients of the ‘vector product are given by 
(fa; "a, Sa) = J|| Xs us Us 
A ot Mt 


. 


°4. An immediate application of ‘34 is to the evaluation of Ur (st), a 
vector which being perpendicular to @ st is coplanar with s and t. In a frame 
xyz, the polar coefficients of x are the projected products “x, / xy, % xz, and 
the polar coefficients of Vyz are .j xyz, 0, 0. Hence Ux(Vyz) has the 


coefficients | IR Gxy Sxz | 


sea A 0) 0 
that is | Gx? Guy I/xz ||, 
i ae | 


and therefore if r, s, t are not coplanar, 
Ur(Ust)=s Srt—t rs. 
If s is collinear with t, the vectors UY r(Vst) ands /rt—t /rs are both zero, 
and if s is not collinear with t, then r, even if coplanar with s and tf, is 
expressible as the sum of two vectors 1, m neither of which is coplanar with 
s and t, and a double application of ‘41, justified by ‘17, 18 and 2:18, gives 
Vr (UVst) =V1(Ust) + Vm (Vst) 
=s(f/lt+/mt)—t(/ls + % ms) 
=s/rt—tJrs. 
Hence there are no cases of exception, and 


For any three vectors r, s, t, 


Ur(Vst)=sfrt—tS/rs. 


Intimately related to ‘42 is a valuable expression for the projected product 
of two vector products. If q,r,s,t are any four vectors, then by a double appli- 


cation of 16 4 (Wqr)(Ust) =.7 ar (Ust) = F q {Ur Vst)}, 
and therefore from ‘42 it follows that 
For any four vectors q, r, 8, t, 
. S(Var)Vst)=| Sqs Saqt |. 
frs rt | 
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This result includes all the relations between the fundamentals of a frame 
and those of its polar, but it is recorded not for this reason only but because 
it is of continual service. If the use of ‘42 enables us to avoid treating any 
particular cases of ‘43 as exceptional, it is only by going behind ‘42 that we 
can realise that the determinantal form into which the result is thrown is not 
accidental. One explanation is derived from 2°45, which gives 
Jrst.7qr(Vst)=| far Sqs Sat |, 

fr §rs Sfrt | 

et 0 0 4 
implying ‘43 unless .7 rst is zero. Or if we go back only to the expression in 
the last paragraph for the coefficients of @ x(Wyz) in the frame xyz, we see 
that since the vector q has in this frame the polar coefficients xq, SY, 7ZQ, 
the projected product ¥q {2 x(Vyz)} has the value 
_fqx Say Sqz i, 
| GX? GFxy SFxRZ 
| 1 0 0 | 
and this again establishes *43 except for the case in which r,s, t are coplanar. 
Yet another proof is furnished by the algebraical identity 


Sxaxs SxXaXxt se Ge L R Q Nabe — Sane | 
SyXr Xs SyrXt | R M Ee Cg Er — Eq Se 
Q J Ny Eqnr — Nq &r 
nebe— Sant Ss&t— Eade Exnt — ne bt 0 


which differs only in notation from 332°87. 
A particular case of ‘43 1s 


§ Dat = Gx Gv —(Fsty, 


an identity of fundamental importance. 


415. NUL VECTORS; ISOTROPIC VECLINES AND VECPLANES. 


‘1. A vector whose projected square is zero is said to be ° nud or isotropic*, 
In ordinary space and in the algebraic space which exactly corresponds to 
ordinary space the only nul vector is the zero vector. But for r to be nul all 
that is necessary is that the three coefficients of r in a frame xyz should satisfy 
the one equation Sy?= 0, 


and there is therefore in complex space a quadruple+ infinity of nul vectors. 
It is of complex space that we are understood to speak when nul vectors are 
used or discussed. 


* This word was introduced into geometry by Laguerre, who explained his choice care- 
fully (Wouv. Ann. des Math., ser. 2, vol. 1x, p. 165, 1870; Oeuvres, vol. 11, p. 89). 
t ‘12 is equivalent to two relations between six real numbers. 
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It would of course be possible nominally to exclude nul vectors or nul vectors other than 
the zero vector by explicit hypothesis, simply by including among the essential character- 
istics of a proper vector that the projected square is not zero. But (i) nul vectors form 
the basis of many of the applications of complex geometry to ordinary space; (ii) if their 
existence was a disease, their exclusion would be no remedy, since it would result in some 
frames having no polars and some pairs of vectors having no vector product, and would 
falsify such theorems as 3:46 and 3°62: two vecplanes might have no proper vectors in 
common, and there would be vecplanes with no veclines perpendicular to them; (iii) it 
would remain true that in complex space something corresponds to a set of coefficients 
satisfying ‘12 just as a proper vector corresponds to a set of coefficients not satisfying °12; 
this new concept would demand study, and the change would reduce to a mere change of 
vocabulary, 3:46 for example taking the form that two distinct vecplanes have in common 
either a vecline or a quasivecline but not both. 


*2. Since every multiple of a nul vector is nul, the nul vectors in complex 
geometry compose definite veclines, themselves described as nul or isotropic. 
But the nul vectors in the vecplane through two vectors x, y that are not 
collinear are the vectors of the form &x + ny where 


LE +2REn + Mn? =0, 
L, R, M having the same meaning as in 2°11, and since the determinant 


| 9 0 Q|, 
OPP 
OP iy 


to which [[S]] reduces if Z, R, M are simultaneously zero, vanishes identically, 
one at least of the three coefficients L, R, M must be different from zero, and 
‘23 is necessarily an effective equation, not an identity. Hence ° there are no 
vecplanes that consist wholly of nul vectors. 


‘3. Mere comparison of definitions shews that 

A nul vector or vecline is one that is perpendicular to ttself. 

From :23 it follows that 

Two distinct nul veclines or two nul vectors that are not collinear can not be 
perpendicular, 
for if x and y are nul, Z and M are zero and it is impossible for R, which is 
IS xy, also to be zero. 


To imagine a paradox in ‘31 is to mistake completely the relation of complex geometry 
to ordinary space. Of the assumptions of Euclidean geometry, complex geometry accepts 
some and rejects others, and therefore of the properties of ordinary space complex space 
shares some but not all. There are no self-perpendicular lines in real space, but equally 
there are no nul vectors except the zero vector. Analogy is to be sought by comparing 
perpendicular veclines in complex space with conjugate diameters of a given conicoid ; in 
general, conjugate diameters are distinct, but asymptotes, if there are any, are self-conjugate. 


“4. Because of -24, no vecplane can be called nul, but a vecplane is said to 
be °isotropic if the vecline to which it is perpendicular is isotropic. From ‘31 
and this definition, 
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An isotropic vecplane is a vecplane that contains the vecline to which tt vs 
perpendicular, 
and ‘33 enables us to add that 

If a vecplane is isotropic, the vecline to which it 1s perpendicular as the only 
nul vecline that it contains. 

From °31 and 3°51 

An isotropic veeplane is one that is perpendicular to tself. 

The vecplane containing the two vectors x, y of a frame xyz is isotropic if 
§Z is zero, and therefore if 

LM — FP =0. 
Since the equation °23 is a quadratic equation in &:9 with LM — R? for its 
discriminant, 

Tf a vecplane is not isotropic, it contains two and only two distinct nul veclines. 
On the other hand, if a is a vecline and £8 is a nul vecline in an isotropic 
vecplane that contains a, then because the vecplane perpendicular to 
contains a, therefore the vecplane perpendicular to a contains 8: that is, @ is 
one of the nul veclines in the vecplane perpendicular to «; conversely if 1s 
a nul vecline in the vecplane perpendicular to a, the vecplane perpendicular 
to 8 is an isotropic vecplane containing a. Since the vecplane perpendicular 
to @ is or is not isotropic according as @ is or is not nul, 

Tf a vecline is nul, the vecplane to which it is perpendicular is the only isotropic 
vecplane that contaans tt, 
and 

If a vecline vs not nul, there are two and only two distinct isotropic vecplanes 
un which rt is contained. 


*5. For the vecplane determined by two vectors r,s that are not collinear 
to be isotropic, the proper vectors perpendicular to both r and s must be nul; 
the vector product Yrs is not the zero vector unless r and s are collinear ; 
moreover, if r and s are collinear and the vector-field is complex, there is one 
isotropic vecplane if not two containing them both: 

Two vectors in complex space are contained in a vecplane that is isotropic if 
and only wf their vector product is nul. 

From 445 it follows that the equation 

§(Vrs) =0 
is equivalent to fxr §s'=(frs)’, 
a form which will be found essential to the discovery of the most peculiar 
properties of vectors in isotropic vecplanes; the condition is expressible readily 
in words: 

Two vectors in complex space are contained in a vecplane that is isotropic if 
ees uf the product of their projected squares is the square of their projected 
product. 


CHAPTER IV 2 
DIRECTIONS AND ANGLES IN ALGEBRAIC VECSPACE 


420. Introduction. 421. The amounts of a vector; measured vectors; directions. 
422. Congenial directions ; the two aspects of an isotropic vecplane. 423. Traversed vector- 
pairs; cyclic directions; prepared vecplanes; angles; right angles and perpendicularity. 
424. Areal products; erection in an anisotropic vecplane. 425. Vector frames in a 
vecplane. 


420. INTRODUCTION. 


Vectors in an algebraic vecspace, real or complex, no less than in the space 
of real geometry, have directions and amounts. The difference is that directions 
are defined by means of vectors instead of vectors by means of directions, but 
the mathematical relations and phraseology are unaltered; moreover, it is a 
simple step from directions to angles. 

The problem of defining direction might be solved for a real algebraic vec- 
space by identifying a direction with a vector whose projected square is unity, 
or rather, to use terms that we are about to define, with a measured vector of 
unit amount. In complex space however, not merely would this obvious plan 
fail completely, since it would leave nul vectors wholly without direction, but 
the failure is intrinsic in the nature of the method rather than due to any 
difficulty that technical ingenuity might hope to remove. To be applicable 
universally a solution must proceed from the start along other lines, and it is 
one of the triumphs of the Frege-Russell method of definition to furnish a 
theory satisfactory in every respect. 


421. THE AMOUNTS OF A VECTOR; MEASURED VECTORS; DIRECTIONS. 


‘1. The square roots of the projected square fr? are called the °amounts of 
the vector r. In the real algebraic vecspace constructed to correspond to 
Euclidean space, the zero vector is the only vector of amount zero, and for 
every other vector /r’ is positive and the amounts are distinct real numbers, 
one positive and the other negative. In complex vecspace, any vector that is 
nul has zero for its only amount, and a vector that is not nul has, like the 
proper vectors of ordinary space, two amounts, each of which is the negative 
of the other. 


-2. A vector associated specifically with one of its amounts is called a 
°measured vector. A vector r of which r is an amount gives rise to the two 
measured vectors r,, r_,, which are distinct unless r is nul. 
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If r is an amount of the vector r, the vector kr has the amounts kr, — kr; 
naturally it is the measured vector in which kr is associated with kr that is 
said to be the° multiple of r,. by k. The measured vector in which kr is associated 
with —kr is a multiple of r_,, but not of r, unless 7 1s zero. 


‘3. Two measured vectors are said to be °codirectional if one of them is a 
multiple of the other. For r,, 8; to be codirectional, there must be numbers 
h, k not both zero such that 

kr=hs, kr=hes; 
in general both numbers h, & are different from zero, but if one but not the 
other of the vectors is the zero vector, one but not the other of the numbers 
must be zero. °If r,, s, are codirectional, r, s are of course parallel. If either 
r or s is different from zero, the pair of equations 32 is equivalent simply to 
sr =TS, 

but we can not reduce the condition always to this form, since ‘34 is satisfied 
by any two nul vectors, though ‘82 makes no exception in favour of nul vectors 
in requiring the vectors to be parallel. It 1s important to observe that 

Two measured vectors that are both codirectional with a measured vector 
other than that derived from the zero vector are codirectional with each other. 


‘4. The °direction of a proper measured vector r,is defined as the class 


formed of all the measured vectors codirectional with r,. This class includes 


the zero measured vector whatever r, may be, but it follows from °35—and 
this is the value of that proposition—that no two distinct directions have any 
proper measured vector in common. Since a direction is a class of measured 
vectors, a happy accident of language enables us to speak of a measured vector 
quite literally as a a direction. Thus 

Codirectional measured vectors are measured vectors in the same direction, 


but there is not even an appearance of circularity in our definitions. 


‘5. If one measured vector in a direction is derived from a proper vector 
that is nul, every measured vector in that direction is derived from a nul 
vector, and the direction is a nul direction. 


6. If r,, s, are codirectional, then also r_,, s_, are codirectional. Thus to 
every direction corresponds a second direction such that the measured vectors 
in the two directions are derived from the same vectors, and each of these 
vectors 1s associated in each direction with the negative of the amount with 
which it 1s associated in the other direction. Of two directions related in this 
way, one is said to be opposite to, or the reverse of, the other. °A nul direction 
is its own reverse, but a direction that is not uul is necessarily distinct from 
its reverse. 


‘7. By a direction of a vector r is meant the direction of the measured 
vector r, obtained by associating r with an amount r of r, and r is said to 
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have the amount r in this direction. Thus°a vector that is not nul, like a 
proper vector in real space, has two directions, one the reverse of the other, 
and its amount in one direction is the negative of its amount in the other 
direction. Also °the zero vector in complex as in real space has every direction 
and its amount in every direction is zero. But°’a proper nul vector gives rise 
to only one measured vector and therefore has but a single direction. 

Let IT be the direction of a proper measured vector p, that is not nul. Then 
if r is any number, the vector (r/p) p is a vector, and is the only vector, which 
has [1 for a direction and r for its amount in that direction : 


A vector with a direction that is not nul is determined by its amount in that 
direction. 


But there is no corresponding specification of a nul vector. 


If x is a proper vector, a vector r collinear with x can be expressed in one way only as 
érx, and if x is given, ér serves as a numerical measure of r, whether or not x isnul. That 
is, quantitative comparison of different vectors in a single vecline is always possible, and 
the basis of comparison is arbitrary. But vectors in different veclines can not be compared 
effectively if one of the veclines is nul, even if the other vecline also is nul. 


422. CONGENIAL DIRECTIONS; THE TWO ASPECTS OF AN ISOTROPIC VECPLANE. 


‘1. One property of codirectional measured vectors has to be recorded. If 
r, is the multiple of s, by &, then 

frs=k9s=ke=rs: 

If two vectors are parallel, their projected product is the product of their 
amounts in a common direction. 

In real space the converse of this theorem is true: if the projected product 
of two vectors is the product of an amount of one and an amount of the other, 
the vectors are parallel vectors measured in the same direction. In complex 
space however this converse fails, as is apparent from the identity 


Gr Is—(S/rsr= I Urs) 
of 1445; if (frs) is the product of /r? and Ss’, it is possible to choose 
square roots of /r? and /s’ whose product is /rs, and therefore by 15°51 


The projected product of two vectors is the product of an amount of one and 
an amount of the other if the vectors are in an rsotropic vecplane. 


‘2. It is worth while to press a little farther the analysis of this case. Let 
us describe two measured vectors as °congenial if their projected product is the 
product of their amounts; r,, 8; are congenial af 

G18 =TS. 
If two measured vectors are congenial, every multiple of the one is congenial 
with every multiple of the other. The property therefore belongs essentially 
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to the directions of the measured vectors, and the directions also are to be 
described as congenial. Thus ‘11 asserts that 

Every direction is congenial with ttself, 
and ‘13 that 

If two directions are in an isotropic vecplane, either they are congenial or 
each is congenial with the reverse of the other ; 
1:64 and ‘24 emphasise that 

The nul direction in an isotropic vecplane is congenial with every direction 
wm the vecplane: 
the projected product of a proper nul vector r and another vector is not in 


general zero, but the isotropic vecplane which contains r is formed of precisely 
those vectors for which this projected product does vanish. 


‘3. If r,s, t are any three vectors in a given isotropic vecplane, then because 
the vectors Y rs, Y rt are parallel nul vectors, the projected product of these 
vector products is zero. But by 14°43, 

G (Urs) VU rt) = Sr F st— Srs Ff rt. 
Hence if r,., 8, t; are measured vectors derived from r, s, t, and if s,, t; are 
both congenial with r,, then 
r (fst — st) =0, 
and if 7 is not zero, ¥st is the product sé: 

If two directions in an isotropic vecplane are both congenial with a third 

direction that is not nul, they are congenral with each other. 
Thus °the directions in an isotropic vecplane compose two classes such that 
two directions are congenial if and only if they belong to the same class; 
these classes will be called the °aspects of the isotropic vecplane. The directions 
in one aspect of an isotropic vecplane are the reverses of the directions in the 
other aspect ; °the nul direction in the vecplane belongs to both aspects, and 
is the only direction common to them both. 


*4. To assert that 


The projected product of two vectors in an isotropic vecplane is the product 
of their amounts in congenial directions 


is to assemble the results at which we have arrived in their most concise and 
convenient form. To make a direct application of this theorem, let p, be a 
measured vector that is not nul, in an isotropic vecplane, and let r,, s,, ... be 
any measured vectors in the same aspect of the vecplane as p,, so that 


oe Pr = pry 2 DA nee ee 
from these equations, if the number of vectors is finite, 


Sp(r+s+...)=p(r+st...), 
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and therefore r+s+... is the amount of r+s+... in the direction of 
r+s+... that is congenial with the direction of p,: 

If any finite number of vectors in an isotropic vecplane, and their sum, are 
all measured in congenial directions, the amount of the sum is the swum of the 
amounts. 

It will be found that the two aspects of an isotropic vecplane are analogous 
not to the two cyclic directions by which a plane in ordinary space can be 
prepared but to the two directions of a line. 

°5. It follows from 13°44 and 13:46 that a vecplane which does not consist 
wholly of vectors perpendicular to a given proper vector r contains one and 
only one vecline perpendicular to r. Hence 


In general, the vectors in a given vecplane that are perpendicular to a given 
proper vector in the vecplane compose a definite vecline. Exception occurs only 
when the vecplane 1s isotropic and the vector 1s in the nul vecline which ts both 
un the vecplane and perpendicular to tt. 

If r is a vector in an isotropic vecplane, the nul vecline in the vecplane 7s 
perpendicular to r, and therefore 52 implies that if r is not itself nul, the 
only vectors in the vecplane that are perpendicular to r are those in the nul 
vecline : 

In an isotropic vecplane, two vectors are perpendicular if and only if one of 
them is in the nul vecline. 

This theorem accounts for some peculiarities in the analysis connected with 
a vector frame in an isotropic vecplane, to which we refer in the last section 
of this chapter. 


423. TRAVERSED VECTOR-PAIRS; CYCLIC DIRECTIONS; PREPARED 
VECPLANES; ANGLES; RIGHT ANGLES AND PERPENDICULARITY, 


‘1. The introduction of angles into an algebraic vecspace presents no diffi- 
culty. Angles are defined in the first place as related to measured * vectors, 
but it is immediately evident that directions alone are really relevant. 

The angles between the measured vectors r,, 8, are the values of eps that 
satisfy the equation 

18 COS €ps = STS; 
it is perhaps superfluous to remark that these angles are simply numbers, 
real or complex according as the field under consideration is real or complex. 
Since identically 
fr is —(frs)= F Vrs)’, 
‘11 and 1:11 imply 728? sin? eps = J (Vrs), 

* The dependence of directions and angles in algebraic space on measured vectors was 

indicated in a paper read to the Mathematical Association in 1920 (see Math. Gazette, 


vol. x, p. 26). 
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and therefore 
If eps is an angle between Yr, and 8,, then rs sin eps is an amount of U rs. 


With the aid of this proposition it is easy* to render almost? all the 
language of elementary geometry concerning angles significant when used of 
algebraic space. 


‘2. The ordered pair of measured vectors (1, s,) associated with an angle 
éps satisfying ‘11, I propose to call} a traversed vector-pair. A cyclic direction 
in algebraic geometry is a class of traversed vector-pairs with the property 
that if epy is the angle associated with (1, 8;) to form a member of the class 
then rssin eps as well as 7s cos eps is determinate. From ‘13 it appears that 
to distinguish between different values of rs sin eps consistent with ‘11 is to 
distinguish between different amounts of the vector product Urs. If Urs 
really has more than one amount, that is, if Vrs is not nul, its two amounts 
can be separated only if its two directions are known; moreover, Vrs is always 
perpendicular to r and s, and therefore for Vrs to be in a given vecline and 
not to be nul, rand s must be in the vecplane perpendicular to that vecline. 
This is why in algebraic geometry no less than in the space suggested by 
experience “it is with coplanar directions that cyclic direction is primarily 
associated. It proves in fact simplest to make coplanarity an essential con- 
dition, not a rule to which exceptions can occur, and so we say that the 
traversed vector-pair in which epy is associated with (r,, 8;) and the traversed 
vector-pair in which eyy is associated with (m,,,, n,,) are “cyclically codirectional 
if and only if the four vectors r, s, m, n are coplanar and the vector Urs 
measured by the amount rssineps 1s codirectional with the vector @mn 
measured by the amount mnsineyy. A °cyclic direction is then definable as 
a class of cyclically codirectional traversed vector-pairs such that no traversed 
vector-pair excluded from the class is cyclically codirectional with every 
member of the class. With this definition, the vectors from which the differ- 
ent pairs in a cyclic direction are constructed are simply the vectors in a 


* For the sake of brevity I haye followed the method of the text rather than a line of 
argument in many respects preferable. If P, 2, T are coplanar directions and epy, esp are 
angles between P and = and between = and T, then except in special cases, one but only 
one of the angles epy +€yp) €py — €yp 18 an angle between P and T; this consideration may 
be used to determine without reference to a third dimension which of the angles Esp) — €sp 
is measured in the same cyclic direction as e,,. Yet ancther order is adopted in section 5:3 
of my Fourth Dimension. 

+ The exception is that in complex space an angle can not be described as from one 
direction to another round a third unless the third is perpendicular to each of the others; 
the:complex number —z is the negative of z, but there is no fundamental relation between 
complex numbers that corresponds to the possession of the same sign by real numbers. 

{ The phrase is suggested by a term in gunnery; my attempts to express the substance 


of the paragraphs that follow without the adoption of some equivalent abbreviation were 
verbose. 
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single vecplane, and the vector products are all measured in a definite direc- 
tion perpendicular to this vecplane; the vecplane in association with the 
cyclic direction is said to be °prepared, and the perpendicular direction is 
called the direction °normal to the prepared vecplane or to the cyclic direction; 
angles are said to be traversed or measured in the cyclic direction or round 
the normal direction. 

There are as many cyclic directions that can be given to a vecplane as there 
are directions perpendicular to the vecplane; that is to say, in a vecplane 
that is not isotropic angles may be traversed in two different directions, but 
in an isotropic vecplane only one cyclic direction is possible. If two cyclic 
directions involve the same pairs of measured vectors but the vector products 
are measured in opposite directions, each cyclic direction is called the reverse 
of the other. °If one cyclic direction can be associated with a given vecplane, 
the only other cyclic direction that this vecplane can have is the reverse 
direction. °The cyclic direction of a prepared isotropic vecplane is its own 
reverse. 


‘3. It will help us to observe, without distinguishing definitions from 
deductions, how exactly the assertions of elementary geometry have become 
significant and to what an extent they remain true. °If r,, s; are measured 
vectors in a prepared vecplane, the angles from r, to s, in this prepared 
vecplane are the values of eps such that rs cos eps is the projected product 
rs and rssin eps is the amount of the vector product Vrs in the direction 
normal to the prepared vecplane. If the projected product of r and 8s is 
78 COS Eps, the projected product of hr and ks is hrks cos eps, and if the vector 
product of r and s has the amount 7s sin eps in a given direction, the vector 
product of hr and ks has the amount hrks sin eps in the same direction; hence 
*the angles defined by the pair of equations 

rsCOS€py= SYS, 1S SiN eps =P, 
where p is the amount of Urs in a given direction, depend on the directions 
of r, and s,, and not at all on the individual measured vectors themselves. 

The angles from a direction > to a direction P in one cyclic direction are 
the negatives of the angles from P to > in the same cyclic direction, and so 
also are the angles from P to = in the reverse direction. In a given prepared 
vecplane, an angle that differs by an even multiple of 7 from an angle from 
P to = is itself an angle from P to 2. An angle that differs by an odd 
multiple of 7 from an angle from P to © is an angle from P’ to = and is also 
an angle from P to >’, where P’, >’ are the directions opposite to P, =; the 
angles from P’ to }' are the angles from P to &. 


‘4. For the pair of equations ‘33 can be substituted an equivalent pair 
sometimes more useful. Let k, be any measured vector in the direction in 
which the vector product Urs is to be measured. Then 

kp=9k(V rs) =.7 krs, 
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and therefore if k is not zero the equation 
rs SIN €ps = P 
can be replaced by krs sin eps = J krs. 
If the vecplane in which the angles are traversed is not isotropic, & is different 
from zero if k is not the zero vector. If the vecplane is isotropic, & can not be 


different from zero, and ‘42 reduces to an identity, but this is precisely the 
case in which r°s?sin? epy is necessarily zero and no information is added by 


the adjunction of ' 
rs SIN €ps = P 


to the original equation r$ COS eps = & FS. 
Thus there is no exception to the rule that 


If &, is any proper measured vector in a direction K, and r,, 8, are measured 
vectors in the prepared vecplane to which K 2s the normal direction, the angles 


from f¥, to 8, in this vecplane are the values of eps satisfying the pair of equations 


r§ COS €ps = £8, krs sin epy = .7 krs. 


‘5. “In general the angles from one direction to another in a prepared 
vecplane form a single congruence, for unless r or s is zero, both the cosine 
and the sine of these angles are determinate. If r or s is zero because the 
corresponding vector is the zero vector, the equations to be satisfied by an 
angle from r, to s, reduce to identities and every angle is possible, as is only 
natural since the zero vector has every direction. But to consider the angles 
between directions of which one is nul, is to suppose 7 or s to be zero while r 
or sis nul but not zero. Then either the projected product is zero and the 
vector product is nul, as happens if the isotropic vecplane containing the 
direction assumed to be nul contains the other direction also, or the projected 
product and the amounts of the vector product are simultaneously different 
from zero, the two directions determining then a vecplane that is not isotropic. 
The first case does not differ in effect from that in which one vector is zero : 
every angle is possible; the second case admits no finite angles, but for many 
purposes any infinite complex number of which the imaginary part is not 
zero may be regarded as satisfying the necessary conditions. These results 
may be expressed briefly if a little vaguely in the assertion that 

If P, & are two directions of which the first is nul, the angles from P to > 
and the angles from % to P are wholly indeterminate if & is in the isotropic 
vecplane that contains P, but if = is not in this vecplane the only angles possible 
are infinite. 

Here the character of } is not described, but since there is only one nul 
direction in an isotropic vecplane, 


A nul direction makes every angle with itself, but the only angles possuble 
between two distinct nul directions are infinite angles. 
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‘6. The vanishing of /(Vrs)?, unlike the vanishing of /r? or 4s, intro- 
duces peculiarities rather than difficulties. If r and s are not nul but Urs is 
nul, then whether Vrs is the zero vector or a proper nul vector, the angles 
between r, and s, are multiples of z, the even multiples or the odd multiples 
according as /rs is rs or —rs. It is if r and s are parallel that Vrs is the 
zero vector, and in this case our definitions have the desirable consequence 
that 

The angles between two parallel measured vectors that are not nul, in any 
prepared vecplane that contains the vecline in which they lie, are the even or the 
odd multiples of m according as they are measured in the same direction or in 
opposite directions. 

For Urs to be nul but not zero, r and s must belong to the isotropic vec- 
plane perpendicular to Vrs, and 

In an isotropic vecplane, the angles between two directions that are not nul 
are the even or the odd multiples of m according as the directions are congenial 
or uncongenial. 

It need hardly be added that if sin eps is zero then Vrs is nul, and that 
therefore “the directions which make an angle zero with a given direction P 


are the directions congenial with P in isotropic vecplanes containing P; that . 


in complex space two directions may be distinct when an angle between them 
is zero 1s as natural as that in this space the amount of a vector can be zero 
when the vector itself is not the zero vector. 


‘7. It is not necessary to prove analytically that if P, 2, T are directions in 
a prepared vecplane and if nul directions are in no way involved, then the 
sum of an angle eps and an angle exy is an angle epy; the reproduction of the 
formal relations subsisting in real space between angles and vectors is suffi- 
cient evidence. A direct proof is however surprisingly simple. 

Let r,, 8;, t; be proper measured vectors in the directions P, >, T, and let 
k, be a proper measured vector in the normal direction K round which the 
angles are to be traversed; also let p, g be the amounts of Urs, Ust in the 
direction K. Then 

TS COS épy = SIS, st COS exp = Ff Bt, 
rs SIN eps = Pp, st sin és; = Y, 


krs sin eps =. krs, kst sin esy = .7 kst, 
and therefore 
rs°t cos (eps + esr) = S18 Sst — pq, 


krs?t sin (eps + esr) = S18 .7 kst + Sst 7 krs. 
But since p, g are the amounts of Urs, Vst in a common direction, 
pq = F (Urs) (Vst) 
=%rsSfst—frt fs 
= Grs f st — 8? Frt, 
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and since r, s, t are coplanar, the universal relation 
J krt=k J srt+r.Jkst+t.7 krs 
implies r J kst +t. krs=s./ krt, 
and therefore, the spatial products being simply numbers, 
Grs 7 kst+ fst Jkrs=/s°,S krt 
=o") Ert 
Hence “74, ‘75 are equivalent to 
srt cos (eps + esr) = 8° rt, 
skrt sin (eps + esr) = 8’.7 krt, 
and if s is not zero, this is the pair of equations defining the angles from P 
to T; thus we have a result in which are already included all but one of the 
cases that would have required special examination if the deduction had been 
made from elementary geometry : 

If P,>,T are three directions in a prepared vecplane, then provided only that 
= is not nul, the sum of an angle from P to X and an angle from & to T is an 
angle from P to T. 

The exception is inevitable, for if = is nul, eps and egy are arbitrary or in- 
finite, and their sum is subject to no conditions whatever. If neither & nor T is 
nul, then the sum of an angle epy and an angle ers is an angle eps, and therefore 
any angle epy can be expressed as the difference between an angle eps and an 
angle eps, that is, as the sum of an angle eps and an angle esy; even if the 
direction T is nul, this result is true in the sense that epy and eps + esy are 
together arbitrary or together infinite, and therefore ‘78 can be replaced by 
the assertion of an equivalence: 

If P, =, T are three directions in a prepared vecplane, then provided only that 
x is not nul, the angles from P to T are the angles obtained by adding an angle 
From = to T to an angle from P to X. 

There is no failure of ‘79 if the vecplane is isotropic, but the result is then 
a trivial deduction from ‘62. 


*8. From ‘11 and the definition in 13°21, it follows that 

If two directions are at right angles they are perpendicular. 
If we allow that conversely 

If two directions are perpendicular they are at right angles, 


we must be careful not to confuse this assertion with the assertion that “if ¢ 
is an angle between two directions P, = that are perpendicular then e is an 
odd multiple of $7”, which ‘54 and ‘55 shew to be false in complex vecspace. 
It is quite true that a nul direction is a direction that is at right angles to 
itself, but we must not forget three significant facts: the right angle which a 
complex direction makes with a perpendicular direction is not the real number 
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$7r at all, but is the complex number $7 +07, that is, the pair of numbers 
($7, 0); a nul direction does not succeed in being at right angles to itself at 
the expense of the more commonplace habit of being in the same direction as 
itself; the complex right angle does not occupy a position in the least 
privileged among the angles which a nul direction makes with itself, these 
angles composing simply the entire aggregate of complex numbers. 


424. AREAL PRODUCTS ; ERECTION IN AN ANISOTROPIC VECPLANE, 


‘1. Having used vector products for defining cyclic direction, we need not 
scruple to use them in other definitions associated with a prepared vecplane. 
For example, if r, s are two vectors in a prepared vecplane, the amount of 
rs in the normal direction is the ° areal product 4 rs. The identities 
(ArsP = Sr Fs? — (rs), 
Agar Ast= qs frt— fqt/ rs 
come from the application of 2°11 to 14°45 and 14°48, and 


In an isotropic vecplane, every areal product ts zero. 


*2. If ris any vector in an anisotropic vecplane in which x, y are vectors 
of reference, the areal products “rx, “ry are definite numbers, and there is 
one and only one vector t which is such that 

Stx=HArxz, FSty=Hry. 
Moreover, these equations imply for any values of the numbers &, 

Ft (Ex + ny) = Ar (Ex + ny); 
and therefore in an anisotropic vecplane there is one definite vector t related 
to a given vector r in such a manner that for every vector s in the plane the 
numbers /ts, “rs are equal; this vector is said to be obtained by ° erecting 
r, and is denoted by @r. For every pair of vectors, 

I (6r)s= Ars, 

whence from ‘12 \%(6r)s}= Sr? fs" — (fxs). 


*3. Since Y r? is the zero vector, Wr’ is necessarily zero, and ‘24 gives as 

a special case 
& (ér)r=0: 

€r is perpendicular to r. This implies that °ér is nul if and only if r is nul. 

Tf in the identity 

Ars Art=Gr /st—Srs frt, 

which is a particular case of ‘13, we substitute @r for s and use ‘24 and ‘31, 
we have for all values of r and t 


Arv(Er) Arnt=Ir Art; 
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unless r is the zero vector, rt is not necessarily zero, and 84 implies 
Ar (Er) = Fr", 

while if r is the zero vector both sides of ‘35 vanish, Hence 

For any vector r, Boor) ar 

Writing ér for s in ‘24 we have 

Ar(ér)=F (ry, 

and this with 36 implies f(r = ok. 
which we can combine with ‘31 in a descriptive proposition: 


The vector obtained by erecting r is a vector perpendicular to xr with the same 
amounts as Yr. 


But there is nothing in ‘39 to distinguish @r from its reverse or to enable us 
to discover &r when r is nul. 
*4. If in ‘13 we write @r for t we have 
Arg A (ér)s=— F(Er)q/ rs, 


whence for all values of s A(ér)s=— Fr, 
that is, I {E(Er)}s=— Srs; 
hence 6(ér)=—yr,. 


‘5. The effect of erecting a nul vector is remarkable. If ris nul, risa 
multiple of r, and in virtue of -25 


{¥(ér)q?=—(/ rq) 
for any vector q; thus “the ratio of &r to r 1s a square root of —1. Moreover, 
‘24 gives for any two vectors 
Jf (ér)s=—ISr(ss); 
if r and s are collinear nul vectors, ér, &s are collinear with them and both 
sides of ‘53 vanish, but if r and s are nul vectors that are not collinear and if 
6r=jr, és=ks, 
‘53 implies j=—k: 
In any prepared anisotropic vecplane, each of the square roots of —1 is 


associated with one of the nul veclines as the ratio of x to r when r is in that 
vecline. 


* To know which square root belongs to a particular nul vecline is to know the 
cyclic direction of the vecplane. 


*6. In an isotropic vecplane, erection is not a feasible operation. For :24 to 
be true for every value of s, the vector Gr would have to be in the vecline 
perpendicular to the vecplane, that is to say, in the nul vecline of the vec- 
plane, whatever the value of r, and therefore Sr could not have the same 
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_ amounts as r unless r itself was nul. The cause of the failure is in 14, which 
shews that for an isotropic vecplane the pair of equations ‘21 is satisfied if 
and only if t is in the nul vecline. 


‘7. We may use the erected vector &r to shew that constructions which 
we are accustomed to make in ordinary geometry can usually be postulated 
in algebraic space. Let r be any proper anisotropic measured vector in a pre- 
pared anisotropic vecplane, and let ¢ be any angle, that is to say, any number, 
real or complex according as the algebraic space with which we are concerned 
is real or complex. Let s be any number other than zero, and let s denote the 
vector (s/r) {rcose + rsine}. By ‘31, ‘38, -36, 

§sX=s, Grs=rscosé, Ars=rssine; 
hence s is an amount of s, and the direction of s, makes an angle e with the 
direction of r,. Thus 

In any prepared anisotropic vecplane there 1s a direction making any given 
angle with any given anisotropic direction ; 
by 3°51, there is not more than one such direction. Construction and result 
alike fail if the direction is nul or the vecplane isotropic. 


425. VECTOR FRAMES IN A VECPLANE. 


‘1. It follows from 13°45 that any two vectors in a given vecplane can 
serve as vectors of reference for that vecplane if they are not collinear. If two 
vectors r, § are given in terms of two vectors x, y by 


r=yrf, s= sf, 
where for work in two dimensions we write, 
x=), f=, y), 
then their projected product is given by 
Irs= I (EexX+ nry)(EsX+ Hs), 
that is, by F rs = Heyes + F (Ernst nr&s) + Gnrts=SxXx Xs; 
where SY¥=H=fx, SV=S*"=L=SF xy, S==G=Sy’. 
For the projected products # xr, / yr, denoted by Ar, wr, we have as in 


ordinary space 
Ae = Hep t+ Foe, pr = Pex + Cnr, 


or concisely Ar =S'yr, Hr =S? yx. 
‘2. From 14:17, the vector product of two vectors in the vecplane that 
includes x and y is given by 
Y rs = (Exns — nr&s) Y xy. 


When the vecplane is prepared, a direction is given in which vector products 
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are to be measured, and if 0 is used for the amount of Y xy in this direction, 
that is, for the areal product .4 xy, then ‘21 implies 
Ars = C (Ens — nr &s): 

Since the vectors x, y are not collinear, 2 xy is not the zero vector, and ( 
is zero if and only if Y xy is in a nul vecline: 

The areal magnitude of a vector frame in a vecplane is zero of and only of 
the vecplane is isotropic. 

From 4°12, C?= EG — F?, 
whether or not the vecplane is isotropic, and therefore 

If the fundamental magnitudes of a frame in a vecplane are HE, F, G, the 
vecplane is isotropic if and only uf EG — fF? ts zero ; 
this proposition differs from 15°54 only because the vectors of reference can 
not be collinear. 

If the vecplane is not isotropic, ‘23 is equivalent to ‘21; in the exceptional 
case, ‘23 reduces to 414, but ‘21 retains its full significance; the vector 
product is not the zero vector unless r and s are collinear. 


3. If the vecplane i 1s not Saag there are vectors x, éy, and we have 
from 4°24 and 4°31, 
Ix(éy)=—C, Fy(éy)=90 
S2(GZ)=0, PAV Ex C 
Hence if X, y denote —C— éy, Cx, we have 
I xX=1, Gyzx=0, 
Szy=0, $yy=1, 

and therefore from 4:13, Bx “Hzy= bh 
that is, Axx = C0, 
Since ‘32 implies that .4Xy is not zero, ° the vectors ¥, y form a frame, the 
polar of xy. 

If r is any vector, ‘31 implies 

GK (Avk + pry) = Av, SY (Av¥t+ ry) = pr, 
that is, FR ArE+ury)= Sar, Sy (Av + pry) =S yr. 
Hence the vector AX + ury has the same projected products in the frame xy 
as the vector r. But by 26, HG — FP? is not zero, and therefore the pair of 
equations "15 determines &, yr uniquely in terms of Ag, zr. It follows that 
Ark+ wry has the same coefficients in xy as r, and this implies that the 
vectors are the same: 
: Yr =Apk+ pry. 

In other words, Ar, fr are the coefficients of r in the polar frame xy. 

The definition of the polar magnitudes and their relation to E, F, @ follow 
as for ordinary space in 344. 
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‘4. In an isotropic vecplane, the projected products Ay, wy of a vector r can 
be defined as usual, and they are related to the coefficients &, ny by the pair 
of formulae ‘15, but it follows from -26 that this pair of formulae can not be 
reversed to give &, nr in terms of Az, wy, and that the projected products can 
not be independent. 

We understand these peculiarities if, bearing 2°53 in mind, we try to form a 
frame polar to xy. If neither x nor y is nul, any two vectors of which one is 
perpendicular to y and the other to x are both nul and are therefore collinear 
and unable to form a frame. If x is nul, it is possible to find vectors x, y 
perpendicular to y, x and not themselves collinear, but since x is in this case 
perpendicular to every vector in the vecplane, it is certainly impossible to 
satisfy the further condition 

GER 


used to complete the definition of x: 


In an isotropic vecplane, the definition of the polar of a frame fails completely. 


Since the frame in which we are accustomed to find Ag, fr serving as coefficients 
no longer exists, it is not surprising that in fact the two projected products 
do not suffice to determine the vector. 

Formulae are all simpler if the isotropic vecplane is given a definite aspect. 
In this aspect, let the vectors of reference x, y have amounts U, V; then 
by 2°41 

= emt Vee Ga V2, 
and the condition in ‘26 is reduced to an identity. 
If the vector r has amount r in the same aspect, 
Ar = Ur, hr Ve; 
and since these projected products depend on the amount alone, not on the 
direction of r, naturally it is impossible by means of them to infer the direction. 

Since ris the sum of vectors &x, nry which have amounts Ué,, Vz, it follows 

from 2°44 that because the plane is isotropic with a definite aspect 
r= Uke, + Vr. 
This formula combines with °43 to give ‘15, but we might have reversed the 
argument and made no appeal to 2°44, for ‘15, °42, 43 give 
Ur =U (Ué&s + Var), Vr=V (Us: + Var), 
and since x, y are not collinear they are not both nul, and one of the two 
numbers U, V is certainly different from zero. With this line of reasoning, 
2°44, is an obvious deduction from ‘44. 
We have for any two vectors r, s, from ‘13 and 42, 


GEE (UE, + Vor) ( Ués ah Vins), 


but this is only the relation 2°41 which results from confining the measure- 
ments to one aspect of the vecplane. 
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‘5. If U, V are amounts of the vectors of reference x, y in any vecplane, then 
Ea GV 
If neither U nor V is zero, the equations 
UVcosw=F, UVsino=C, 
which are compatible in virtue of ‘25, determine a congruence of angles, and 
one member of this congruence can be selected to be the angle of the frame 


formed of the measured vectors Xy, Yr. 

If U or V is zero, there is no longer an angle that can serve a useful purpose, 
but the validity of formulae that involve F and C is not brought into question ; 
the magnitudes H, F, G, C are fundamental, and the failure of a derived 
magnitude such as the angle does not react on theorems in which this derived 


magnitude is not introduced. 
In an anisotropic veeplane, U and V may both be zero, for proper vectors 


may be taken one from each of the nul veclines to form the frame. Then F, C 
are definite finite numbers subject to the relation 
dete) Oi 

and the projected product of two vectors is given by the simple formula 

Ss = F (Ens + nv&s). 
For the polar coefficients of r, we have 

Ar = F'n, pr = FE; 
by reversing this pair of formulae, we see that the polar magnitudes are 0, 
F~, 0, and that the polar frame is formed of the vectors Foy, Fx. 


CHAPTER IV 3 
ALGEBRAIC SPACE 


431. Lines and planes. 432. Parallelism; intersections of lines and planes. 433. Equa- 
tions of lines and planes. 434. Sirnultaneous vectorial equations. 435. Measurement in 
algebraic space. 436. The distribution of isotropic lines and planes; measurement and 
trigonometry in an isotropic plane. 


431. LINES AND PLANES. 


‘1. The elegance revealed in such theorems as 13°45 and 13°46 must not 
beguile us into forgetting that veclines and vecplanes are analogous to lines 
and planes all concurrent in a single point, and that for us the study of vec- 
space is not an end in itself* but a means to the study of a space resembling 
the space of elementary geometry. We have to define lines and planes. 

If O, P are any two points of space, there is by hypothesis associated with 
the step from O to P, that is, with the ordered pair of points (0, P), a definite 
vector, to be called the vector of the step. 

°The aggregate of the positions of P for which the vector OP belongs to a 
given vecline or vecplane is called the line or plane through O with this vec- 
line or vecplane. If P is on the line or plane through O with vecline or 
vecplane a and ( is on the line or plane through P with the same vecline or 
vecplane, then OQ, being the sum of OP and PQ, also belongs to a, and 
therefore Q is on the line or plane through O with this vecline or vecplane; 
that is to say,° if P is on the line or plane through O with vecline or vecplane a, 
then the line or plane through P with vecline or vecplane « is contained in the 
line or plane through O unth vecline or vecplane a. Also because PO belongs 
to the same vecline and to the same vecplanes as OP, it follows that’ if P is 
on the line or plane through O with a given vecline or vecplane, then O is on 
the line or plane through P with the same vecline or vecplane. Combining 
this result with the last we can assert that 


If P 1s any point on the line or plane through a point O with a given vecline 
or vecplane a, the line or plane through P uth the vecline or vecplane a 1s 
identical with the line or plane through O with the same vecline or vecplane. 


Thus ° a line or plane, though defined in the first instance with reference to a 
particular point, which is a point on it because the zero vector is the vector of 


* The student of non-euclidean geometry will find, and will lose his sense of unreality 
in the subject on finding, that the vector-field of ordinary space 7s an ‘elliptic plane’; as 
such it repays careful attention. Compare Sommerville, Hlements of Non-Euclidean Geometry, 
p. 90, 1914. 
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the zero step and is included in every vecline and in every vecplane, bears in 
fact no relation to any one of its points that it does not bear to any other. 

Every line has a definite vecline, every plane a definite vecplane, and the 
description nul or isotropic is transferred to the line or plane if it belongs to 
the vecline or vecplane. 


2. If P, Q are any two distinct points, a line through P includes Q if and 
only if its vecline includes the vector PQ; since this vector is not the zero 
vector, there is one and only one vecline to which it belongs. Hence 


Through two points that are distinct there passes one and only one line. 


And since any vecplane that includes the vector PQ includes every multiple 
of this vector, 


Every plane that includes two distinct points of a line contains the whole line. 


‘3. If P, Q, R are three points that are not collinear, the vectors PQ, PR 
are not collinear, and there is therefore one and only one vecplane which 
includes them both; a plane through P passes through Q and £ if and only if 
it has this vecplane: 


Through three points that are not collinear there passes one and only one 
plane. 


Hence further : 

If a gwen point 1s not on a given line, there is one and only one plane that 
includes the point and contains the line ; 

If two distinct lines have one point in common there is one and only one plane 
that contains them both. 


The correlative of this last theorem is proved with equal ease. If two distinct 
planes have one point O in common, the point P also is common to the two 
planes if and only if the vector OP is common to the corresponding vecplanes; 
if these vecplanes were not distinct the two planes through O would coincide ; 
hence the vectors common to the vecplanes compose a definite vecline, and 

If two distinct planes have a single point in common, the points common to 
them compose a definite line. 


432. PARALLELISM; INTERSECTIONS OF LINES AND PLANES. 


‘1. Two lines with the same vecline or two planes with the same vecplane 
are said to be parallel, and a line is said to be parallel to a plane if the vecline 
of the one is contained in the vecplane of the other. 

‘It follows from the definitions of lines and planes that ° parallel lines or 
parallel planes that have a single point in common coincide completely, and 
that °if a line and a plane that are parallel have one point in common the 
line is contained in the plane. 
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°2. Let p, q be two parallel lines, and let P be a point on p and Q a point 
on g. Then a vecplane that contains the vecline of p and includes the vector 
PQ also contains the vecline of g; the plane through P with this vecplane 
contains p and includes Q, and because it includes Q it coincides with the 
parallel plane through Q, which contains q; bence if two lines are parallel, 
there is a plane that contains them both, and 1:34 shews that there is not 
more than one such plane if the lines are distinct: 

If two distinct lines are parallel, there is one and only one plane that contains 
them both. 

The converse of the combination of ‘21 with 1:33 must be proved. Let p, q 
be lines in a given plane, let P be a point on p and Q a point on q, and let p 
be a proper vector in the vecline of p and q a proper vector in the vecline of 
q. Then if p,q are not parallel, p,q are not collinear, and the vector PQ, 
being in the vecplane which includes p and q, can be expressed in the form 
np — €q, where 7, € are numbers. Let & be the point such that the vector QR 
is €q; then 

PR=PQ+ QR = (np — fa) + Sa = mp. 
Because PA is a multiple of p, the point R is on p, and because QR is 
a multiple of q, this same point is on g. Hence 

If two lines in one plane are not parallel, they have one and only one point 
im common. 

If a line is not parallel to a plane, it is not parallel to any line in that plane. 
Let p be a line that is not parallel to a given plane, and let Q be any point in 
the plane. A plane through Q containing p necessarily cuts the given plane, 
which also includes Q, in a line, and this line, since it is not parallel to p and 
lies in a plane that contains p, has one point in common with p; this point 
belongs to both p and the given plane, and no other point can belong to them 
both since p is not in the plane. 

If a line and a plane are not parallel, they have one and only one pownt in 
common. 

If two vecplanes are distinct, each contains veclines which are not contained 
in the other. Hence if two planes are not parallel, each contains lines that are 
not parallel to the other, whence from ‘23 and 134 

Two planes that are not parallel necessarily intersect in a line. 


° Parallel planes either coincide or have no points in common, 


433. EQUATIONS OF LINES AND PLANES. 


1. The vectorial equations describing the relations of lines and planes to 
a fixed point, and the algebraic equations of lines and planes referred to an 
attached vector frame, have the same forms in algebraic space, real or complex, 
as in ordinary space, and for reasons expressible in the same words. 
N. 15 
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-2. Thus the reasoning leading to 33423 and 33428 may be repeated, to 

the conclusions that °every plane has an equation of the form 
I rk=K, 

and that °every equation of this form, if k is not the zero vector, is the equation 
of a definite plane. It is to be emphasised that the argument does not suppose k 
to be a wnit vector or a multiple of a unit vector, and is applicable if k is nul. 

Attaching a vector frame xyz to the point to which ‘22 refers the plane, 
we have the equation in the equivalent forms 

xyeu=K, unxy=XK. 

Since the three numbers £x, x, && are not all zero, one of the three sets of 
numbers (K/£,0, 0), (0, K/nx, 0), (0, 0, K/&) certainly survives; if & is 
not zero, the point whose projections are K/&, 0, 0 is the point in which the 
plane ‘24 is met by the line through O perpendicular to the plane whose 
vecplane contains y and z. Similarly if Ax is not zero, the poimt whose co- 
ordinates are K/A,x, 0, 0 is the point in which the same plane cuts the line 
through O whose vecline contains x; certainly one of the three numbers 
Ax; fk, Vk 18 different from zero, and therefore one point on the plane can be 
indicated by its coordinates in the attached vector frame. In real space there 
is always a vector (K/ ¥k*) k which leads from the origin to one point on the 
plane given by ‘22; in complex space, this particular construction fails if £ k? 
is zero, but the plane is none the less determinate. 


*3. The line through a point S with vecline determined as including a 
proper vector k is the locus of a point R which is such that the vector of SR 
is a multiple of k. If then the vectors of the steps to S, R from an origin O 
are s, r, the point F is on the line if and only if r—s is collinear with k, that 
is, if and only if the vector product U(r—s)k is the zero vector, or if and 


only if Vrk—-K 
where K=4V sk. 

Thus “every line has a vecterial equation of the form °31, which involves 
the condition § Kk=0. 


The only difficulty in proving the converse is in shewing that the equation 
‘31 can not be altogether insoluble if ‘34 is satisfied and k is a proper vector, 
for the argument used above proves that if there is one point satisfying ‘31 
the complete locus is a line. A simple plan is to use an attached vector frame. 
Then ‘31, 34 are equivalent to 


I~ (Sn — mf) =e, I7M(Exo- Se E)= me, I (mE - Een) =rK 
with the condition xd + xx + Cxve =0, 
and also to 
J (vm — pv) = Ex, SOAxnv—-vxd)=nx, I (Uer—Anpu) = ox 
with the condition An fx + uxng + x Ge = 0. 
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If && is not zero, (0, —Jvx/Ex, Jux/Ex) is a set of numbers indicating a point 
on the locus, and since not more than two of the three numbers Ex, mx, && 
can be zero, one point certainly is discoverable. 


An equation of the form 
Vrk=K 


represents a definite line if only k is a proper vector and 
§ Kk=0. 


With the line as with the plane one construction possible in real space may 
fail in complex space: 34 and 14°42 imply 
Y(VkK)k=K Sk’, 
shewing that if k is not nul the vector UkK//k® determines a point on 
the line, but the exceptional case must not be overlooked. The fact is that in 
constructions in real space we use the theorem that ¢f two proper vectors are 


perpendicular they are not parallel, and for complex space the theorem is 
not true. 


Aon) considering what is implied by the equation 
Srk=K 


in the geometry of a plane, we have to be on our guard. If there is one vector 
s which satisfies the equation, the equation is equivalent to 


§ (r—s)k=0 


and expresses that r—s is perpendicular to k. If two vectors r—s, p—s are 
both perpendicular to k, either they are collinear or k is perpendicular to the 
vecplane that they determine; if by hypothesis k belongs to the vecplane 
determined by r—s, p—s, the latter case can not arise wnless the vecplane vs 
isotropic, but in an isotropic vecplane, *42 asserts only that one of the two 
vectors r—s, k is nul, and therefore if k is itself nul ‘42 involves no restriction 
on r—s. Again, in an anisotropic vecplane containing k, a second vector can 
be associated with k to form a frame, and any vector r which has & for its 
first polar coefficient in this frame satisfies ‘41. But in an isotropic vecplane, 
not only is this process at fault, but the actual existence of the vector is con- 
ditional: if k is not nul but has an amount & in one aspect of the vecplane, 
any vector whose amount in the same aspect is K/k satisfies ‘41, and there is 
a vector of this amount in every anisotropic direction in the vecplane; but if 
k is nul, ¥ rk is zero for every vector in the vecplane and ‘41 1s ineffective or 
insoluble according as K is or 1s not zero. 

Thus °'41 represents a definite line perpendicular to k if the plane is 
anisotropic and k is not zero, or if the plane is isotropic and k is not nul. The 
observation that in the latter case the line represented necessarily is nul, shews 
that the converse question, as to what lines are representable in the form ‘41, 
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must not be ignored. °If k is a proper vector perpendicular to a given line, 
and if r, s are vectors defining points of the line, then 

f(r—s)k=0 
and therefore $ rk = £ sk, 
an equation of the form ‘41; °the vecline to which k belongs is determinate 
unless the plane is isotropic and the given line is nul. 

It is to be noticed that the exception is not the same in ‘43 as in “45: in 
the latter case it is the line concerned that must not be nul, but in the former 
it is the perpendicular vecline. In an isotropic plane, the lines that can be 
represented in the form ‘41 are the nul lines, but the representation is 
arbitrary in the extreme: any anisotropic vector in the plane can be used in 
the specification of any nul line; for a line that is not nul, ‘44 remains true, 
but fails to distinguish the points that belong to the line from those that do 
not: k must be nul, and /rk is zero for every point in the plane, whatever 
the origin. 

In an anisotropic plane, the equation 

Ark=A 

is equivalent to §xr(ék)=— A; 
“hence ‘46 is an alternative form of equation to any line in such a plane, and 
is effective if &k is not the zero vector, that is, if k is not the zero vector. 
Whereas ‘41 represents a line perpendicular to k, the line given by ‘46 is 
parallel to k, as is directly evident since if s is any one vector satisfying ‘46 
the equation is equivalent to 

A(r—s)k=0. 
In an isotropic plane, this method of representing a line necessarily fails com- 
pletely, since the areal product is then always zero. 

We must not conclude that there is no representation of a line in a plane 
that is always valid. If the plane is referred to an attached vector frame, the 
step from the point @ to the point of coordinates &, 7 has the vector whose 
coefficients are €—&g, 7 —n@, and this vector belongs to the vecline which 
includes a given proper vector d if and only if 


na (&—£&g)— a(n —Q) =0; 


this equation is necessarily significant, since €g and mq are not both zero, and 
conversely, if two numbers £4, na are not both zero, there is a proper vector 
d of which they are the coefficients, and -48 expresses that (£, 7) is in the 
line through Q whose vecline includes d. Thus the assertion that 


In a plane, a line is the locus of a point whose coordinates satisfy a linear 
equation, 


is true without any reservation as to isotropic planes or lines. 
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434, SIMULTANEOUS VECTORIAL EQUATIONS. 


‘1. Theorems regarding intersections of lines and planes can always be 
interpreted as theorems concerning simultaneous vectorial equations. 


2. Ifa is a proper vector, the equation 

Sra=A 
represents in a prepared anisotropic plane a definite line, and so also does the 
equation 

Graaf: 
the first line is perpendicular to a and the second is parallel to a. Hence the 
two lines have one and only one point in common unless a is self-perpendicular, 
that is, unless a is nul. 

If a is an anisotropic vector in a given anisotropic vecplane, the vecplane con- 
tains one and only one vector r which satisfies simultaneously the two equations 
srasd, “ra=P, 

A, P being gwen numbers. 


If a is nul, (HAraPr+(f ra)? =0 
identically, by 24°12, and the two equations ‘21, ‘22 are incompatible unless 
P?+ A? =0, 


*3. In space, the two planes 
fra=A, §Jrb=B 
are not parallel unless the vectors a, b are collinear, and if they are not 
parallel they intersect in a line whose vecline contains Y ab. 
If a, b are any two vectors that are not collinear, the equations 
Gra=A, GSrb=B 
can be satisfied simultaneously, and if dis a particular vector satisfying these 
equations, every solution is of the form d+ pV ab, where p is a number varying 
rom solution to solution. 


‘4. The plane fra=A 
is perpendicular to a, and the line 
Vre=C 


is parallel toc; hence the two are not parallel unless a and c are perpendicular. 
Unless § ac is zero, the two equations 
Sra=A, Ure=C 
are satisfied by one and only one vector r, provided only that & Ce ws zero. 
An explicit formula comes from 14°42; since identically 
YaVrey=rfac—c Fra, 
the equations to be satisfied together imply 
rfac=Ac+Vac. 
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If we wish to use vectorial algebra alone to prove ‘43, we have only to 
remark that ‘45 implies 
frafac=A Sac 
and YVrefac=C fac—aJ Ceo, 


and therefore implies ‘41 and ‘42 if ¢ is perpendicular to © but not toa 


435. MEASUREMENT IN ALGEBRAIC SPACE. 


1. The language concerning directions and angles is transferred bodily to 
lines and planes from their veclines and vecplanes. And as we have said 
already, a line with a nul vecline is called a nul line or an isotropic line, and 
a plane whose vecplane is isotropic is itself said to be isotropic. 


‘2. The amounts of the vector of the step from P to Q are called the lengths 
of the step, or the distances from P to Q. If two points are distinct, then if 
the line through them is nul, zero is the only distance from one to the other, 
but if the line through them is not nul, there are two distances from one to 
the other, each distance being the negative of the other. 

A step associated with one of its lengths is a measured step, and has, unless 
it is the zero step, a definite direction. Parallel steps, that is to say, steps 
whose vectors are collinear, have the same directions. To describe steps which 
have a common direction and the same length in that direction as congruent 
is equivalent simply to the definition that 

Congruent steps are steps with the same vector. 


A line associated with one of its directions is a ray, and a step in a ray has 
in the direction of that ray a length which is completely determinate. Equally 
definite is measurement in a chosen aspect of an isotropic plane. 

A nul line has only one direction, and if P, Q are two points of a nul line, there 
is only one distance from P to Q, namely, zero; this is not to say that P and Q 
may not be distinct, or that the vector of QP is not distinguishable from the 
vector of PQ. If PQ, RS are proper steps in parallel nul lines, the vector of PQ 
can be described as a definite multiple of the vector of RS, although the rela- 
tion can not be expressed significantly as a relation between lengths; but we 
can make no quantitative comparison of nul steps that are in different directions. 

A Cartesian frame in algebraic space, as in real space, is formed of three rays 
concurrent in an origin, but it is the essence of Cartesian geometry that the 
positions of points on the axes are determined by distances measured from the 
origin. The axes of a Cartesian frame must therefore be anisotropic. It is not 
essential to suppose the planes also anisotropic, but if a plane is isotropic, the 
polar frame is no longer available and all formulae dependent on the polar 
or involving the biplanar angles of the frame become liable to suspicion. 
Cartesian formulae can be employed freely only on the understanding that 
the axes and planes of the frame are all anisotropic; this is sufficient reason 
for regarding the attached vector frame as the ultimate standard. 
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The angles of a Cartesian frame belong to six congruences which are definite when the 
axes and the planes of the frame are given. To correspond at all closely to the system of 
conventions that is usually adopted for choosing the angles from the congruences in ordinary 
Space, a system of conventions for complex space must be highly artificial, and if we had 
introduced any particular system of conventions explicitly in our earlier work, we should 
have been forced now into a digression to consider whether the conventions had in fact in- 
fluenced the formulae. But by insisting for ordinary space that if only it belongs to the 
right congruence one angle is as good as another, we have avoided all need to recognise one 
ficpaeron between real space and complex space that might otherwise have séemed rele- 
vant here and elsewhere. 


*3. Naturally we attempt to define distances in which lines or planes are 
involved exactly as in real space, but there are cases that we can not afford to 
ignore in which the familiar definitions break down. For example, the defini- 
tion on the plan suggested in 123-1 of the distance from a point P to a plane q 
ina given direction fails if the direction is parallel to the plane, for then if P 
is not in g there is no second point to which to measure, while if P is ing the 
second point is arbitrary on a particular line and therefore the distance also 
is arbitrary unless* the direction is nul. In real space to insist on a definition 
of a distance from a plane in a direction parallel to the plane is perhaps un- 
necessary, but in complex space a direction perpendicular to a plane may be 
parallel also, and to be in doubt as to the meaning of the normal distance from 
a point to a prepared plane would be an intolerable handicap. The difficulty 
is typical, and so also are the methods by which it is overcome. 

There are three of these methods, of which two are not fundamentally dis- 
tinct. The first, somewhat tentative, aims at discovering an intrinsic general 
formula in which the distance plays a part, and defines the distance when 
necessary as the number that gives the intrinsic formula freedom from 
exceptional cases. The second refers the whole problem to a frame of reference 
having no intrinsic relation to the point and plane concerned, discovers 
a formula for the distance in the general case, and defines the distance by the 
formula in every case of doubt. The third method constructs a space in which 
the difficulty no longer arises; this is a space with points at infinity where 
parallel lines do meet, and when we have seen how this space is formed we 
shall find that the results of the less systematic methods are confirmed. 

Let P be a given point and q a given plane, and let ny be a proper vector n 
perpendicular to the plane. Then if @ is a point of the plane, the value of the 
projected product of n and PQ is a number K which is independent of the 
position of Q in the plane, and is therefore equal, if the ray through P with 
direction N does cut the plane in a unique point M, to the product of n by 
the distance of M from P along the ray, since PM and n are collinear vectors. 

* In fact the distance proves to be arbitrary even in this case, for although every 
‘accessible’ point is at distance zero from P, the distance of the ‘point at infinity’ is found 


to be neither definitely zero, although the direction is nul, nor definitely infinite, although 
the point is ‘at infinity’, but essentially indeterminate. This subject is considered in 534 


below. 
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That is, if a normal distance d from P to q in the direction N perpendicular 
to q is definable in the elementary manner, then 
Kaan, 

and since K and n are definite numbers in any case, and to replace n by any 
other proper vector normal to q is to multiply A and n by the same number, 
we agree that in every case a distance from P to q is to be any number not 
inconsistent with °32. Since n is zero if and only if q is isotropic, and K is 
zero if and only if P is in q, 

The normal distance from a point to an isotropic plane is indeterminate or 
infinite according as the point is or as not in the plane. 

If we prefer toattack the problem analytically, we start from theconsideration 
that if an anisotropic plane q has its equation given in the form 


Upx +e=0 
where E is a direction normal to the plane, the distance d of a point P from q 
is given by d=vunyp +@ 
To reduce the equation ux + K=0 


to the form ‘34, it is necessary to divide by a number & such that 
= Sux’, 

and therefore the distance is given by combining °36 with 

d=(unx + K)/k; 
the ambiguity in the distance corresponds to the fact that there are two pre- 
pared planes related to the one unprepared plane given by 35. The process 
fails if the plane is isotropic, for then & is zero; if we take the distance d to 
be defined by the formula ‘37, the distance is to be indeterminate or infinite 
according as the numerator is or 1s not zero, and this agrees with ‘33. 


4. To be guided to a definition of distance from a point P to a plane g in 
a given direction > that shall be significant whether or not > is in q or q is 
isotropic, we consider that in ordinary space if } is not in g and if d is the 
distance from P to g in anormal direction N and ¢ is an angle between N and 
x, then the distance is dsece, or in other words is the number r which 
satisfies the equation 
rcose=d, 
To remove the cosine, let n,, 8s; be any proper measured vectors with the 
directions N, =; then ‘41 becomes 
r ¥§ns =dns, 
and from this equality we can remove d by means of ‘32, obtaining * 
rfns=sk, 
* Generally speaking, this is nothing more than the equation Gns=sf nr, which 


expresses an obvious relation between any two codirectional measured vectors r,, s,.- The 
discussion shews why this simple consideration is effective. 


436 ALGEBRAIC SPACE 233 


where K has the same meaning as in the last paragraph. No difficulties attach 
m any case to. the terms /ns, s, K, and therefore a distance is defined as a 
value of r which satisfies °43. 


The distance from a point to a plane in a direction parallel to the plane is 

indeterminate uf the point is in the plane or of the direction is nul, but vs other- 
wise infinite. 
If it is surprising to find that the distance is not definitely zero but is arbitrary 
if the direction is nul, it is even more interesting to compare this result with 
‘33 and to discover that normal distance can not be identified always with 
distance in a normal direction. 

To discuss this problem by means of an attached vector frame is to define 


the distance r as a number such that the point &p+ré&s, np+rns, Cp +rls. 


lies in the plane 
uy+ K=0; 
thus r= —(uxxy¥p + K)/uxxs. 
If > is given as the direction of a measured vector s, that is not nul, &s, ns, && 
must be replaced by &/s, s/s, &s/s, and ‘46 becomes 


r=—S(vunxpt+ K)/vxs, 
which is the formula assumed to be general. 


*5. Distances between points and lines in a directed plane that is not 
isotropic are exactly like distances between points and planes in space, nul 
lines taking the place of isotropic planes. In particular, 


In an anisotropic plane, the normal distance from a point to a nul line is in- 
determinate or infinite according as the line does or does not contain the pount. 


The peculiarities of isotropic planes are the subject of our next section. 


436. THE DISTRIBUTION OF ISOTROPIC LINES AND PLANES; 
MEASUREMENT AND TRIGONOMETRY IN AN ISOTROPIC PLANE, 


*1. Some conclusions as to the distribution of nul lines and isotropic planes 
in space are to be drawn from the theorems of 15-4. 

° Through a line that is not nul there pass two distinct isotropic planes. 
° Through a nul line there passes only one isotropic plane. If P, Q are distinct 
points on a line that is not nul, the planes through P, Q perpendicular to the 
line are distinct parallel planes, for they both have for vecplane the vecplane 
perpendicular to the vector PQ and this vecplane does not include PQ. But 
if P, Q are distinct points on a nul line, the vecplane perpendicular to PQ 
includes PQ, and therefore the plane through P perpendicular to the line 
includes Q, that is, contains the whole line. To put the same matter differently, 
the planes perpendicular to a given line are in every case parallel planes; if 
the line is not nul, these planes are not parallel to the line, and each of them 
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euts the line in one and only one point, but if the line is nul, the planes per- 
pendieular to the line are also parallel to the line, and therefore one of them 
contains the line and none of the others cut the line. 


2 A nul line ina given plane must have for vecline a nul vecline in the 
corresponding veeplane. Hence ° in a plane that is not isotropic there are two 
Gistinet families of nul lines; each family consists of parallel lines, and through 
every point there pass two nul lines, one member of each family, “In an 
isotropic plane the nul lines are all parallel, and every point 1s on one and 
only one nul line. 

‘3. In an isotropic plane the elementary definitions of distance to a line do 
not necessarily fail, On the contrary, if ¢ is any line that is not nul, there is 
one and only one line through a point P perpendicular to g, namely, the nul 
line through P, and this line not being parallel to q cuts q in a single point: 
there is no dijiculty, but since the distance along the nul line is zero, there is 
the peculiarity that 

Tn an isotropic plane the normal distance from any point to any ray that os 
not nul ts zero. 

But if g is nul, every direction, including the direction of g itself, is normal 
to @: the anisotropic lines through any point P of the plane are normal to q 
and intersect g, and the distances from P to q along these lines are not zero 
unless P is in g. On the other hand, it follows from ‘31 that the points at 
normal distance zero from a line that is not nul are the points composing the 
two isotropic planes through the line, and we are tempted to agree that 
the points at normal distance zero from a nul line are the points forming the 
one isotropic plane that contains that line, a conclusion that can be drawn only 
if zero is at least one value of the normal distance from any point to any nul 
ine in an isotropic plane. The convention to which we are driven is that 

In an isotropic plane the normal distance from any point to any nul line is 
rndeterminate, 

To confirm this decision let us appeal to general formulae. In the plane 
with fundamental magnitudes F, F, G, the normal distance d of the point 
Ep, np from the line 

AnE+ pxn + K=0 
is given by d= (OxEpt+uxnp + K)/k, 
where = (Mao — 2PAxux + Epy?)/(EG — F?). 
lf the plane is isotropic, Ax, “x can not be interpreted as polar coefficients, but 
‘33 1s still the general form of equation for a line, and this line is nul if and 


only if Oa? — 2Prux + Ey? = 0. 
Since EG — P= 


> 

ae u 2 Ps es or: : : : 

the value of d given by ‘34 and 35 is necessarily zero unless the line-is nul, 
but if the line is nul, & and d are together indeterminate. 
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“4. The line through £p, np in a direction = is traced by giving to r different 
valuesin Ep + r&s, np + rns, where &s, ns, being the coefficients of a direction, 


satis 

¥ Bex! + 2FEsns + @ns?=1, 
and r is the actual distance of the variable point from P. Substituting 
E,/s, T1s/s for &s, nx we see that in general the distance from the point P to 
the line given by °33 in the direction of the measured vector s, is the value 
of r given by 

OxEp + punp + K)+ (r/s) AxEs + uxns) = 0, 
that is, by r=—S(OxnEptpenp + K)/(AnEs + ux 7s); 
the amount s must satisfy the condition 
s? = Hee a 2 egns + Ging’. 


If we use the formula °43 for a definition and note that the denominator 
An&s + (7g is zero if and only if the direction is parallel to the line, we find 
that 


In any plane the distance from a point to a line in a direction parallel to 
the line is indeterminate if the line contains the point or is nul, but otherwise 
is infinite. 

If the direction is not parallel to the line, there is nothing to be learnt from 
‘43 that is not otherwise evident. 


*5. Applied verbally to an isotropic plane, the familiar theorems on which 
ordinary geometry is built are for the most part not false but either tauto- 
logous or reducible to simpler terms. The kind of change that takes place is 
most obvious when the measurement of angles is involved, for as we have seen 
every determinate angle in an isotropic plane is a multiple of 7. 


Thus, of the relation Het Ce ean Be 


between sides and angles of a triangle nothing useful survives, though we may 
add that unless the side BC is situated in a nul line, zero, which is the value 
of b sin C and csin B, is also the normal distance of A from BC. 

The form assumed by a= bes O + cos B, 


the other fundamental formula of plane trigonometry, is made intelligible by 
22-44. If P,Q, R are any three points, then if PQ, QR, and PR are all 
measured in congenial directions, the length of PR is the sum of the lengths 
of PQ and QR; thus to reduce ‘52 to the form* 


a=b+c 


* Darboux (Principes, p. 180) has this theorem in the form +dy).+d,3+d3;=0, but has 
no plan for disposing of the ambiguities of sign, unless indeed the whole theory of ‘aspect’ 
is held to be implicit in the phrase “exactement comme si les points étarent en ligne drovte”, 
to which he gives the emphasis of italics. 
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is to suppose ('A, AB, and CB (not BC) measured in the same aspect of the 
plane. It is better to give the theorem a more symmetrical shape and an 
obvious extension, asserting that 

In an isotropic plane with a definite aspect the perimeter of every closed 
polygon vs zero. 

An important corollary to ‘53 comes from the simple observation that a@ is 
equal to 6 if c is zero, that is, if the step of which ¢ is a length is in a nul 
line : 

In an isotropic plane with a definite aspect, the distance from a point P to 
a point Q of a nul line q is independent of the position of Q in 4q. 

In other words, “although the normal distance from a point to a nul line in 
an isotropic plane is indeterminate, there is a definite oblique distance in each 
aspect of the plane. And two nul lines in such a plane stand in a relation to 
which there is nothing in ordinary geometry to correspond : 

In an rsotroprie plane with a definite aspect, the distance from a point of one 
nul line to a point of another depends only on the two lines, not on the positions 
of the points on the lines. 


CHAPTER IV 4 
THE UNIQUENESS OF COMPLEX SPACE 


441. General considerations, 442. The similarity of all isotropic planes. 443. The 
similarity of all anisotropic planes. 444. The proof that complex space is unique. 
445. Complex geometry and real space. 


441, GENERAL CONSIDERATIONS. 


‘1. When we set up a framework, Cartesian or other, in ordinary space, we 
have not to consider the possibility that the space owes any properties to the 
framework, for the space is supposed given in advance. But with algebraic 
space the constants associated with some one framework have to be assumed, 
and it is reasonable to ask whether the choice of constants can have any radical 
effect on the space constructed. In this chapter we are concerned only with 
complex space, and it must be remembered that the existence of spatial 
products different from zero is being assumed ; in what may be called <sotropic 
space there is a type of plane that we do not have to consider. 


*2. We must deal first with the vecplane. If for any one pair of vectors of 
reference HG — F? is zero, the vecplane is isotropic and HG — F? is zero for 
every frame. If for any one frame HG —F” is different from zero, then the 
vecplane is anisotropic and HG — F? is different from zero for every frame. 
°The distinction between the two kinds of vecplane is a fundamental dis- 
tinction ; what we prove is that there is no other. 

When we turn to vecspace we come to a conclusion that is really similar, 
and appears different only because isotropic vecspace has been explicitly ex- 
cluded. The reader who takes the trouble to develop the theory will have no 
difficulty in finding whether or not two isotropic vecspaces necessarily have 
the same geometry. 


‘3. It goes without saying that if two vecplanes or vecspaces have the same 
geometry, two planes or spaces constructed by means of them have the same 
geometry. 


442. THE SIMILARITY OF ALL ISOTROPIC PLANES. 


1. As described in 25°4, the analytical geometry of an isotropic vecplane 
with a definite aspect depends wholly on two numbers U, V subject only to 
the restriction that they are not both zero. It follows that, if in a given 
isotropic vecplane a can be found a frame xy with reference to which the 
fundamental numbers U, V have the particular values from which an isotropic 


23 


12 


13 


14 


‘Tl 
12 


‘13 
14 


a. 


238 COMPLEX SPACE © 442 


vecplane 8 has been constructed, the geometry of a must be the same, quali- 
tatively and quantitatively, as the geometry of £. 

Suppose then that a is an isotropic veeplane and that U, V are given 
numbers, not both zero. In a, let k be a proper nul vector, and let d,e be 
two proper vectors, of amounts d, e, that are neither collinear nor nul*. Then 
let x denote k if U is zero, (U/d)d if U is not zero, and let y denote k if V is 
zero, (V/e)e if V is not zero. With this construction, x and y are not collinear ; 
and x has the amount U and y the amount V: 

Given any two numbers U, V not both zero, we can find in any rsotropic 
vecplane with given aspect a frame in which these are the Fundamental 
numbers. 

It follows that 

All isotropic vecplanes have the same geometry, 


and also that 
All isotropic planes have the same geometry. 


443, THE SIMILARITY OF ALL ANISOTROPIC PLANES. 


‘1. A prepared anisotropic vecplane, referred to a frame xy, depends on the 
four numbers L, F, G, C such that 


and these numbers are necessarily subject to the relations 
C2 = EG — F?, 
C #0. 
We proceed to shew that conversely, given any four numbers satisfying ‘13 
and ‘14, in any complex anisotropic vecplane we can find a pair of vectors x, y 


satisfying “11 and 12. It is convenient to separate the case in which / and G 
are both zero. 


°2. If FE and G are both zero, vectors x, y to satisfy ‘11 must both be nul, and 
since they are not to be collinear one of them must belong to each of the two 
nul veclines. Let d, e be any proper vectors one in each nul vecline; by 15:33, 
# de is not zero; hence there is a vector (F/£ de)e. If this vector is g, 


§ dg =F, 
and since by 24°12 (A dg) =—(f dg), 
we have from ‘21 and ‘13, which reduces to 
(=e 
the relation (4 dg)? = C?. 


* If dis not nul, d+k is neither nul nor collinear with d. 


444 THE UNIQUENESS OF COMPLEX SPACE 239 


If dg is C,11 and ‘12 are satisfied if x denotes d and y denotes g; if 
A ag is — CO, then .& gd is C and ‘11 and ‘12 are satisfied if x is taken as g 
and y as d. 


°3. If H is not zero, then by 21°75 we can find in any direction that is not 

nul a vector x such that 
IS X= H, 
and by 3423 we can find then one and only one vector y satisfying simul- 
taneously the two equations 
Sxy=F, Axy=C. 
Comparing the identity 
(Axyv=aIR Sy’ —(S xy) 


with ‘13, we have EKG y’? = EG, 
and since # is not zero this implies 
GV=G; 


Thus x and y together satisfy 11 and ‘12, and since C by hypothesis is not 
zero, ‘12 implies that x and y compose a vector frame in the vecplane. 

This argument does not require @ to be different from zero, and is applicable, 
mutatis mutandis, if F is zero but G is not zero. To construct a direct argu- 
ment for this last case, starting with x as a multiple of a definite nul vector, 
is a good exercise; the steps are similar to those of 4°3 below. 


‘4. Combining the conclusions of ‘2 and ‘3 we find that 
Given any four numbers EH, F, G, C subject to the conditions 
EG—F?=(C?, C#0, 

we can find in any prepared anisotropic vecplane a frame in which E, F, G are 
the fundamental magnitudes and C ws the areal constant, 
from which we infer that 

All prepared anisotropic vecplanes have the same geometry, 
and that 

All prepared anisotropic planes have the same geometry. 


444. THE PROOF THAT COMPLEX SPACE IS UNIQUE. 


‘1. In the three-dimensional problem, we suppose given seven numbers 


L, M, N, P, Q, BR, J subject to the relations 


SESS ieaiaer ae 
RM P 
Q PWN 
EO, 


and we have to discover whether in a given vecspace can be found a frame 
xyz in which these numbers play the parts indicated by the notation. 
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‘2. Suppose first that LM — R? is not zero. Then if two vectors x, y are 

such that 
G§V=L, Fxy=Rh, Fy =M, 

they are not collinear and the vecplane containing them can not be isotropic. 
We begin therefore by taking any anisotropic vecplane in the given vecspace. 
In this vecplane, by 3°41, we can find two vectors x, y satisfying ‘21, and 
since the vecplane is not isotropic and these vectors are not collinear, the 
vector product Y xy is not coplanar with x and ple a a third vector z is deter- 
minable from the three projected products ¥ S yt, S V xy)z; that is, 
when x and y have been chosen there is one mee only one vector z which 
satisfies the conditions 


Gxz=Q, Syz=l, So xyz—J. 
Moreover, 12°47, ‘11, °21, ‘22 imply 


| DS he ate | Timea 
RY SMA ek Tie MEP 
Nama ae? Sh Mala! ied 5) Ss 
and therefore, since LM — R? is not zero, imply 
Sf B= N. 


Taken together, ‘21, -22, ‘23 shew that the frame xyz has the required relation 
to the seven numbers. 

It is easy to write down the actual expression for z. In the frame xyz, the 
vector product Y xy has the polar coefficients 0, 0, J; hence 


Y xy = J (Qx + Py + Nz), 
and therefore 
(LM — R*?)z=(MQ-—RP)x+(LP-QR)y+J Vey, 
and this identity is effective to give z unless LM — R? is zero. 


*3. The case in which LM — R? is zero is equally easy to circumvent and 
to solve. 

If the three numbers L, LM — R?, LN —(? were all zero, then the three 
numbers L, R, Q would all be zero, and therefore J would vanish. That is, if 
a set of magnitudes polar to the given set is calculated from the formulae of 
342°4, one of the three numbers 


MN —P? iM iN (P 
is different from zero. Hence a case in which the process of the last paragraph 
is not effective to describe a frame with the given fundamentals either with 
its third or with its second vecplane arbitrary, is necessarily a case in which 
this process 7s effective for the construction of a frame from the polar magni- 


tudes with its first vecplane arbitrary, and the polar of any frame so formed 
is a frame with the given numbers in their required parts. 
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To deal directly with this case, let U, V be two numbers such that 
CE OA RAV eM V4, 
there are such numbers, since by hypothesis 
IM — F?=0, 
and these numbers are not both zero, for the determinant 
ple a ALE 
a a ie 
ORs Ny 
to which J? would reduce if U and V were both zero, vanishes identically. 
In any isotropic vecplane can be found two vectors 1, m satisfying 
$P=U, Jim=UV, Sm'=V*, 
and not collinear. In space the planes 
flr=Q, JSmr=P, 
not being parallel, intersect in a line whose vecline is perpendicular to the 
vecplane containing 1 and m, and since this vecplane is isotropic, the line 
determined by ‘334 is parallel to the plane which contains the origin and has 
land m in its vecplane. It follows that° the spatial product .7 lmr has the 
same value for every vector r satisfying ‘334. Moreover, it follows from 12°47 
that the value of (.7 lmr) is given by 


(olmry =i LUV Oa =e V5 Q 
GV =eViaeee: CEVA eeP 
Q PSG e OR NaP ihe 


since the value of the determinant is actually independent of the value of 
the element occupying the position of V; hence °if r satisfies °334, 


(7 imr)= 2, 
whatever the value of ¥ r’. 
Let us now take z=). V.=mMm,,iG=—r, 
if 7 Imr is J, but x=-l y=-m, q=-yr, 


if 7 Imr is —J. In either case 
GP=L, Sxy=kh,. Fy = MM, 
and in either case we deduce that there are values of q satisfying 
Suqg=Q, Syqa=P 
and that these equations imply 
J xya= J. 

If d is a particular solution of ‘351, the general solution was seen in 34°32 to 
be d+ p@xy, where p is a variable number, and since @xy is nul and d 


satisfies 352, 
G (d+ pUxyy= F a+ 2p. 
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Since J is not zero, there is one and only one value of p such that 
fa? + 2p =N, 
where NV is a given number; thus if 
z=d+{((N—Sa@)/2J} OU xy, 


z satisfies not only 
Gxz=Q, Gyz=P, J xyz=d, 


but also Jf B=, 


and ‘34, ‘38, ‘39 are formally the same as ‘21, ‘22, ‘23. 


‘4. To sum up the conclusions of ‘2 and °3, 
Given any seven complea numbers L, M, N, P,Q, R, J subject to the conditions 
dead AO i. al 0) 
GM cP 
1@ PW 
we can find in the complex vecspace constructed from any frame whatever a 
frame which has L, M, N, P,Q, R for its fundamental magnitudes and J for 
ats spatial constant. 
Hence 
Ali complex vecspaces have the same geometry, 
and 
All complex spaces have the same geometry ; 
in fact, if more dimensions than three* are not in contemplation, we may 
assert that 


There is only one complex space. 


°5, Let us hasten to add that there is nothing surprising in ‘41. As a 
matter of pure algebra, there are six conditions to be satisfied and as many as 
nine independent variables, namely, the coefficients of the three vectors x, y, z 
in some one frame of reference. The details of an algebraic proof cease to be 
tiresome if the necessity of paying attention to the peculiarities of nul vec- 
lines and isotropic vecplanes is realised from the first, but there are no 
advantages, theoretical or practical, in treating the matter as merely one of 
solving a set of equations of no intrinsic elegance. 


* There is a sense in which complex space has siz dimensions; six real numbers are 
necessary to specify three complex numbers, and the complex line corresponds point for 
point to the real plane. To express the arbitrary complex number z in the form 


(ja +kb)/(G+%), 
where a, b are given distinct complex numbers and j:% is a variable complex ratio, is to 


relate the value of z to the value of (z—a)/(z—), a familiar problem in the geometry of the 
Argand plane. 
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445. COMPLEX GEOMETRY AND REAL SPACE. 


‘1. The theorems of this chapter explain the part which complex geometry 
plays in the study of real space. Suppose that a real plane is referred to a 
frame with fundamental magnitudes H,, F'., G,, C,, subject necessarily to the 
conditions 

CP = £,G, — F74¢0. 

The complex numbers E, F, G, OC which have their imaginary parts zero and 
have E,, F,, G,, C, for their real parts satisfy 3°13 and 3°14, and can therefore 
be used for the construction of an anisotropic complex plane. Let the points 
in this complex plane whose coordinates have their imaginary parts zero be 
called the ° real points of the complex plane, and let the real point whose co- 
ordinates have the real parts £,, 7, be said to correspond to that point in the 
real plane which has the coordinates &,,,. Then ° the distances between two 
real points of the complex plane are numbers whose imaginary parts are zero 
and whose real parts are the distances between the corresponding points of 
the real plane. It follows that ° if one set of relations among distances between 
real points in the complex plane implies another set of relations among 
distances also between these real points, then the set of relations among 
distances between points in the real plane which corresponds to the first set 
of relations wmplies the set of relations among distances between the same 
points which corresponds to the second set of relations. It does not matter in 
the least how the implication in the complex plane has been established; if 
none but real points of that plane have been involved in the demonstration, 
the proof can be applied word for word in the real plane, but even if points 
that are not among the real points have been utilised, the result can be trans- 
ferred back to the real plane. 

Real space may be correlated in the same way point for point with a real 
part of complex space; the assumption that the space is not isotropic need not 
be made explicitly, since it is assumed throughout our work, and our conclusions 
can be summarised in the statement that 


If a theorem concerning an anisotropic complex plane or concerning complex 
space can be expressed in such a way as to be significant when asserted of a real 
plane or of real space, then the theorem is true when so asserted, provided that 
the conclusion does not assume or assert the existence of any points whose existence 
is not assumed in the hypothesis. 


Needless to say, there are some existence-theorems whose enunciations in the 
geometries of real and complex space are verbally identical; all that the 
restriction in ‘15 implies is that such theorems are not necessarily established 
for real space when they are proved for complex space. 
It is ‘15, together with 3:43 and 4°43, that explains why the uncritical use 
of complex coordinates as a technical device has not led to errors in ordinary 
16—2 
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geometry, in spite of the indefensible absurdities* of any attempt to introduce 
complex points into real space merely by letting Cartesian coordinates be com- 
plex. “To use geometrical language”, writes Russell, “ ...is only a convenient 
help to the imagination”, and this is true whether the vocabulary is large or 
small. Reference should be made to the discussion of the relation of complex 
geometry to real space in Baker’s Principles of Geometry}. 


‘2. In practice, a converse of *15 is freely used; theorems proved in ele- 
mentary geometry are asserted of complex space. To be transferable in this 
way a theorem must of course retain significance ; for example, it must not 
involve inequalities§, since one complex number can not be described as greater 
than another, and it must not refer to one of three collinear points as between 
the others, since there is no corresponding relation between three arbitrary 
complex numbers. A theorem that asserts concurrence of lines is likely to be 
true in complex space even if nul lines become involved, but if metrical relations 
occur, a reservation excluding nul lines and isotropic planes may be essential. 

The ground for the translation of a theorem from ordinary geometry to the 
geometry of complex space is that the theorem, however it happens to have 
been proved, could in fact have been demonstrated analytically, and the analysis, 
if it used no properties of real numbers that complex numbers do not share, 
would have proved the result for complex space. As De Morgan says in another 
connection||, “The perfect confidence which a mathematician puts in these 
proofs does not arise, as he knows, from their proving that their conclusions are 
true, but from their proving that they can (otherwise) be proved to be true.” 

There is little difficulty in deciding of any specific proposition whether or 
not it can be translated, and for a general theorem we content ourselves with 
an enunciation somewhat narrow : 


If a theorem concerning real space can be expressed in such a way as to be 
significant when asserted of complex space, then it is true when so asserted, 
provided that it does not deny the eaistence of particular points or the possibility 
of particular constructions, and provided also that if tt 1s metrical in character 
none of the lines or planes to which explicit reference is made are isotropic. 


*3. As a result of 15 and ‘21, the mathematician acquires a habit, confusing 
and illogical at first sight though indeed not merely defensible but inevitable, 
of carrying on his investigations without premising whether it is with real 
space or with complex space that they are concerned, and of deducing theorems 
in ordinary geometry from constructions that may be invalid in real space 
without giving a hint that he is conscious of a glaring anomaly. 


* Compare Russell, Foundations of Geometry, pp. 42-46, 1897. + Loc. cat., p. 45. 

t Vol. 1, pp. 142 et seg., 1922. § See in particular the foot-note on p. 299 below. 

|| Trigonometry and Double Algebra, p. 106, 1849. The reference is to the proofs of 
propositions in Euclid’s second book by methods applicable only to lines commensurable 
with one another. 


CHAPTER V “1 
IDEAL SPACE IN GEOMETRY 


511. Ideal points ; accessible ideal points and ideal points at infinity. 512. Cohesion 
of actual planes with ideal points; ideal lines; cohesion of actual planes with ideal lines, 
513. Ideal planes. 514. Intersections of ideal lines and ideal planes. 


511. IDEAL POINTS; ACCESSIBLE IDEAL POINTS AND IDEAL 
POINTS AT INFINITY, 


*1. In the conventional language introduced by Kepler and Desargues, there 
are two cases in which a number of lines are said to be concurrent; if the lines 
all pass through one point, they are concurrent there, and if they are all parallel, 
they are said to be concurrent at infinity. 

In the treatment which we owe to the genius of von Staudt, the funda- 
mental element is not a point but a class of concurrent lines, the lines being 
concurrent in the wider sense which allows parallelism as a particular case, 
and the class being as extensive as possible, that is to say, containing all the 
lines through some one point or all the lines with some one vecline. Such a 
class is called a sheaf of lines or an “ideal point. 

A mere extension of vocabulary does not alter the facts of elementary 
geometry, and sheaves or ideal points are of two kinds. A sheaf consisting of 
all the lines through an actual point is said to have that point for °vertex or 
to be associated with that point. A sheaf composed of parallel lines has no 
actual point in any special relation to it, and is called an ideal point ° at 
infinty. No pretence is made that there are any actual points at infinity; 
an ideal point at infinity is a class of lines which individually are commonplace 
straight lines, real or complex according as the space under consideration is 
itself real or complex. Infinity, in fact, becomes a class of sheaves of lines: if 
a sheaf belongs to this class, the sheaf is said to be at infinity. If we find it 
convenient to describe a sheaf or an ideal point that is not at infinity as 
°accessible, this term must not be taken to imply that such a sheaf is logically 
on any more secure footing than the sheaves at infinity. 


-2. If P is any actual point and A is any ideal point other than the sheaf 
formed of the lines through P, there is one and only one line through P 
belonging to A; if A has a vertex, this is the line joining P to that vertex, 
and if A has no vertex, it is the line through P with the vecline then 
characteristic of the members of A. 
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We can express this result by saying that there is one and only one line 
common to the ideal point A and the ideal point composed of lines through P: 


Unless two distinct ideal points are both at infinity, there is one and only one 
line which belongs to them both. 

°If the ideal points are both accessible, the common line is simply the line 
through the vertices. 


‘3. A line p belongs to an infinity of ideal points; “it belongs to every 
ideal point which has an actual vertex on p; “it belongs also to one and only 
one ideal point at infinity, namely, the sheaf formed of those lines which are 
parallel to p. 

Here, and nowhere more mystical, is the meaning of the assertion that 
every line has one and only one point at infinity associated with it. The 
student is wholly in the right who refuses to be hypnotised into thinking he 
believes that there are actual points at infinity to be reached by journeys of 
infinite length along actual lines, and that the point reached by such a journey 
in one direction along a line p or along any line parallel to p is the same as 
the point reached by a similar journey in the opposite direction along any of 
these lines but different from any point reached by a journey along a line not 
parallel to p; all statements of this kind are nonsense, not the less because 
they have proved precious. Infinity is no part of actual space. The points at 
infinity are ideal points, and it is true, if obvious, that every actual line bears 
to just one ideal point at infinity the relation of membership which it bears to 
those accessible ideal points whose vertices it contains. 


512. COHESION OF ACTUAL PLANES WITH IDEAL POINTS; IDEAL LINES; 
COHESION OF ACTUAL PLANES WITH IDEAL LINES. 


*1. Naturally an ideal line is to be a class of ideal points, and we anticipate 
that the ideal line associated with an actual line p is to be the class consisting 
of those ideal points to which p belongs. This however will not provide us 
with a sufficiently general definition of an ideal line, for just as there are ideal 
points without vertices, so there are ideal lines to which no actual lines 
correspond. To encounter the difficulty from another direction, if we set out 
to find a definition of the ideal line containing two given distinct ideal points 
Q, R, we can usually find one actual line p which belongs to both these 
sheaves, and every sheaf that contains p may be regarded as collinear with 
Q and R; this process succeeds if the ideal points are both accessible, when 
p is the line through their vertices, or if one of the ideal points is accessible 
and the other is at infinity, when p is the line through the vertex of the one 
parallel to the members of the other, but the method fails if both of the 
ideal points are sheaves of parallel lines, for there is then no actual line 
common to the two sheaves. Geometry and algebra suggest different defini- 
tions of the ideal line, but the two definitions are found to be equivalent. 
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*2. The relation of a plane to an actual point P when the plane contains 
P can be expressed directly in terms of the plane and the sheaf with P for 
vertex: there are lines of the sheaf lying in the plane. If we say that a plane 
“coheres with a sheaf or an ideal point, whether or not the sheaf is at infinity, 
when there are lines of the sheaf lying in the plane, then we can distinguish 
two cases: 


If a plane coheres with an ideal point, then if the ideal point is accessible its 
vertex is in the plane, but if the ideal point is at infinity the lines which com- 
pose it are parallel to the plane. 


It is important to observe that 

Lf a plane includes an actual point P and coheres with an ideal point A, then 
uniess A rs accessible and has P for its vertex, the plane contains the one line 
which belongs to A and includes P. 


‘3. In elementary geometry, the line through two distinct points P, Q is 
the aggregate of points common to all the planes that include both P and Q. 
Prompted by this consideration, let us examine the planes cohesive with two 
given distinct ideal points A, B and discover whether there are any ideal 
points other than A, B with which these planes all cohere. 

It follows from ‘23 that if B is an ideal point with an actual vertex Q and 
A is any ideal point distinct from B, every plane that coheres with both A 
and B contains the line through Q belonging to A. Conversely, since this line 
belongs to both ideal points, every plane which contains it does cohere with 
them both. That is, 

Unless two distinct ideal points are both at infinity, the planes that cohere 
with them both are the planes through the one line common to them. 


Hence 

If two distinct ideal points A, B have a line p in common, the ideal points 
that cohere with all the planes that cohere with both A and B are the ideal points 
to which p belongs. 

If two ideal points A, B are both at infinity, they have no common member 
if they are distinct, but there are still planes which cohere with them both. 
In fact if O is any point of space, there are definite lines p, g through O 
belonging the one to A and the other to B, and the plane that contains p and 
g coheres with A and B and by ‘23 is the only plane through O that does 
cohere with them both. Since the directions of p and q do not depend on the 
position of O, any two planes that cohere with both A and B are parallel, 
while conversely if P is one plane that coheres with A and B, any plane 
parallel to P also coheres with A and B. 

If two distinct ideal points are both at infimty, the planes that cohere with 
them both are the parallel planes whose common vecplane contains thew two 


veclines. 
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Hence 

If two distinct ideal points A, B are both at infinity, the ideal points that 
cohere with all the planes that cohere with both A and B are the ideal points at 
infinity with veclines in the vecplane containing the veclines of A and B. 

Considering -32 without reference to the line p itself, or “34 without 
mention of the vecplane, we have in each case a family of planes and a family 
of ideal points; each plane is cohesive with each ideal point, and any two of 
the ideal points or any two of the planes determine the whole configuration, 
for they suffice to give the line or the vecplane. If any two of the ideal points 
are at infinity, all the ideal points are at infinity, by 1°32; if any two of the 
planes are parallel, all the planes are parallel. 

We can now see the results of defining an ideal line as°a class of ideal 
points each of which is cohesive with two planes, and therefore with all planes, 
that cohere with any two of them. There are two kinds of ideal line. 

°An ideal line may consist of all the ideal points to which a particular 
actual line, called its axis, belongs. In this case, the ideal line, by 1°32, includes 
one and only one ideal point at infinity. A plane that coheres with more than 
one of the ideai points is a plane that contains the axis and is therefore 
a plane that coheres with every one of the ideal points; such a plane may be 
said to cohere with the ideal line itself. If a plane that does not contain the 
axis 1s parallel to the axis it coheres with the ideal point at infinity to which 
the axis belongs; if a plane is not parallel to the axis it cuts the axis in a 
definite point and coheres with the accessible ideal point which has that point 
for vertex: im any case, °if a plane does not cohere with every ideal point 
belonging to the ideal line, there is one and only one of these ideal points 
with which it does cohere. 

* An ideal line of the second type consists of all the ideal points at infinity 
whose veclines lie in a particular vecplane. Since all the ideal points that com- 
pose it are at infinity, such an ideal line is itself said to be at infinity, and by 
contrast an ideal line with an axis is described as accessible. A plane that 
coheres with more than one of the ideal points is a plane with the vecplane 
characteristic of the ideal line and is therefore a plane that coheres with every 
one of the ideal points; again the plane is said to cohere with the ideal line. The 
vecplane of the ideal line and the vecplane of any plane that does not cohere 
with the ideal line have one vecline in common, and the ideal point at infinity 
which has this vecline is an ideal point that belongs to the ideal line and 
coheres with the actual plane: °if a plane does not cohere with every ideal 
point belonging to the ideal line, there is one and only one of these ideal 


points with which it does cohere. 
‘4. The verbal identity of *37 and ‘39 is valuable; we can assert simply that 


A plane that does not cohere with an ideal line coheres with one and only one 
ideal point on that line. 
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The discussion leading to the definition of an ideal line implies that 


Given any two distinct planes, there is one and only one ideal line with which 
they both cohere; | 


it follows from °41 and ‘42 that 


If three planes do not all cohere with a single ideal line, there is one and only 
one rdeal point with which they all do cohere. 

Given an actual point O and a line that does not include O, there is one 
and only one plane that includes O and contains the line; given an actual 
point and any vecplane, there is one and only one plane that includes O and 
has the vecplane: 

Given any actual point and any ideal line other than an accessible ideal line 
whose axis passes through the point, there is one and only one plane which in- 
cludes the actual point and coheres with the ideal line. 

Hence comes a correlative of °43: 


Lf three ideal points are not all at infinity, then of there is no ideal line to 
which they all belong there is one and only one plane that coheres with them all. 


*5. The ideal lines that cohere with a particular plane P are to be found 
by associating with P a variable plane Q distinct from p. If Q is not parallel 
to Pp, the two planes cut in an actual line and determine the accessible ideal 
line of which that line is the axis. If @Q is parallel to p, the two planes deter- 
mine the ideal line at infinity characterised by the vecplane of p. °Thus P 
coheres with a single ideal line at infinity, and with an infinity of accessible 
ideal lines, namely, the accessible ideal lines whose axes are actual lines in P. 
° All the inaccessible ideal points that cohere with P are on the one inaccessible 
ideal line that coheres with P; in fact, the ideal line is the aggregate of these 
ideal points. 

Let a, b be any two distinct ideal lines that cohere with P; let @ be a second 
plane that coheres with a and z& a second plane that coheres with b. The 
three planes P, @, # do not all cohere with any one ideal line, and therefore by 
‘43 there is one and only one ideal point with which they all cohere, and this 
point belongs to a because P and @ cohere with it and to b because P and R 
cohere with it. 

Two ideal lines that both cohere with one plane have an ideal point in common. 


If two distinct ideal lines a, b have an ideal point C in common, and if 
A, B are ideal points distinct from C on a, b, then unless a, 6 are both at 
infinity, one at least of the three ideal points A, B, C is necessarily accessible, 
and therefore by 45 there is a plane that coheres with the three ideal points; 
this plane coheres with a, since it coheres with both A and C, and with b, 
since it coheres with both B and C: 

If two distinct ideal lines have an ideal point in common and are not both 
at infinity, there is a plane that coheres with them both. 


“42 


“43 


44 


“45 


51 


52 


53 


‘b4 


252 IDEAL SPACE 512 


Since two ideal lines that cohere with one plane can not both be at infinity, 
the case excluded from ‘54 is excluded also from ‘58, and this case must be 
examined. The vecplanes characteristic of two ideal lines at infinity necessarily 
have one vecline in common, and the ideal point at infinity with this vecline 
is an ideal point common to the two ideal lines: 

Any two ideal lines that are both at infinity have an ideal point in common. 

The three results ‘53, ‘54, ‘55 can be combined in a single enunciation: 


Two ideal lines have an ideal point in common if they are both. at infinity or 
if there is a plane which coheres with them both, but not otherwise. 


513. IDEAL PLANES. 


‘1. If the language of elementary geometry is to be available, an ideal 
plane must be a class of ideal points determined by three of its members 
which are not collinear, and such that the ideal line joining any two members 
of the class is part of the class. Thus to construct from first principles the 
ideal plane determined by three ideal points A, B, CO, we should add to AL BiG 
first all the ideal points on the ideal lines BC, CA, AB, then all the ideal 
points on ideal lines joining ideal points on one of these ideal lines to ideal 
points on another, then all the ideal points on ideal lines joining two ideal 
points of the last kind, and so on, continuing the process till no new ideal 
points were introduced; it is obvious that if J’, G, H are any three non-collinear 
ideal points reached by this process, the ideal plane determined by F, G, H is 
contained in the ideal plane determined by A, B, CO, but to prove that the 
two ideal planes are identical it would be necessary to shew that A, B, C can 
be reached from F, G, H by a similar process. Actually we avoid work that 
might prove tedious by appealing to 2°56. 


*2. If A, B, O are three ideal points that are not collinear and not all at 
infinity, a fourth ideal point D is on an ideal line joining A to an ideal point 
on BC if AD and BC have an ideal point in common, that is, from 2°56, if 
there is an actual plane P that coheres with the four points A, B, OC, D; the 
plane Pp is determined by the three given ideal points, and every ideal point 
that coheres with P is in the ideal plane determined by A, B, C. Since also 
every ideal point on every ideal line joining two distinct ideal points that 
cohere with P, itself coheres with p, the process described in the last para- 
graph can not lead us from ideal points that cohere with P to ideal points 
that do not cohere with p. Finally, if F, G, H are any three ideal points 
reached by this process and not collinear, P is the only plane that coheres with 
all three of them, and therefore the ideal plane determined by F, G, H is 
identical with the ideal plane determined by A, B, C. 

If A, B, C are three ideal points at infinity and not collinear, it follows from 
2°34 that every point to which the process of ‘1 leads is at infinity, and from 
2°55 that this process leads to every point at infinity. 
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Thus ideal planes, like ideal lines and ideal points, are of two kinds. °An 
accessible ideal plane consists of all the ideal points with which some actual 


plane coheres. ° The aggregate of ideal points at infinity also is an ideal plane, 
naturally called the ideal plane at infinity. 


514. INTERSECTIONS OF IDEAL LINES AND IDEAL PLANES. 


"1. Of two distinct ideal planes, one must be accessible. The ideal points 
common to an accessible ideal plane and the ideal plane at infinity are the 
inaccessible ideal points in the accessible ideal plane, and from 2°38 it follows 
that these compose a definite ideal line. If two ideal planes are both accessible, 
the ideal points common to the ideal planes are the ideal points with which 


the corresponding actual planes both cohere, and these are seen by 2°42 to 
form a definite ideal line. 


Any two distinct ideal planes intersect in an ideal line. 


This is one example of the simplification introduced into geometrical 


language by the completing of space; a second, equally useful, is furnished by 
2°56, which becomes 


Two ideal lines are concurrent if and only if they are coplanar. 


From ‘11 it follows that if 4, B, C are three distinct ideal planes, 4, B cut ¢ 
in ideal lines a, b; unless these ideal lines coincide, ‘12 shews that there is one 
and only one ideal point common to them: 


Any three ideal planes have an rdeal point in common. 


If any number of ideal planes have in common two distinct ideal points, they 
have the whole ideal line through these two ideal points; if there are three 
common ideal points that are not collinear, the ideal planes necessarily 
coincide. 


*2. Given an ideal line a we can always find two ideal planes intersecting 
in a: all that is necessary is to take any ideal point B not in a and a second 
ideal point C not in the ideal plane that contains «@ and includes B ; the ideal 
plane that contains a and includes C then cuts the ideal plane that contains a 
and includes B in the ideal line a itself. It follows from this and ‘13 that 


Any ideal line that is not contained in a given rdeal plane cuts the ideal 
plane in one and only one ideal point. 


It is the entire absence of exceptional cases from propositions such as those 
of this section that is alike the aim and the justification of the construction 
of ideal space. 
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CHAPTER V 2 
IDEAL SPACE IN ANALYSIS 


521. The specification of an ideal point. 522. Ideal lines and ideal planes in analysis. 
523. Conditions for collinearity and coplanarity of ideal points. 524. Tetrahedral co- 
ordinates as coefficients in the specification of an ideal point. 525. The loading of ideal 
points; addition of loads; mean centres. 526. Uses of loaded ideal points; tetrahedral 
coordinates as multipliers in a loaded tetrahedron. 527. The effect of a change in the 
tetrahedron of reference; homogeneous linear equations. 


521. THE SPECIFICATION OF AN IDEAL POINT. 


‘1. The introduction of elements at infinity into analytical work follows 
with surprising fidelity the steps of their introduction into pure geometry. 

The position of a point R may be determined from a point Q by means of 
two vectors, the vector q’ of the step from Q to a fixed point O, and the 
vector r of the step from O to Rk. The step QA is the step which represents 
the vector r+q’ with reference to the pomt Q. If Q is distinct from R, the 
steps from Q with vectors of the form kr +kq’ lie all in the line QR, and for 
different values of k& trace out the whole line. Hence given a vector r and a 
number t different from zero, the steps which represent from Q the vectors of 
the form k (r+ tq’), that is, kt {(r/t) + q’}, trace out the line joining Q to the 
point whose vector from O is r/t, provided only that Q is distinct from this 
last point. If ¢ is zero but ris not the zero vector, the vectors of the form 
k(x +tq’) still determine a definite line, though this is no longer the line 
through Q and a definite point but is the line through Q with given directions, 
those of the vector r. In either case the line is determined not by r alone or 
by t alone, and the same line is given by ér and kt as by r and ¢, provided only 
that r+tq’ is not zero. Suppose now that r and ¢ are given but Q is allowed 
to vary. To each position of Q, with possibly a single exception, corresponds 
one and only one line; if ¢ is not zero, the various lines are concurrent in a 
definite vertex, the point whose vector from O is r/t; if ¢ is zero, the lines are 
all parallel. In other words, 


The lines determined in this way from a vector r and a number t which are 
not both zero compose an ideal point. 


Moreover, the same ideal point is determined by hr and ht as by r and ¢, if h 
has any value other than zero: the specification of an ideal point from an 
origin by means of a vector and a number is° homogeneous. The ideal point 
determined by r and ¢ will be described simply as the ideal point (r, ¢). 
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*2. The definition of the ideal point (r, t) is equivalent to the theorem that 


If q 1s the vector from the origin O to a point Q, a line through Q belongs to 
the ideal point (r, t) if and only if its vecline includes the vector r — tq. 


If r—tq is the zero vector, every vecline includes r—¢q, and the ideal point 
is accessible and has Q for vertex. In every other case, there is one and only 
one line through Q that belongs to (r, #). 


°3. The specification of a particular ideal point A by means of a vector r 
and a number t¢ depends of course on the origin 0. The effect of a change of 
origin is easily deduced from ‘21. If the origin is moved to a point S such 
that the vector of OS is s, and if t is the vector of SQ, we have q=s +t, 
and therefore a line through Q belongs to the ideal point A if and only if its 
vecline includes r —¢(s +t), that is, includes (r — ts) — tt, whence 


The ideal point which is (x, t) when referred to an origin O, is (r — ts, t) when 
referred to the point S which is such that the vector of OS ts s. 


If we have reason to describe the new origin not directly but as the vertex 
of an accessible ideal point which with reference to O is (1, /), the new speci- 
fication {r — ¢(1/l), t} is conveniently taken in° the form (/r— I, /¢). But it is 
to be observed that ° there is no possibility of using an inaccessible origin in 
this way: if / is zero, (/r — #1, /t) reduces to (— #1, 0) and fails to distinguish one 
accessible ideal point from another. The utilisation of inaccessible ideal points 
as points of reference is effected along quite different lines. 


‘4. To describe the ideal point (r, ¢) by means of a Cartesian frame OX YZ 
or an attached vector frame Oxyz, what is wanted in addition to the number t 
is a set of numbers to specify the vector r by means of the chosen frame. 
Taking components or coefficients, we have the ideal point indicated in the 
one case by the set of four numbers a, y, z, t and in the other case by the set 
of four numbers &, , &, 7, where 7 1s substituted for ¢t for the sake of uni- 
formity in appearance. In each case, one at least of the four numbers is 
necessarily different from zero, and the ideal point depends only on the ratios 
a:y:z2:t or &::€:7, being unaltered if the four numbers are multiplied 
simultaneously by any number other than zero: in fact, “the specification 
remains homogeneous when it is effected by means of four numbers instead 
of by means of a vector and a number. But it is impossible to replace the 
homogeneous specification with four numbers by any specification with three 
numbers only, without loss of efficiency, for although the four numbers can 
not all be zero together, there is no one of them that is not zero individually 
for some definite class of ideal points: ¢ and 7 are zero for the points at 
infinity. 

Any accessible point A has one and only one specification in which ry is 1, 
and the values of &4, 74, €4 in this specification are the coordinates, in the 
elementary sense, relative to Oxyz, of the actual point which is the vertex of A. 
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522. IDEAL LINES AND IDEAL PLANES IN ANALYSIS. 


‘1. In the geometrical theory, an ideal point and an actual plane have 
been said to cohere if the plane contains a line belonging to the point. 

Let the plane be given, with reference to the origin O, by the equation 

far= A, 

where a is a vector perpendicular to the plane and A is a constant for the 
plane. If q is the vector from O toa point Q of the plane, the Jines* through 
Q in the ideal point (1, /) are the lines whose veclines include the vector 1—/q, 
and there is one of these lines in the plane if and only if 


§a(l —lq) =0, 
that is, since q satisfies ‘11, if and only if 
§al= Al, 


a condition from which q, and with it all reference to the particular point Q, 
has disappeared. 

There is of course nothing surprising in the resemblance of 18 to ‘ll. If 
the ideal point (1, 2) has an actual vertex, this is the point whose vector from 
O is 1/1, and the ideal point coheres with the plane ‘11 if the vertex is in the 
plane, that is, if 

fa (ijl) =A. 
If on the other hand the ideal point is the sheaf of parallel lines with veclines 
containing 1, the ideal point coheres with the plane if the vector 1 is a vector 
in the corresponding vecplane, that is, if 
Sal=0, 
and this is the form which ‘13 assumes if / is zero. 


*2. After the manner in which vecplanes are defined, it is natural that 
when we are given two distinct ideal points (1, /), (m, m) we consider the class 
of ideal points of the form (71+ jm, i/+ jm) for varying values of 7 and j. 
Because the specification of an ideal point is homogeneous, the ideal point 
(71+ jm, il + jm) depends only on the ratio of ¢ to 7, not on the absolute values 
of these numbers. Moreover, the relation of ((1+jm, a+ jm) to (1,1) and 
(m, m) does not depend on the origin of reference, for if (1, l), (m, m) are 
replaced by (1— Js, /), (m—ms, m), then ((1+jm, 7! + jm) becomes 

{a (1—ls)+j(m—ms), il+ jm}, 
and this, since it can be written 

{((al+ym) — (tl + jm) 8, il + jm}, 
represents the same ideal point with respect to the new origin as does 
(i1+jm, 71+ jm) with respect to the old. 


* Unless the ideal point is the accessible ideal point with vertex @Q, there is one and 
only one line. 
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It is obvious from +13 that °for all values of i and j, the ideal point 
(11 +jm, il + jm) coheres with every plane with which (1, /) and (m, m) both 
cohere. 

Conversely, if (1, 7) and (m, m) are distinct ideal points cohering with each 
of the distinct planes (a, A), (b, B), and if (n, n) is a third ideal point which 
also coheres with each of these planes, then 

fal=Al, Sam=Am, fan=An, 
FSbl=Bhl, FSbm=Bm, L/bn= Bn, 
and therefore ) 
§ (Ba~Ab)1=0, £(Ba—Ab)m=0, F¥(Ba—Ab)n=0, 
Unless A and B are both zero, the vector Ba— Ab is not the zero vector, 
since the planes are distinct, and therefore ‘233 implies that 1, m, n are 
coplanar, that is, that there are constants f, g, h such that 


fit+gm+hn=0; 

this being the case, we have from ‘231, ‘232 
A(fl+gm+hn)=0, B(fl+gm+hn)=0, 
and this requires fli+gm+thn=0. 
Since (1, 7) and (m, m) are distinct, is not zero, for there are no numbers 
J, g such that simultaneously 
fit+gm=0, fl+gm=0; 
but if hf is not zero, ‘234, °236 become 
n=—(f/h)1—(g/h)m, n=—(f/h)t—(g/h)m, 

and express that °(n, n) is of the form (¢1+jm, 7 + jm). 

To deal with the excepted case, we may either move the origin to a point 
which is not common to the two planes, or observe that if A and B are both 
zero, a and b are not collinear, and ‘231, ‘232 express that 1, m,n are all 
multiples of Vab ; writing 

lemin =]: MeN; 
then since mL —/M can not be zero, for m1 —/m is a proper vector, the pair of 
equations 
fiE+gM+hN=0, fl+gm+hn=0 
can be satisfied by values of f, g, h such that h is not zero. 

Lf (1, 1), (m, m) are distinct ideal points, and P,Q are distinct planes with 
which they both cohere, the ideal points which cohere with both P and Q are the 
ideal points of the form (11+)m, i +jm). 

That is to say, 

If (1, l) and (m, m) are distinct ideal points, the ideal points of the form 
(@1+jm, i+jm) are the ideal points composing the ideal line through (I, 1) 
and (m, m). 
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-3. °The expression (1+,jm, / + jm) represents by the variation of 7 all the 
ideal points of the ideal line joining (1, /) to (m, m) except the ideal point 
(m, m) itself, Hence if (1, /) is not collinear with (m, m) and (n, n), the ex- 
pression (1+jm + kn, 1+ jm + kn) represents all the ideal points coplanar with 
these three except those on the ideal line joining (m, m) to (n, m), and 

If (1, 1), (m, m), (n, n) are any three ideal points that are not collinear, the 
ideal points of the form (i1+jm+kn, il+jm+ kn) are the ideal points com- 
posing the ideal plane through these three ideal points. 


523. CONDITIONS FOR COLLINEARITY AND COPLANARITY OF IDEAL POINTS. 


‘1. The two ideal points (1, 1), (m, m) coincide if and only if there are 
numbers 2, 7’ which are not both zero such that 
jm=i1l, j/'m=il. 
It is important to observe that in fact neither of the numbers 2, 7’ can be zero, 
for if 7 is zero but not 7’, 11 gives 
m= 05 @'=0 
and (m, m) fails to represent an ideal point at all. Thus we can assert, writing 
j for — 3’, both that 
The two ideal points (1, 1), (m, m) coincide if and only vf there are two 
numbers 1, 7 both different from zero such that 
wl+jm=0, w+jzm=0, 
and that 
The two ideal points (1, 1), (m, m) coincide if and only if there are two 
numbers i,j not both zero such that 
w+jm=0, iw+jm=0. 
The difference between the two forms of expression which is trivial in this 
case acquires significance in the corresponding theorems to which we proceed. 


*2. If (1,1), (m, m) are distinct, a third ideal point (n, n) is in the ideal line 
through them if and only if there are numbers 7, 7 not both zero and a number 
k’ not zero such that 

kn=a+jm, kn=i+jm; 
remarking that if 7 is zero, (nm, n) coincides with (m, m), and if j is zero, (n, n) 
coincides with (1, /), and replacing —k’ by k, we conclude that 

The three ideal points (1, 1), (m, m), (n, n) are collinear and all distinct ae 
and only if there are three numbers 1, j, k all different from zero such that 

a+ym+kn=0, tl+jm+kn=0. 

If one of the numbers 2, 7, & in °23 is zero but one of them is not zero, the 
conditions of ‘14 reappear; the third number is not zero, and two of the ideal 
points coincide. If the third ideal point is distinct from these two, there is 
still one ideal line that includes them all, while in the extreme case in which 
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the three ideal points all coincide, there is an infinity of ideal lines through 
them. 


The three ideal points (1, 1), (m, m), (n, n) are collinear if and only if there 
are three numbers %, j, k not all zero such that 


a+jm+kn=0, t+jm+kn=0. 


*3. For the ideal point (p, p) to be coplanar with three ideal points (1, 2), 
(m, m), (n, ) that are not collinear, there must be numbers ¢, 7, & not all zero 
and a number h’ different from zero such that 


Vp=a+jm+hkn, h'p=il+jm+kn. 

If one of the numbers %, j, & 1s zero, (p, p) is collinear with two of the three 
ideal points (J, 1), (m, m), (n, n); hence 

The four ideal points (1, 1), (m, m), (n, n), (p, p) are coplanar and no three 
of them are collinear vf and only if there are four numbers i,j, k,h all different 
From zero such that 

a+jm+kn+hp=0, tl+jm+hkn+hp=0. 
And corresponding to ‘24, 


The four ideal points (1, 1), (m, m), (n, n), (p, p) are coplanar of and only uf 
there are four numbers 1,7, k, h not all zero such that 


a+jm+kn+hp=0, w+jm+kn+hp=0. 


524. TETRAHEDRAL COORDINATES AS COEFFICIENTS IN THE SPECIFICATION 
OF AN IDEAL POINT. 


‘1. If A, B,C, D are any four ideal points that are not coplanar, and G is any 
ideal point whatever, there is an ideal line that includes D and G, and this 
ideal line has an ideal point in common with the ideal plane ABC: 


Tf (1, 1), (m, m), (n, 2), (p, p) are any four ideal points that are not coplanar, 
every ideal point can be expressed in the form 


(flt+gm+hn+kp, fl+gm+hn-+ kp). 


*2. Here is the beginning for completed space of the theory of tetrahedral 
coordinates, which describes a point by its relations to four points of reference, 
A, B, C, D, themselves subject to no essential condition except that of not 
being coplanar. It is evident that something must be given in addition to 
the four ideal points of 11 themselves if the set of numbers (f, g, h, k) is to 
characterise a definite ideal point G. For if fg, h, k are all different from 
zero and if a, b, c, d are any four numbers also all different from zero, then 
writing 

V=fl/a, m’=gm/b, n’=hn/c, p'=kp/d, 
V=fija, m'=gmib, n=hn[c, p =kp/d, 
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we have in (I, ’), (m’, m’), (n’, 1’), (p’, p’) the same ideal points A, B, C, D 
as (1, 1), (m, m), (n, »), (p, p), and yet since identically 

al +bm‘+ cn’ + dp’ =/1+ gm + in + kp, 

al’ + bm’ + cn’ + dp’ =fl+gm+hn + kp, 


°the ideal point @ formed with the four numbers f, g, h, # can equally well 
be formed from A, B, C, D with the four numbers a, 6, c, d chosen almost at 
random. By the same argument, ’any other ideal point not coplanar with any 
three of the ideal points A, B, C, D can be associated with the four numbers 
fg, h, k first used of G. 

This analysis itself shews clearly the point of indetermination and indicates 
how precision is to be imparted. In passing from f, g, h, & to a, b, c, d as the 
numbers associated with a particular ideal point, we have. to change, not 1n- 
deed the ideal points A, B, C, D themselves but the vectors and numbers 
used to specify these ideal points. If1, m,n, p and J, m, n, p are regarded as 
fixed, as well as the actual point which is used as origin in the specification 
of the ideal points, and if f, g, h, k are given numbers not all zero, then there 1s 
of course one and only one ideal point (f1+ gm +hn + kp, fl + gm + hn + kp). 
Conversely, for the ideal point (21+bm-+cn+dp, al+bm-+cn+dp) to be 
the same as the ideal point (fl+gm+hn+kp, fl+gm+hn+ kp), there 
must be numbers 7, s both different from zero such that simultaneously 


r(al+bm+cn+dp)=s(fl+gm+hn+kp), 
r(al+bm+en+dp)=s(fl+gm+hn+kp); 
writing these equations in the form 
(ra — sf )1+(rb— sg)m + (re — sh) n+ (rd — sk) p =0, 
(ra — sf) 1+ (rb— sg) m+ (re — sh)n+(rd — sk) p=0, 
we see from 3°34 that they imply either that the four ideal points A, B, C, D 
are coplanar, which is assumed not to be the case, or that the coefficients 
ra —sf, rb —sg, rc — sh, rd —sk are all zero, and since neither r nor s is zero, 
the implication is simply 
a:b éd=figi ht k. 

Given an actual point as origin of reference, and definite specifications (I, 1), 
(m, m), (n, 2), (p, p) of four rdeal points that are not coplanar, any ideal pont 
can be expressed wn the form 

(fl+gm+hn+kp, fl+gn+hn+kp); 


the four numbers f, g,h, k are not all zero, and the ideal point is determined 
not by the actual values of these numbers but by the ratios f:g:h:k; moreover, 
to each ideal point corresponds only one set of ratios. 


*3. If with the change of origin from 0 to a point S such that the vector 
of OS is s the specifications of the four ideal points (1, /), (m, m), (n, 7), (p, p) 
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take the simplest modification possible, namely, to (1—Js, 2), = — ms, m), 
(n—ns, n), (p — ps, p), then since the pair of equations 
; ; r=fl+gm+in+kp, t=fl+gmt+hn+kp 
1s equivalent to 

—ts=/f(1—ls)+g(m—ms)+h(n—ns)+k(p—ps), t=fl+gm+hn+kp, 
‘the set of ratios f:g:h:k associated with any ideal point @ is unaltered, for 
(r — ts, t) describes G itself with reference to 8S. 

We are prompted therefore to express the relation of the set of ratios f:g:h:k 
to the ideal point G in a manner independent of any particular actual point 
used as origin of reference. Two ways in which this elimination of the origin 
can be effected are described in the following paragraph and in 526 below. 


‘4. Perhaps the simplest plan is to appeal to the argument of °2, which 
shews that ° whatever the origin O we can adapt the specifications of the four 
ideal points A, B, C, D to secure that one definite ideal point V not coplanar 
with any three of these ideal points is associated with any definite set of four 
numbers a, b, c, d that we choose, subject only to the condition of being all 
different from zero; in particular, we can assign to a particular ideal point the 
set of numbers 1, 1, 1, 1. This done, though the specifications of A, B, C, D 
are not actually determinate, the only possible change is a simultaneous 
multiplication of the four vectors I, m,n, p and the four numbers J, m, n, p 
all by a single number, and this change ° leaves unaltered the ratios f:g:h:k 
associated with any other ideal point G. 

Moreover, it follows from ‘33 that if the origin is changed from O to S, the 
change of specification from (1, /) to (1— Us, /) and so on is sufficient to secure 
both that V is still associated with a:b:c¢:d and also that G is still associated 
with f:g:h:k. 

If A, B, C, D are any four ideal points that are not coplanar, V a fifth 
ideal point not coplanar with any three of them, and a, b, c, d four numbers no 
one of which is zero, then whatever actual point 1s adopted for origin of reference 
there are specifications (1, 1), (m, m), (n, n), (p, p) of A, B, C, D that give to V 
@ specification (al+bm + cn+dp, al +bm-+cn+dp), and associated with any 
ideal point G there is a definite set of ratios f: g:h:k such that all specifications 
of A, B, C, D that give V this specification allow G to have the specification 
(fl+gm+hn+kp, fl+gm+hn- kp). 

Any set of four numbers f, 9, h, & whose ratios are associated with G in this 
manner is called a set of ° homogeneous, quadriplanar,or tetrahedral * coordinates 
of G, determined from the tetrahedron ABCD by assigning to V the chosen 
coordinates a, b, c,d. If a,b,c, d are taken all to be unity, the system of 
coordinates is said to have V for “wnat pownt. 4 


* To some early writers, the quadriplanar coordinates of G were distances of @ from the 
faces of the tetrahedron, and the tetrahedral coordinates were ratios of the volumes GBCD, 
AGCD, ABGD, ABCG to the volume ABCD. 
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525. THE LOADING OF IDEAL POINTS; ADDITION OF LOADS; 
MEAN CENTRES. 


‘1. The alternative method of dealing with the ideal tetrahedron is more 
elaborate, but the notion involved, which is that of a loaded ideal point, is 
intrinsically valuable. 

The ideal point G is said to be properly loaded if its specification with 
reference to every actual point is determinate in such a way that if O, S are 
any two actual points such that the vector OS is s, and if the specification 
with reference to O is (r, ¢), then the specification with reference to S is 
(r—ts,f). If 7 is a third actual origin and the vector OT is t, the specification 
with respect to 7’ derived from that with respect to S takes the form 
(r —ts—t(t—s), t), and this is identical with (r — #t, t), the specification with 
respect to 7’ derived directly from that with respect to O: °the definition is 
therefore consistent. 


A properly loaded ideal point can be determined by its specification with 
respect to any actual origin, 


while conversely, °an actual point of reference, a vector, and a number, together 
specify one definite properly loaded ideal point, provided only that the vector 
is not the zero vector if the number is itself zero. In any case °the number 
is independent of the origin of reference. 


*2. To define the load of a properly loaded ideal point we must have 
recourse to the Frege-Russell method and identify the load with °the class of 
specifications. This class is determined by any one of its members, and if we 
use (r@, t) to denote the association of the vector r and the number ¢ with the 
point Q, we may speak of the load (r®, ¢) briefly when we mean the load of 
which (r®, t) is one member. In two members of the same load the numbers 
are necessarily the same, and further, if (r%, t), (r8, t) belong to the same load 
and s is the vector QS, 

rS =r? — ts, 


If we regard the identity ‘22 as the fundamental property of a load, we can 
make an extension apparently trivial but in fact of considerable value. In 
the specification of an ideal point with reference to an origin by a number 
and a vector, either the vector must be proper or the number must not be 
zero, but “the zero vector and the number zero together cun be taken in 
association with an actual point as an element of a load. It follows from -22 
that if these are the vector and number associated with any one origin, they 
are also the vector and number associated with any other origin; thus °there 
is only one load which has an element of this kind, and in this load, which is 
naturally called the zero load, every element consists of the zero vector and 
the number zero associated with some point. | 
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*3. We can now give a definition of a loaded ideal point that allows the 
load to be zero. Let us say that a load is° suitable for an ideal point if on 
referring them to a common origin and taking a definite specification for the 
ideal point we find that there is a number k such that the vector and number 
specifying the load are the products by & of the vector and number specifying 
the ideal point, and let us define a loaded ideal point as °an ideal pont 
assocvated with a suitable load. Whether or not a load is suitable for an ideal 
point does not depend on the origin by means of which the load and the 
point are compared. 

The definition of a loaded ideal point is designed to be the same in form 
whether the ideal point is accessible or not, and for this reason it is the more 
interesting to discover that the definition leads in each case to precisely the 
concept that would be selected naturally for consideration on its own account. 

“If the ideal point to be loaded is accessible, it is completely determined 
by its vertex and the number ¢. Referred to the vertex as origin the ideal 
point is simply (0, ¢), and referred to any other point S it is (¢r, t) where r is 
the vector of the step from S to the vertex. The idea is the natural adaptation 
of the idea of a loaded point in elementary work. 

On the other hand, if the ideal point is at infinity, the number ¢ is 
necessarily zero and there is neither number nor vertex to distinguish one 
point from another. But in this case, because ¢ is zero, the vector r is inde- 
pendent of the origin of reference. ° A properly loaded ideal point at infinity 
is sumply an inaccessible ideal point specified by a definite proper vector with- 
out reference to any particular origin at all. ‘ 

° The zero load is suitable for every ideal point. An ideal point associated 
with the zero load is said to be ° annihilated, and an ideal point associated with 
any other load is described as properly loaded. 

° If a load is proper, there is one and only one ideal point for which it is 
suitable ; this ideal point is called the ° point of application of the load. Our 
definitions do not enable us to give the same load to different ideal points, 
but the drawback proves to be surprisingly slight. 


‘4, It is perhaps worth while to emphasise the reasons against the simple plan of iden- 
tifying the load of a loaded ideal point with the number which occurs in its specification 
with respect to any origin, for this number is independent of the origin. The method, in 
addition to its simplicity, would have the advantage of enabling us to ascribe loads almost 
arbitrarily. 

One objection, of which it is not easy to gauge the importance, is in the difficulty of 
giving a logical meaning on this basis to the ascription of the zero load to a given ideal 
point. 

The second obstacle, complementary to this, is that it becomes impossible to imagine 
any proper load that can be given to an ideal point at infinity, and this is a more serious 
matter than is at first apparent: the whole object of the completing of space is the avoid- 
ance of exceptional cases, and the more operations we find ourselves unable to perform 
with ideal points at infinity, the less justification have we for introducing ideal points at 
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all; we might as well treat parallelism itself as the exceptional phenomencn as go to the 
trouble of inventing infinity only to find ourselves still hampered by its peculiarities. 

To admit the necessity of some conception mathematically equivalent to 
that defined above as the load is not to deny that a simpler notion may have 
its part to play. We will describe the number which occurs in every speci- 
fication of a load as the° mass of the load. Then the special features of the 
loading of inaccessible ideal points are that 

The ideal point to which a proper load can be given ts or is not inaccessible 
according as the mass of the load 1s or is not zero. 
°The zero load is the only load of zero mass that can be given to an accessible 
ideal point. 


‘5. The definition of the sum of a finite number of loads is both simple and 
natural. The individual loads, if proper, imply their points of application, and 
°the process of adding a set of loads can be regarded as one of concentrating 
a set of loaded ideal points. Let Aj, Ay, ... An be ideal points specified with 
respect to two points Q and S by (r,%, 4), (r2°, 6), «.- (rn%, ti) and (Aso), 
(r,5, t2), .-. (Pn, tn), so that if s is the vector of QS 

rs=r,2-ts, rS8=r.2—45, ... PrA8S=Irn@—t,s, 
and let loads suitable for these ideal points be specified by 

(Gx S Ley Gar tit), Gene AG) 
with respect to Q, and therefore by 
(Lr, Lt), (27.8, lata), OM RR a, latn) 
with respect to S. Then since 52 implies 
(U,r8 + lor8 +... + UrtaS) = (h7y@ + ler,? +... + Un¥n® — (Lt + lete +... + Intn) 8, 
* the load whose specification with respect to Q is 
(U,r,2 + Lr,2 + ... + ln¥n® lity + lote+ ... + Intn) 
is the same as the load whose specification with respect to S is 
(An 8 + brid + 20+ lata’, Gh + bit ... + lnty). 

In other words, this load bears to the given set of loaded ideal points 
a relation that is independent of any particular origin of reference. If the 
applied loads are all proper, they determine their points of application, and 
the resulting load depends only on the loads given. But if some of these loads 
are not proper, that is, if some of the numbers J,, J,, ... l, are zero, these zero 
loads produce no effect on the final load, whatever their points of application, 
and therefore in this case also the result is determined by loads alone. The 
load found in this way is called the° sum of the loads on which it depends, 
and if the sum is attached to any ideal point for which it is suitable, the set 


of loaded ideal points is said to be concentrated at that ideal point, which is 
called a° mean centre. 
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If the sum is the zero load, the set of ideal points is said to be ° annihilated. 


by the loading, and in this case any ideal point may be regarded as a mean 
centre of the loaded set. °If the set is not annihilated, the mean centre is 
definite as well as the resultant load. 

* The mass of the sum of a number of loads is the sum of their masses. If 
this sum is not zero, the mean centre is accessible and the resultant load is 
determined by the mean centre and the resultant mass. If the resultant 
mass 2s zero, either the set of loaded ideal points is annihilated by the Joading, 
or the mean centre is at infinity; a knowledge of the mass alone does not en- 
able us to distinguish between these two cases, or in the case of an inaccessible 
mean centre to discover the resultant load, but the resultant load itself is 
precise in every event. 


6. The product of the load of which a specification is (p%, p) by a number k 
is the load of which a specification is ((kp)®, kp); this is ° a load independent of 
the origin Q, and suitable for any ideal point for which the original load is 
suitable. “Applied to the loads which are all suitable for one and the same 
ideal point, multiplication and addition stand in their ordinary relation. 

Without defining the ratio -of two loads, we can allow the expression that 
*the members L,, L,, ... of one set of loads are proportional to the members 
M,, M,, ... of another set if there are numbers r, s not both zero such that 
the sets sZ,, sf,,... and rM,, rM,, ... are identical, and we can express the 
relation in symbols by writing 


ead es ae AP, OS 


and in words by saying that ° the ratios in the two sets are the same. 


°7. Applications require the simple theorem that 


If each of a set of loads is multiplied by the same number, the sum of the set 
is multiplied by this number, 


utilised often by means of the corollary that 


If the loads attached to a number of ideal points are all multiplied by the 
same number, any ideal point which is a mean centre under the original loading 
remains a mean centre, 


which by ‘85 and ‘37 includes the theorem that °if the set is annihilated by 
the original loading it is annihilated by the subsequent loading. 

Since addition is associative both for vectors and for numbers, it 1s associative 
also for loads. In other words, we can repeat for loaded ideal points the 
enunciation of 216°53 above: 


In concentrating any finite set of loaded ideal points, we may replace any 
group contained in the set by the loaded ideal point obtained by concentrating 
that group. 
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526. USES OF LOADED IDEAL POINTS; TETRAHEDRAL COORDINATES AS 
MULTIPLIERS IN A LOADED TETRAHEDRON. 


*1. We can now modify many of the propositions of 2, 3 and 4 to forms 
independent of any origin of reference. 


Two ideal points are distinct if and only if the only loading that annihilates 
the pair is that in which the individual loads are zero. 


The ideal line through two distinct ideal points is the locus of the mean centre 
for a variable loading in which the individual loads are not both zero. 


Three ideal points are collinear and all distinct if and only of they form a 
set that can be annihilated by some loading in which the individual loads are 
all proper. 

Three ideal points are collinear if and only if they form a set that can be 
annihilated by some loading in which the individual loads are not all zero. 


The ideal plane through three ideal points that are not collinear is the locus 
of the mean centre for a variable loading in which the individual loads are not 
all zero. 


Four ideal points are coplanar but not collinear vf and only vf they form a 
set that can be annihilated by some loading in which the individual loads are 
all proper. 

Four ideal points are coplanar if and only if they form a set that can be 
annihilated by some loading in which the individual loads are not all zero. 


‘2. Every set of five ideal points can be annihilated by some loading in 
which the individual loads are not all zero. 


If A, B, C, D are any four ideal points that are not coplanar and G is any 
ideal point whatever, there are loads that are not all zero which when attached 
to A, B, CO, D bring the mean centre to G. 


If A, B, C, D are any four ideal points that are not coplanar to which 
definite proper loads are attached, then if G ts any ideal point whatever, there 
are four numbers f, g, h, k that are not all zero such that if the loads attached 
to A, B,C, D are multiplied by f, g, h, k the mean centre of the resultant set 
of loaded points is G. 


If a,b,c, d and f, 9,h, k are two sets of multipliers that bring the mean 
centre of a given loaded ideal tetrahedron to the same point, then 


a:b:e:d=fig:hik. 
If the frame of reference is an ideal tetrahedron with given proper loads, 


every set of fowr numbers not all zero determines one ideal point, and two sets 


determine the same point only if the ratios of corresponding members are the 
same. 
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Lf V is any ideal point that is not coplanar with any three of the four vertices 
of an ideal tetrahedron and +f a, b, c,d are any four numbers all different from 
zero, the ideal tetrahedron can be properly loaded so that a, b, c, d are coordi- 
nates of V; the ratios of the loads are determinate, and so also are the ratios 
of the coordinates of every other ideal point. : 


°3. It is to be observed that tetrahedral coordinates are homogeneous in 
a far deeper sense than the coordinates (a, y, z, t) or (€, n, ¢ 7) of 1:4, for the 
parts they play are all of the same kind; they are, so to speak, homogeneous 
naturally as well as mathematically. 

Nevertheless it is important to notice that in the theory of tetrahedral 
coordinates as it has been developed here,°the Cartesian frame and the 
attached vector frame become, as far as analysis is concerned, not limiting 
cases but particular cases of the general tetrahedral frame. To regard 


r=€x+yny+z, t=r 


as the form assumed by 


r=l+y7m+n+r7p, t=&+nm+Cn+7p 


when l=x, m=y, n=z, p=0, 


t=), m=0; n=O, p=t, 


is to replace the attached vector frame Oxyz by the loaded ideal tetrahedron 
A, B,C, Din which A, B, Care the loaded ideal points at infinity with vectors 
x, y, z,and D is the accessible ideal point with vertex O and load unity. The 
concepts are different, but the analysis is unchanged. 

And here we must recognise that in spite of all appearance to the contrary 
in elementary work, ° projections and polar coefficients can not be raised to 
the same rank as coordinates and components. We might have anticipated 
this conclusion when we found that in isotropic planes coordinates and com- 
ponents only are available; the evidence of the last paragraph may be taken 
as final. 

It is of course easy to construct a system of tetrahedral coordinates in un- 
completed space, on the basis of the theory of loaded points or by methods 
even more elementary. But there are reasons for regarding this development 
as actually undesirable. The chief advantage of tetrahedral coordinates is in 
their homogeneity, but homogeneity itself loses its charm if exclusion has to 
be made of sets of values which algebraically have no essential peculiarities: 
simultaneous zero values we must expect to find meaningless, since they 
correspond to no definite ratios at all, but with tetrahedral coordinates in 
uncompleted space there are proper sets of values which have to be rejected 
not because they lead to algebraical difficulties but only because there is no 
interpretation for them. 
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527. THE EFFECT OF A CHANGE IN THE TETRAHEDRON OF REFERENCE , 
HOMOGENEOUS LINEAR EQUATIONS. 


‘1. The character of the formulae for transforming from one set of tetra- 
hedral coordinates to another can be deduced from 5°74. If the tetrahedron 
of reference is composed of four loads L,, Lz, Ls, L,, the ideal point whose co- 
ordinates are a, b, c,d is the point of application of the load aL, + bL,+cL,+ dL,. 
If the four loads are themselves described by means of a loaded tetrahedron 
QRST by 

is =P, L, =p,P, L;=p,F, L, = pP, 
where p= (G8: Stal 6 = Qs & BoD; 
then by 5°74 aL, + bL,+cL,+dL,=qQ+rR+4+s8 + tT, 
where gq, 7, s, t have values that we can express briefly in the form 
C= dah TH af, 8= Safi t= ty f 
by writing f for Ca, b, c,d) and using uy as an umbra of (1, Ue, Us, Us) for 
any symbol uv. That is to say, 
Coordinates q, 7, 8, t with reference to the loaded tetrahedron QRST are con- 


nected with coordinates a, b, c, d in the loaded tetrahedron L,L,L,L, by the set 
of formulae ‘13. 


Moreover, since the points of application of Q, R, S, 7 are not coplanar, 
6:17 implies that q, 7, s, ¢ are not simultaneously zero, unless a, b, c, d are all 
zero; hence the determinant [[p,]|] is not zero. Thus 


To pass from one loaded tetrahedron of reference to another is to submit the 
coordinates to a homogeneous linear substitution that 1s not degenerate. 


‘2. On the other hand, suppose that we have an undegenerate homogeneous 
linear substitution 


G=Gh THe, S= Sf, bate f, 
with given coefficients q,, g2,, and so on, connecting the set of variables a, b,c, d 
with the set g, 7, s, 4. This substitution is reversible algebraically to the form 
G=A,p, b=byp, c=cyp, d=d,p, 
and the four loads Q, R, S, 7 defined by 
Q=fily, R=fL,, S=f,Ly, T=fiL,, 
are such that L,= pyle, hp = Dake, Lge Dolpyed iggy, 


and that their points of application are not coplanar. The converse of ‘15 is 
therefore true: 


Any undegenerate homogeneous linear substitution can be effected on tetra- 
hedral coordinates by an appropriate change in the tetrahedron of reference. 
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‘3 It follows from 2°13 and 13°23 that with reference to a tetrahedron that 
gives rise to the same formulae as an attached vector frame, an accessible ideal 
plane is characterised by an equation 

Naf + Man + val = At, 
where Na, fa, Ya are the polar coefficients of the vector a in the attached frame 
and are not simultaneously zero, and conversely any such equation characterises 
a definite. accessible plane. Also the ideal plane at infinity is the aggregate 
of ideal points satisfying 
Tai; 

which is the form of 31 in the one excepted case. That is, referred to this 
tetrahedron every ideal plane has an equation of the form of ‘31, and every 
equation of this form determines one ideal plane. Since a homogeneous linear 
transformation of the variables changes ‘31 into another equation of the same 
kind, -15 implies that 

Whatever the tetrahedron of reference, every homogeneous linear equation 
between the coordinates represents a definite ideal plane, and every ideal plane 
has an equation of this form. 

We have used ‘15 to avoid a direct examination of this question, but the 
result can be obtained in many ways; for example, it is a corollary of 4:34. 

If two homogeneous linear equations are independent, that 1s, if one of them 
is not a mere multiple of the other, then taken together they represent the 
ideal line which is the common part of the ideal planes represented by the 
individual equations. But this specification of an ideal line, like the corre- 
sponding representation of an actual line, is far from unique, since the equations 
of any two ideal planes through the line may be used. The canonical repre- 
sentation is not by means of a pair of independent equations, but by means 
of four interrelated equations obtained by eliminating the variables in turn 
from a pair of equations; these are equations of the four planes each of which 
passes through the line and includes one vertex of the tetrahedron of reference, 
If the line itself passes through a vertex, the corresponding equation disappears, 
and if the line is coplanar with two of the vertices, two of the equations coin- 
cide, but even in the most unfavourable cases two distinct equations survive. 

With Cartesian axes or an attached vector frame, the canonical set of equa- 
tions of a line is the scalar equivalent of one vector equation of the form 
Y rk =K, and has only three members, but the equation ¥rK =0, which 
corresponds to the fourth equation for tetrahedral coordinates, is often very 
useful. 

In a plane, trilinear coordinates play the part of tetrahedral coordinates in 
space. Formal investigation is superfluous, and we leave the reader to prove 
that 

In a plane, ideal lines correspond to equations that are homogeneous and 
linear in trilinear coordinates. 
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IDEAL VECTORS 


530. Introduction. 531. Ideal vectors and their specifications ; infinite ideal vectors ; the 
vecline of an ideal vector. 532. Directions and angles in ideal vecspace ; the amounts 
of an ideal vector ; ideal veclines and vecplanes ; projected products, spatial products, and 
vector products, of ideal vectors. 533. Ideal steps ; addition of ideal vectors. 534. Measure- 
ment in ideal space; focal points. 


530. INTRODUCTION. 


Only to a modified extent are the reasons that lead to the invention of 
points at infinity operative to prompt a change in the definition of a vector. 
In the elementary theory of veclines and vecplanes there are no cases of ex- 
ception to complicate the theorems that deal with intersection; that is to say, 
the initial impulse to the construction of infinite vectors is lacking completely 
if the mutual relations of vectors form the only topic of study. Moreover, 
since the difficulties in the use of numbers actually infinite are not logical but 
technical, it would seem likely that if the need for infinite vectors should arise ° 
it could be met by the simple device of allowing infinite numbers to be 
associated with directions. 

The desirability of infinite vectors is apparent as soon as an attempt is made 
to extend from actual space to ideal space the relation of vectors to points. 
Every step from an actual point O with a finite vector r is a step to another 
actual point &; we can associate the vector r with the ideal step from the 
accessible ideal point whose vertex is O to the accessible ideal point whose 
vertex is R, but on this plan there can be no finite vector to ascribe to the 
step from the same ideal point to one that is inaccessible, since we can account 
for every finite vector without bringing in the inaccessible ideal points. We 
anticipate that the vector to be associated with the step from an accessible to 
an inaccessible ideal point is in some sense infinite, but that since there is 
ony one ideal point at infinity on an accessible ideal line there must be only 
one infinite vector in a given vecline. 

The last conclusion makes it difficult to deal with infinite vectors on the 
basis of directions and amounts. In the realm of the real variable, + co is 
logically distinguishable from — oo, and in the complex domain it is only for 
some purposes that different infinite numbers are confused. With nul directions 
in complex space the difficulty is intensified; since every finite vector in a nul 
direction is of amount zero, any vector obtained by associating a number other 
than zero with a nul direction would seem to be an infinite multiple of any 
finite vector in this direction. 
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531. IDEAL VECTORS AND THEIR SPECIFICATIONS; INFINITE IDEAL VECTORS; 
THE VECLINE OF AN IDEAL VECTOR. 


*1. The solution is along the lines now familiar. A vector associated with 
a finite number is called a° specification of an ideal vector, and two specifications 
(r, &), (s, 8) are said to be °congruent if there are numbers h, & not both zero 
such that 

hs=kr, hS=kR. 

The specification in which the vector and the number are both zero is 
called the “ineffective specification; this is congruent with every specification. 
Two specifications that are both congruent with the same effective specifica- 
tion are congruent with each other, and therefore we can define an ° ideal vector 
as a complete class of congruent specifications—complete in the sense that it 
includes every specification congruent with its effective members. If (r, R) is 
one effective specification of an ideal vector, the other specifications of the 
same ideal vector are the various specifications of the form (kr, kR) for values 
of & other than unity. ° Every ideal vector has the ineffective specification, but 
two ideal vectors which have an effective specification in common coincide 
completely. Naturally we speak of the ideal vector (r, R) when we mean the 
ideal vector of which (r, R) is one effective specification. 


*2. The primary meaning of multiplication of an ideal vector by a number 
is that the product of (r, R) by p is (pr, R). It follows that if gq is not zero 
the product of the same ideal vector by p/q is (pr/q, 2), which is (pr, qR), and 
we therefore say that °(pr, qf) is the product of (r, R) by p/q whether or not 
qiszero. This natural convention has an immediate bearing on our vocabulary. 
As a rule, the vector and the number used to specify a definite ideal vector vary 
together. Exception occurs if either the vector or the number is zero, and since 
(pr, gR) has zero vector if p/q is zero and zero number if p/q is infinite, we 
are led to call the ideal vector (s, S) a° zero ideal vector if s is the zero vector 
and S is not zero and an “infinite ideal vector if S is zero and s is not zero. 

If r and s are both zero, ‘13 can be satisfied whatever the values of R and 
S; hence 


There is only one zero ideal vector. 
And since hs is zero if s is zero, 
Every specification of the zero ideal vector involves the zero vector. 
Conversely 
Every effective specification of a proper ideal vector involves a proper vector. 
Similarly 
Every specification of an infinite ideal vector involves the number zero ; 


Every effective specification of a finite ideal vector involves a number that vs not 
zero. 
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But (r, 0), (s, 0) are congruent only if one of the vectors r,s is a multiple 
of the other, and therefore : 
There is one and only one infinite ideal vector associated with any vecline. 


‘8. To have a particular vecline related intimately to it is not a peculiarity 
of infinite ideal vectors. On the contrary, the vectors involved in the effective 
specifications of any proper ideal vector are collinear proper vectors. More- 
over, any vector collinear with the proper vector r is expressible uniquely as 
kr, and therefore there is one and only one specification of (r, R) corresponding 
to each vector collinear with r. That is to say, 

The vectors involved in the specifications of a particular proper ideal vector 
are the vectors composing a definite vecline, and each of these vectors occurs in 
only one of the specifications. 


_ ‘4, Since (pr, gR) is the zero ideal vector if pr is zero and gf is not zero, 
Every finite multiple of the zero ideal vector vs zero; 
The product of any finite ideal vector by zero is the zero ideal vector. 


And since if gR is zero and pr is not zero, (pr, gf) specifies the same ideal 
vector as (r, 0), 

Every proper multiple of an infinite ideal vector coincides with that infinite 
ideal vector; 

The infinite multiple of any proper ideal vector is the infinite ideal vector 
with the same vecline. 


But if r is not the zero vector and R, », q are all different from zero, 
(pr, qR) coincides with (r, &), that is, with (pr, pf), only if p is equal to q: 

A proper fimte ideal vector is changed vf vt is multiplied by any number other 
than unity. 

“The effect of multiplying the zero ideal vector by infinity or an infinite 
ideal vector by zero is wholly indeterminate. The first result is natural. It 
might be supposed that in the second case the product should be associated 
with the same vecline as the infinite ideal vector; it would be easy to modify 
the definitions to secure this limitation, but it is doubtful whether this is 
worth while, for examples can readily be constructed in which two sequences 


of actual vectors (7)s,, (72)s,,--. and (7,)r,, (72)r,, --- are such that the common 
sequence of amounts 7, 7, ... tends to infinity, and the sequences of 
directions =,, =,, ... and T,, T,, ... tend to limits = and T of which each is 


the reverse of the other, while (7)s, + (7;)z,, (72), + (Ya)z,, --- tends to a limit r 
whose directions are not and T. 


‘5. °By the reverse of (r, &) is meant (—r, &) or (r, — R); it follows from 
‘41 that 


The zero ideal vector is its own reverse, 
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and from ‘43 that 


An infinite ideal vector is its own reverse, 
while °45 implies the converse that 


No proper finite ideal vector is its own reverse. 


532. DIRECTIONS AND ANGLES IN IDEAL VECSPACE; THE AMOUNTS OF 
AN IDEAL VECTOR; IDEAL VECLINES AND VECPLANES; PROJECTED PRODUCTS, 
SPATIAL PRODUCTS, AND VECTOR PRODUCTS, OF IDEAL VECTORS. 


‘1. Definitions framed in a manner dependent on 1°31 would be inapplicable 
to the zero ideal vector: for example, we can not define a nul ideal vector as 
one whose vecline is nul. But 1°31 is invaluable as shewing the precise impli- 
cation of definitions in the case of proper ideal vectors. We say that °an ideal 
vector is nul if the actual vector involved in any of its effective specifications 
is nul, and then we appeal to 1°31 to deduce that 

A proper ideal vector is nul of and only tf tts vecline is nul, 
but our definition has implied also that 


The zero ideal vector is nul. 


‘2. By a direction of an ideal vector is meant °a direction of the actual 
vector involved in one of its effective specifications. It follows from 1°25 that 


The zero ideal vector has every direction, 
and from 1:31 that 

A proper ideal vector has the directions of its vecline, 
whence 

A proper ideal vector has one direction or two directions according as it is 
or 1s not nul. 

Similarly °two ideal vectors are perpendicular if actual vectors involved in 
effective specifications of them are perpendicular, and therefore : 

The zero ideal vector is perpendicular to every ideal vector ; 

Proper ideal vectors are perpendicular if and only vf their veclines are per- 
pendicular ; 

Nul ideal vectors are self-perpendicular. 
And °the angles between two ideal vectors are the angles between their 
directions. 


-3. If the vector r involved in the effective specification (r, R) of an ideal 
vector is of amount r in a direction P, then d is said to be an amount of the 
ideal vector in the same direction if 


Rd=r: 
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The zero ideal vector is of amount zero in every direction ; 

A proper finite ideal vector that is not nul has equal and opposite amounts 
in tts two directions ; 

A proper finite nul ideal vector has amount zero ; 

An infinite ideal vector that is not nul has an infinte amount in each of rts 
directions ; 

An infinite nul ideal vector is wholly indeterminate in amount. 
The precise significance of ‘35 depends on the conventions regarding infinity 
in the number-system that is being used. It is particularly important to 
notice that in consequence of ‘86 an ideal vector of finite amount is not 
necessarily a finite ideal vector if the space is complex. 


‘4, To say that two ideal vectors are collinear if one of them is a multiple 
of the other, and so to define an ideal vecline without further reference to 
actual vectors, leads to difficulties where infinite ideal vectors are concerned. 
It is better to °define collinear ideal vectors as ideal vectors whose effective 
specifications involve collinear actual vectors. Then the zero ideal vector is 
included in every ideal vecline, but a proper ideal vector, finite or infinite, 
belongs to one and only one ideal vecline. 

The ideal vecline that includes the ideal vector (r, &) is composed of the 
zero ideal vector together with the ideal vectors of the form (r, 7’) for all 
possible values of 7; or in other words is composed of “all ideal vectors of the 
form (pr, 7’). 

Every ideal vecline includes one and only one infinite cdeal vector. 


‘5. This method of dealing with the ideal vecline has the advantage that 
we can apply it to the ideal vecplane before discussing the addition of ideal 
vectors. Ideal vectors are “coplanar if their effective specifications involve 
coplanar actual vectors, and an ideal vecplane is a complete class of coplanar 
ideal vectors. The zero ideal vector is included in every ideal vecplane. Two 
proper ideal vectors that are not collinear determine an ideal vecplane. °The 
ideal vecplane that includes (r, R) and (s, 8), where r and s are not collinear, 
is composed of all ideal vectors of the form (pr + qs, 7). 


If two ideal veclines are distinct, there is one and only one ideal vecplane 
that contains them both. 

If two ideal vecplanes are distinct, there 1s one and only one ideal vecline 
contained in them both. 


It is to be observed that °the infinite ideal vectors in an ideal veeplane do not 
compose an ideal vecline. 


‘6. Projected products and spatial products are defined by means of the 
same device as amounts. °The projected product of (r, 2) and (s, 8) is ¥ rs/RS 


62, 63 and “the spatial product of these two and (t, 7) is 7 rst/RST. °The projected 
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product of two ideal vectors is indeterminate if the ideal vectors are perpen- 
dicular and one of them is infinite, and it is infinite if they are not perpendicular 
and one of them is infinite; in other cases the projected product has a definite 
finite value, which is zero if the ideal vectors are perpendicular and both of 
them finite. Similarly °the spatial product is infinite if the factors are not 
coplanar and one of them is infinite, indeterminate if they are coplanar and 
one of them is infinite, and otherwise finite and definite. It is true, as with 
actual vectors, that two vectors are perpendicular if and only if they have 
projected product zero and that three are coplanar if and only if they have 


spatial product zero, but we must be careful not to assume, by ignoring the 


indeterminate cases, that two ideal vectors are not perpendicular if they have 
a projected product different from zero or that three are not coplanar if they 
are known to have a proper spatial product. 


‘7. The vector product of two ideal vectors is actually simpler to express 
than their projected product: “the vector product of (r, R) and (s, 8) is 
(Vrs, RS). °The vector product is indeterminate if the factors are collinear 
and one of them is infinite; otherwise (Urs, RS) is an effective specification. 
The vector product is a definite infinite ideal vector if either of the factors is 
infinite provided that the factors are not collinear; it is zero if the factors are 
finite and collinear. 

The fundamental identity 


Ff {VU (r, R)(s, S)} (t, T) =. (x, R) (s, S) (t, 7) 
is completely true, that is, true in the sense that any value possible for either 
of the products is possible also for the other product. 


533. IDEAL STEPS; ADDITION OF IDEAL VECTORS. 


‘1. The primary relation of ideal vectors to ideal points needs no emphasis, 
for the reader will have realised that ideal vectors were virtually used again 
and again in the last chapter. °The specifications of an ideal point by reference 
to an actual origin are in fact the effective specifications of a definite ideal 
vector. 


*2. If A, Bare ideal points, the ideal step AB is simply the pair of ideal 
points taken definitely in the order indicated; the ideal step BA is the reverse 
of the ideal step AB. If A is accessible and has vertex P, there is an ideal 
vector which determines B with reference to P; this ideal vector is the ideal 
vector of the ideal step AB. If A and the ideal vector AB are known, then B 
is determinate; B is accessible or inaccessible according as the ideal vector is 
finite or infinite. 

If A, B are both accessible, the ideal step AB itself is said to be accessible. 
If in this case (r, t) specifies the ideal vector of AB, and if P, Q are the vertices 
of A, B, then r/t is the vector of the actual step PQ, and therefore —r/t is 
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the vector of the actual step QP and (r, —?) is the ideal vector of BA : °if an 
ideal step is accessible, the ideal vector of its reverse is the reverse of its ideal 
vector. 

If the ideal points 4, B, U' are all accessible and if A is distinct from B, 
the ideal vector CA is distinct from the ideal vector CB, and therefore by °25 
the ideal vector AC is distinct from the ideal vector BU: °ideal steps with 
the same finite ideal vector and different accessible initial points must have 
different accessible end points. 

For ideal steps with infinite ideal vectors the case is altered. It follows 
from 21°32 that 

All ideal steps with the sume inaccessible end point and an accessible starting 
point have the same ideal vector. 


Since an ideal point at infinity can not be used as an origin for the speci- 
fication of other ideal points, the ideal vector of an ideal step which has its 
starting point at infinity must be defined indirectly, if at all. The natural plan 
is to extend ‘25 dogmatically to infinite steps with one accessible extremity ; 
it follows from 1°53 that this amounts to saying that °if A is an ideal point 
at infinity, all ideal steps to A from accessible ideal points and all ideal steps 
from A to accessible ideal points have the same infinite ideal vector. 

No plan presents itself for ascribing a definite ideal vector to an ideal step 
that is wholly at infinity. The question is bound up with the defining of the 
sum of two ideal vectors, and we shall return to it shortly. 


*3. The addition of ideal vectors is of course to be defined in such a way 
that if AB, BC are ideal steps with ideal vectors R, 8, then R +S is the ideal 
vector of AC. Now if the ideal vectors AB, BC are (r, R), (s, 8S) and if AB is 
finite, the ideal vector BA is (— r, R) and 21°33 asserts that the ideal vector 
AC is (Sr + Rs, RS). Thus the fundamental formula would seem to be 

(r, &) + (s, S) = (Sr + Rs, RS), 
which comes more simply if fractions are removed from 
(r/R, 1) + (8/S, 1) = (r/R + 8/8, 1); 
‘31 implies R+S=S+R. 

If the ideal vectors R, S are both finite, 31 is perfectly satisfactory. 

Moreover, writing 


T = (t, 7) =(Sr + Rs, RS), 


we have “T+s8=(St-7s, ST) =(SriSR) = (eer), 

since Sis not zero; thus for finite ideal vectors the definition implies that 
R+S=T 

is equivalent to T—S=R 


and similarly to T—-R=S. 
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‘4, If Sis infinite but R finite, ‘32 fails as a basis for ‘31, but 21°33 remains 
applicable and ‘31 becomes 
(r, R) + (s, 0) = (Rs 0), 


that is, R+S=S, 
which is consistent with 27. It is true that -42 is equivalent to 
S—R=S, 


the form assumed in this case by ‘37, but (Rs, 0) — (s, 0) naturally takes the 
indeterminate form (0, 0). 
If R is infinite, the original basis of addition is unsound. The assumption 
that ‘33 is to remain true, or the use of ‘31 as a definition, gives 
R+S=S 
if S is finite. We can interpret this to imply that 
Any finite ideal step which begins at infinity ends where it begins. 


‘*5. There are no considerations which suggest a determinate sum for two 
infinite ideal vectors. A direct application of ‘31 would give the sum as wholly 
indeterminate, but a slight restriction is imposed if we insist on regarding ‘36 
and ‘87 as equivalent to ‘35. For if T is finite, ‘36 and 1°53 imply that R and S$ 
are identical. We can therefore say that °the sum of two infinite ideal vectors 
can not be finite if the ideal vectors are different, but °if two infinite ideal vectors 
are different, any infinite ideal vector may be regarded as a sum of them. That 
“by adding an infinite ideal vector to itself any ideal vector whatever, finite or 
infinite, can be obtained, is in keeping with 1:53 and 1:46, for 1:53 compels us 
to admit that if R is infinite then 

R+R=R-R. 

Since in virtue of 1°53 we can not distinguish between R—S and R+S8S 
if S is infinite, we can deduce from ‘51, ‘52, and ‘53 the conventions to be 
made as to the ideal vector of a step that is wholly at infinity, if the vector 
BC is to be in every case the difference between the vectors AB, AC: 


If A isan ideal point at infinity, any ideal vector whatever, finite or infinite, 
may be regarded as a vector of the ideal step AA; 

If A, B are distinct ideal points at infinity, any infinite ideal vector may be 
regarded as a vector of the ideal step AB, but no finite rdeal vector can be so 
regarded. 

By ‘52 and 2°63 we are reassured as to the necessity of dealing first with 
finite vectors and introducing later the modification that allows vectors to be 
infinite. For it follows from ‘52 that an infinite ideal vector can not be resolved 
into components from which it can be reconstructed, and from 2°63 that a 
projected product may be indeterminate when infinite vectors are concerned. 
That is to say, the two features adopted as characteristic of a vector field are 
both lacking in ideal vecspace, and it is futile to hope for a method that should 
depend at the start only on properties common to finite and infinite vectors. 
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‘6. The problem of describing an ideal vector by means of a frame is vir- 
tually that considered in 21-4, of describing an ideal point by means of an 
attached frame. A specification of the ideal vector must be given, and the 
vector involved in this specification may be described in any way convenient. 
We may suppose the frame to be composed not of actual vectors but of ideal 
vectors, but in that case it is essential because of ‘52 that these vectors of 
reference should be finite. Any finite ideal vector can be expressed by means 
of coefficients in a frame itself formed of finite ideal vectors, the.analysis being 
the same as for actual vectors, and the ideal vector (r, R) is known if the 
finite ideal vector (r, 1) and the number R are both given: the coefficients 
of (r, 1) in the frame (a, A), (b, B), (c, C) are the same as the coefficients of r 
in the frame a/A, b/B, c/C, and these three and R are homogeneous coordi- 
nates of (r, 2) in the ideal frame. 


‘7. The relation of lines and planes to veclines and vecplanes is the same 
in ideal space as in actual space provided only that the lines and planes are 
accessible. For if O is an accessible ideal point and (m, J) specifies the vector 
of a proper step OB, then since (0, 1) is a specification of OO it follows from 
22°27 that the ideal line which contains the two ideal points O, B is the locus 
of an ideal point P such that the ideal vector OP is of the form (jm, 7+ j]), 
and this is a typical ideal vector collinear with (m, M). Similarly if (m, J), 
(n, V) are the ideal vectors of proper ideal steps OB, OC that are not collinear, 
an ideal vector coplanar with these is an ideal vector with a specification of 
the form (j7m+kn,i+jM+kN), and by 22°32 this is the ideal vector of a 
step from O to an ideal point in the ideal plane OBC. 


An ideal line or plane through an accessible ideal point O is the locus of an 
ideal point P such that the ideal vector of the ideal step OP belongs to a definite 
ideal vecline or vecplane. 


It is easy to prove that the ideal vecline or vecplane mentioned in this propo- 
sition depends only on the ideal line or plane itself, not on the ideal point O. 

There is no analogue of ‘72 if the ideal point O is at infinity, nor is it 
possible to associate any definite ideal vecline with an inaccessible ideal line 
or any definite ideal vecplane with the ideal plane at infinity. This is why work 
on ideal space is naturally developed in a different order from work on alge- 
braic space. But it is sometimes convenient to regard every ideal vecline as 
belonging to every inaccessible ideal line and every ideal vecplane as belonging 
to the plane at infinity. We can then say that any two ideal lines of which 
one is at infinity are necessarily parallel, and this is consistent both with 
saying that two ideal lines are parallel if and only if they have an ideal point 
at infinity in common, and with saying that two ideal lines are parallel if and 
only if they possess the same ideal vecline. It will be noticed that with the 
convention just accepted, every line at infinity is both isotropic and anisotropic, 
and so also is the plane at infinity. 
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534. MEASUREMENT IN IDEAL SPACE; FOCAL POINTS. 


‘1. From the ideal vector come the definitions of directions, angles, and 
lengths in ideal space. If R is a vector of the ideal step AB, a direction of R 
is a direction of the step, or a direction of B from A, and an amount of R in 
that direction is a corresponding length of the step or distance of B from A. 
“If A and B are both accessible, the directions and lengths of the ideal step 
AB are the same as the directions and lengths of the actual step from the 
vertex of A to the vertex of B. For this reason, theorems and formulae con- 
cerning actual space are necessarily true of the accessible part of ideal space, 
while conversely results proved of ideal space can always be asserted of actual 
space if they refer only to ideal points that are accessible. This statement 
contemplates actual space only as contrasted with ideal space, and therefore 
as either real or complex; if the actual space is complex, reference may be 
made to 445°15 and 445:21, and the implication is simply that, subject to 
certain reservations, a proposition significant both of ideal complex space and 
of actual real space is true of either space if it is true of the other. 

*The step from one accessible ideal point to another has all directions and 
length zero in every direction if the two points coincide. If they are distinct 
and the step is nul, it has one direction only and its length is again zero. 
If the points are distinct and the step is not nul, there are two distinct 
directions, one the reverse of the other, and two distinct lengths, one the 
negative of the other. 

°A step between an accessible ideal point and an ideal point at infinity is 
infinite. It has one direction and every length if it is nul, and it has two 
directions and an infinite length if it is not nul. 

°The step from one ideal point at infinity to another has every direction 
and every length in each direction if the two points coincide. If the points 
are distinct, the step must be infinite but it has every direction ; in directions 
that are not nul its length is infinite, but in each nul direction it has every 
length*. 

*2. The conclusions of 435°44 and 436°45 as to the distance from a point 
to a line or plane in a direction parallel to this line or plane are in entire 
agreement with the present results. 

If P is an accessible ideal point, there is one and only one ideal line p 
through P with a given direction A. An ideal line or plane to which this 


* Darboux (Principes, p. 141) seems to me mistaken in ascribing only the zero length 
to the nul directions and looking in other directions for the finite proper lengths. If one 
of two points moving to infinity at a constant distance apart along a given curve tends to 
a definite point at infinity, the other tends to the same port ; in Darboux’s own example, 
a parabola has notoriously only one point at infinity to which the points could tend! By 
supposing the two points to move away along different arms of the parabola, we have an 
excellent view of a point at infinity at an infinite distance from itself. 
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ideal line is parallel either contains p or cuts p definitely at infinity. There 
is an ideal point Q at distance d from P in the direction A whatever the 
value of d, and in the first case Q is necessarily in the ideal line or plane to 
which p is parallel; thus the distance from P to this ideal line or plane is 
indeterminate, and this conclusion is not affected by the fact that if the 
direction is nul Q is at infinity unless d is zero. In the second case the ideal 
point in which p is cut is at a distance from P which is indeterminate or 
infinite according as the direction is or is not nul. 


‘3. To say that if two ideal lines are parallel and one of them is nul, then 
the other is nul also, is to assert that if K is the point at infinity on one nul 
ideal line, then every accessible ideal line through X is nul, and the step to K 
from any accessible ideal point is a nul step. It appears from ‘15 that such 
an ideal point at infinity as is involved here has special properties in respect 
of distance, and it is in fact impossible to overrate the importance of ideal 
points of this kind in metrical geometry. For reasons into which we can not 
enter*, an ideal point at infinity on a nul ideal line is called a°focal point ; 
then 


A nul ideal line is an ideal line which contains a focal point ; 
Parallel nul ideal lines are ideal lines which contain the same focal point ; 


The distances between two rdeal points are wholly indeterminate if one of the 
ideal points is a focal point. 


‘4. From 415°43, 415-46 it follows that 

An accessible ideal plane contains one focal point or two focal points accord- 
ing as vt vs or vs not isotropic. 

We have seen in 424°56 that in a prepared anisotropic vecplane we can 
distinguish between the two nul veclines by means of the identity 


(Ars? = —(f rs). 


* The uncritical reader will find comfort, and the critical, food for thought, in a crude 
explanation. With rectangular coordinates, the origin is a focus of a given conic if and 
only if the equation of the conic has the form 

e+ y?=(aautby +c). 
The point (A, &) is on a tangent from the origin to the conic if and only if the two values 
of 7 for which (hr, kr) is on the conic are equal, that is, if and only if the equation 
(ahr + bkr +0)? =h2r? + k2r?, 

regarded as an equation in 7, has equal roots; the condition is 

c? {(ah + bk)? — (h?- + )} =? (ah + bk), 
that is, unless ¢ is zero, h?+k2=0, 
which expresses that the distance of (A, £) from the origin is zero, or in other words that 
(A, &) is on a nul line through the origin. The point O is a focus of a given conie if and 


only if the tangents to the conic from O are the lines joining O to the focal points in the plane 
of the conte. 
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If 7 denotes the complex number (0, 1), we may say that if r and s are proper 
vectors in different nul veclines, so that “rs and “rs are different from zero, 
then if 

AS =i 99s 
it is the vecline that contains r that is to be called the first nul vecline in 
the prepared vecplane, and the vecline containing s that is to be called the 
second. This convention extends naturally to the focal points in any aniso- 
tropic prepared ideal plane. The two focal points in such a plane are denoted 
by* J and J, and in the absence of indication to the contrary it is to be 
assumed + that J is the first and J the second. 


A characteristic property of an isotropic ideal plane may be expressed in 
the form that 


In an isotropic ideal plane the two focal points coincide. 


The association with the two square roots of —1 fails because nothing signi- 
ficant survives of 43: “rs is zero if r,s are any two vectors in the vecplane, 
and ¥ rs is zero if either of the two is nul. We shall use K to denote the one 
focal point in an isotropic ideal plane. 


* Or often by o and a’ or by Q and Q’. 

+ The convention suggested by Laguerre and usually adopted is the reverse of this, and 
an inversion of order disfigures Laguerre’s angle-formula in consequence. If we have tochange 
from rectangular axes OY, OY in a plane to axes which are such that OX bisects the angle 
between them, it seems natural to take the direction in the fourth quadrant as that of the 
new #-axis, and that in the first quadrant to describe the new y-axis: in other words, if 
the new axes are y= +z tan a, to suppose the angle from the new #-axis to the new y-axis 
to be 2a, not —2a. By analogy, we should take y= — 7x to contain Zand y=7«# to contain J; 
if r is the vector (1, —2) and s the vector (1, 2), then W rs is 27 and § vs is 2. 

Scott (Modern Analytical Geometry, p. 253, 1894) avoids inelegance in the angle-formula 
by using 7g for an angle to a ray p from a ray q. 
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CHAPTER V 4 


INTERSECTION AND ALTERSECTION OF LINES WITH 
PLANE CURVES AND WITH SURFACES 


540. Introduction. 541. Plane curves and surfaces; composite loci; the order of a 
plane curve or a surface. 542. The order of a point on a plane curve or a surface. 
543. The order of intersection of a line with a plane curve or a surface; tangents ; 
segments of aline. 544, Altersection and altercontact. 545. The relation between orders 
of altersection with a surface and orders of altersection with plane sections of the surface. 
546. Asymptotes. 547. Definitions of conics and conicoids; degenerate conics ; parabolas ; 
the existence of a conic through five coplanar points. 


540, INTRODUCTION. 
Except on questions of existence, it is only if isotropic lines or planes or 
inaccessible points become involved that a proposition may differ in enuncia- 
tion according as it is asserted of actual real space or of ideal complex space. 


For example, if BA, C/A are steps of equal finite length with vectors r, s, then since the 


equality GReuAG# 
is equivalent to Ir (r—s)= Gs (s—-r), 


the angles between BA and BC are the same definite angles as those between C'A and CB 
unless one of the sides is nul, and even in the exceptional case the angles at Band at C 
are equally indeterminate. We may go even further; the identity ¢(r—s)?=0 can 


be written as Mle nye a oo); 

and this combined with GFr(r-s)\= Fs (s—r) 

enables us to compare angles between definite directions: if 6 is a length common to AB 
and AC, the angles from the direction in which BA has the length b to one direction 
along BC are the negatives of the angles from the direction in which CA has the length 
6 to the opposite direction along BC. 

To illustrate the kind of care that is necessary, we will consider in the next 
two chapters the nature of circles and spheres in ideal complex space. The 
subject is intrinsically important, and the student who appreciates the modi- 
fications of elementary theorems concerning circles and spheres is in little 
danger of overlooking exceptional cases in more advanced work. 

In order that the discussion of circles and spheres may be as free from 
interruption as possible, an explanation of certain terms used in connection 
with curves and surfaces occupies the present chapter; the actual requirements 
could have been met by a treatment less general than is given here, but it is 
necessary to shew that as far as conics and conicoids are concerned the idea 
of a tangent need not presuppose that of a limit, and the generality consists 


in postponing restriction on the degree of certain polynomials as long as the 
restriction is irrelevant. 
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541. PLANE CURVES AND SURFACES; COMPOSITE LOCI; THE ORDER 
OF A PLANE CURVE OR A SURFACE. 


‘1. Throughout this chapter we shall use homogeneous coordinates, which 
we shall denote by a, 8, y or by a, 8, y, 6 according as points in a plane or in 
space are under consideration; also we shall write e for (a, 8, y) or Ca, 8, , 5), 
and Pe” will denote a homogeneous polynomial of degree n in the coordinates. 
The aggregate of points whose coordinates satisfy the equation 


O2—0 


is called simply the locus ®, and is described as a plane curve or a surface 
according as the number of variable coordinates is three or four. We make 
no attempt to define functions or curves or surfaces in general. 

In general a polynomial in more than two variables can not be resolved into 
polynomial factors of lower degree, but it is better for us to classify than to stipu- 
late. If identically Pe” is the product of polynomials 


®, ee. ®D, ens, nee ®,, enn, 


where n,+7.+...+%m must equal n, then Pe” is said to be reducible; a point 
belongs. to the locus ® if and only if it belongs to one or other of the loci 
®,, ®,,... P,,, and ® is said to be degenerate or to be a composite locus of 
which ®,, ®,,... B, are constituents. Since a transformation of coordinates 
which changes 

D,e%, Die™, ... De 
into Dee Ds "De 
necessarily changes the product of the original polynomials into the product 
of the transformed polynomials, the question whether one locus forms part of 
another does not depend for its answer on the coordinates employed. 


‘2. The formulae of transformation in 27 have their counterparts in plane 
geometry, and from these formulae it is evident that a homogeneous poly- 
nomial of any degree in the coordinates with one triangle or tetrahedron of 
reference transforms into a homogeneous polynomial of the same degree with 
reference to any other triangle or tetrahedron. Thus if a curve referred to 
one triangle, or a surface referred to one tetrahedron, has an equation De” = 0, 
the degree of Be” does not depend on the particular triangle or tetrahedron 
but is a number associated intrinsically with the curve or surface; it is called 
the °order or the degree of the curve or surface. From 27°38 and 27:33, 


A curve of the first order is a straight line, a surface of the first order 1s 
a plane. 
‘3. The significance of the order of a curve or surface is exhibited byamethod 


due to Joachimsthal. If (ap, Bp, yp), (49,8 a,¥q) or (ap, Bp, yP,5p);(4a,8a,7e,5@) 
are definite sets of coordinates of two points P, Q, or in other words specify 
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21 
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definite loads attached to these points, then provided only that the points 
P, Q are distinct, 

(hap + kag, hBp + kBa, hyp + kya) 
or (hap + kag, hBp+kBa, hyp + kya; hp + kde) 


is a set of homogeneous coordinates of a point on the line PQ; the particular 
point, which we may call the point hP+kQ, depends on the ratio h: k, not 
on the absolute values of h and k, and to each value of this ratio corresponds 
one and only one point on the line. 

The condition that the point hP +kQ should be on the locus @ is 


@ (hep + keg)" = 


and the expression here equated to zero is homogeneous and of degree n in 
h and k, with coefticients dependent on the coefficients in the equation of the 
curve and on the coordinates of P and Q. 

There are two possibilites: ‘31 is either an identity or an equation of the 
nth degree. Hence °if a line has more than n points in common with a curve 
or surface of the nth degree, every point of the line belongs to that curve or 
surface. If ‘31 is not an identity, it is equivalent to an equation 


(hh, — khyy™ (hk, — khe)” ... (hkim — hm)" = 
where Mm tNegt ---ENm=N, 
and just as the equation 
(2 — 2)" (2 — 2)™ ... (2 — Zm)™ = 0 


is said to have not m roots but n, namely, n, all equal to z,, . all equal to z, 
and so on, so the line PQ is said to intersect the curve or surface in n points, 
the points of intersection being h, P + k,Q counted n, times, h.P + k,Q counted 
n, times, and so on. This language is of course conventional, and it proves to 
be invaluable. To absorb ‘32 in the more complete statement that 


Tf a line does not form part of an algebraic curve or surface, the number of 
points common to the line and the curve or surface is equal to the order of the 
curve or surface but the points of intersection are not necessarily all distinct, 


is merely to assert the possibility of laying down conventions having the 
desired result. 

It should be added that on the one hand nothing that has been said assumes 
the line PQ or either of the points P, Q to be accessible, and that on the 
other hand in saying that to every ratio h:k there is some one point of PQ 
to correspond we are assuming that space is ideal; in a space without points 
at infinity, one factor of 83 may be insusceptible of interpretation, and since 
the power to which that factor is raised may have any value not greater than 
n, the convention as to multiplicity of accessible points of intersection, fails 
altogether to provide a passage from ‘32 to ‘35. 
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‘4. If +13 is the equation of a surface and P, Q, R are three points that are 
not collinear, the condition for the point iP +jQ+4kR, a typical point in the 
plane PQR, to be in this surface is 


®D Cep+jegt ker)” =0, 
and this is either an identity or an equation homogeneous and of degree n in 


the set of variables 7, 7, k. Since 7, 7, k are themselves homogeneous coordinates 
referring a variable point of the plane PQA to the triangle PQR, 


Tf a plane does not form part of a given algebraic surface, the points common 
to the two compose a curve of the same order as the surface; 
this is a corollary of 35, but not of ‘32. Ifthe surface has no plane constituents, 
and in particular if it is not composite, there is no restriction on the plane. 


*5. The coefficient of h™-"k" in ®Chep+keg)” is both a homogeneous 
polynomial of degree n—r in the coordinates of P and a homogeneous poly- 
nomial of degree r in the coordinates of Q: it may be regarded as a polynomial 
in one set of coordinates with coefficients that are themselves polynomials in 
the other set. If Q coincides with P, the function ® Chep+keg)” becomes 
(h + k)"®Bep”, and the coefficient of h"~"k” reduces to the product of Pep” by 
the binomial coefficient (”). There is therefore no confusion, and there are 
many advantages, in denoting the coefficient in general, divided by this same 
binomial coefficient, by Bep”~"eg”, that is, in writing 


D Chep + ke q)” 
= hr Dep” ab (@) hk Dep" eq he (3) hr—-2 fp2 Dep” eg? de ay att k” Deg”; 
this formula defines the meaning of Pep”"eg”. The more general formula 


n! 
® Ch, eth, Graco +k, = plqir! —k,? k2 kg" 500 Dee! KE GG55 


sf cece 


the summation being for all positive integral values of p, g, 7,... such that 
TOT ck Io asia ay 


defines the multinomial e,’¢,%¢,”..., or alternatively if the multilinear 
function Be,e,... €, is defined as the quotient by n! of the coefficient of 
Ky ley... Km in BChye thee t...+knen)”, the multinomial @ ¢P¢%e,"... is 
definable as the function derived from Pee... €, by repetition of terms. 

If a change of coordinates replaces the multilinear function Dee, ... é, by 
P*é,é,... €,, the same change replaces Pe? e,1¢,"... by B*é," é,7é,"... for all values 
of p,q,7, ---, and in particular replaces Be” by B*e”. Thus °ifa relation between 
the points P, Q, R, ... and the locus ® ‘is expressed with reference to one 
triangle or tetrahedron by an equation of the form Pep’ egteR” ... = 0, it 1s the 
sume relation that is expressed with reference to another triangle or tetrahedron 
by the equation D*ép? ég/é,” ... =0, where the function O*ép? églég” ... is 
formed from the function ®*é” into which @e” changes by the same rules as 
De pPegler” ... from Pe”. 
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542. THE ORDER OF A POINT ON A PLANE CURVE OR A SURFACE. 


‘1. Suppose the point P to be on the locus ®. Then the equation 1:31 
lacks the term in h”, whatever the position of Q. It is possible, though ex- 
ceptional, for the equation without reducing to an identity to lack also any 
number smaller than n of successive terms following this first term: for example, 
in space, if P is the point for which § is unity and the other coordinates 
are zero, P (hep + keg)” becomes ® (hag, kBa, kya, h + k8Q)”, and if further 
®e" does not contain 8, no change is made by the substitution of kd for 
h+k8q in this expression, a substitution that reduces ®Chep+heg)” in 
this case to the term k” Beg” without imposing any condition on Q. 

In other words, it is possible for a point P on a curve or surface to be such 
that on every line through P that does not lie wholly in the curve or surface, P is 
a multiple point of intersection. If P is a point such that every line through 
P that does not form part of a given curve or surface cuts this curve or 
surface m times at P but that on some lines through P the multiplicity is not 
greater than m, then P is called a° point of order m on the curve or surface. 
Algebraically, the condition is that in the function Pep”~” eg”, regarded as a 
polynomial in the coordinates of Q, every coefficient vanishes if r is less than m, 
but at least one coefficient is not zero when r has the value m. If every term 
in the polynomial Pep”*e* vanishes, so does every term in the symmetrical 
multilinear function Pep”-*e,e,... és, and therefore so does every term in the 
polynomial Dep” e” if r has any value less than s. Hence° the order of P on @ is 
definable as the number m which rs such that Dep"—™*1e"— vanishes identically 
but Dep" does not, explicit reference to polynomials of degree lower than 
m—1 being superfluous. The equation 

Dentamel =0 
is an effective equation, not an identity, and the line PQ cuts ® at P exactly 
m times provided that Q is not on the locus corresponding to this equation. 

According to the definition just given,° a point that does not belong to the 
curve or surface at all can be regarded as a point of order zero. The vanishing 
of Dep” does not as a rule imply the vanishing of the coefficients of the co- 
ordinates of @ in Pep” eg, and therefore in general the order of a point taken 
at random on a curve or surface is unity. A point of order unity is called a 
* simple* point, a point of higher order a° multiple point. 

‘2. The order of a point on a curve or surface is not wholly independent of 
the form of the equation of the curye or surface. The points that satisfy the 
equation {Der}? =0, 
where p is an integer greater than unity, are the same as the points that satisfy 

Der =—0; 


* A distinction can be made between simple points and ordinary points, points that are 
simple when the locus is given by ‘22 being distinguished as ordinary when it is given by 21. 
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but if ‘22 leads to 1:33, then ‘21 leads to 
(hk, — kh,)?™ (hk, — kh,)?”2 ... (him — kh?" = 0: 


a line that cuts ‘22 in m points coincident at P cuts ‘21 in pm points coincident 
at the same place, and ° the order of any point with respect to ‘21 is p times 
the order of the same point with respect to 22. It is for this reason that “21 
is said to represent not the same locus as ‘22 but this locus taken p times. 
No point of 21 is a simple point, for points that are simple on ‘22 are points 
of order p on ‘21. 


*3. If the several loci 
Der=0, O,6*= 0, ..:, 
finite in number, are regarded as forming a single composite locus 
De” = 0, 
where N= +nt..., DemM=Die. De. ..., 
a line hes wholly in ® if and only if it lies wholly in one of the constituents 
®,, ®,, ..., andif P is any point on a line A that does not lie wholly in ®, ° the 
order of P as an intersection of A with ® is the sum of the orders of P as an 
intersection of A with the constituents of &, for the binomial 1:33 whose roots 
determine the intersections of A with ® is the product of the corresponding 
binomials for ®,, ®,, ...; the order of intersection for a constituent which does 
not contain P is of course zero. 

It follows trom °34 that the order of a point P on a composite locus is not 
less than the sum of the orders of P on the constituents. Moreover, we have 
seen that the lines through a point P of order m for which the order of inter- 
section at P is exactly m are the lines joining P to points which do not 
satisfy a certain equation. Given any finite number of equations, it is always 
possible to find a set of values of the variables which does not satisfy any of 
the equations. Hence 


The order of a point on a composite locus is the sum of the orders of that 
point on the constituent loct. 


We have had a particular case of this theorem in °24, 


543. THE ORDER OF INTERSECTION OF A LINE WITH A PLANE CURVE 
OR A SURFACE; TANGENTS; SEGMENTS OF A LINE, 


‘1. If P is a point of order m on ®, every line through P either forms part 
of ® or has at P an intersection of order at least as great as m, and distinction 
is drawn between those lines on which the order is exactly ™ and other lines 
through P; the exceptional lines are said to touch the curve or surface at P: 
in other words a ° tangent to a curve or surface at a point P is a line through 
P which either forms part of the curve or surface or has at P an intersection 
of an order higher than is implied by the mere fact of passing through P. 


24 


3] 


34 


36 


ail) 


13 


14 


bo 
bo 


“20 


288 IDEAL SPACE 543 


To see that in complex space tangents, in this sense of the word, exist if m 
is not zero, we have only to consider the relation 
De a € ec = 0. 
This relation can not be satisfied for all positions of Q, for if it were, P would 
be a point of order greater than m; since the variables are complex, there are 
some values of the coordinates of Q that satisfy the relation. That 1s to say, 
De _ et = 0 
is a significant equation, and the line joining P to a point Q distinct from P 
is a tangent to ® at P if and only if Q is on the curve or surface represented 
by this equation ; the condition is satisfied if the line forms part of the curve 
or surface, and this is one reason for regarding such a line as itself a tangent. 
Moreover, if the condition is satisfied by a point Q, it is satisfied by every 
point of the line PQ. Hence 
If P is a point of order m on the curve or surface 
Pe" = 0, 
the equation D_ep™—"e" = 0 


is the equation of the aggregate of tangents to the curve or surface at P. 


2. If P is a simple point of a curve, m is unity, and the equation 
Dep" e=a0 

is the equation of a single line, the tangent at P; every line through 2 except 
the tangent cuts the curve once at P; the tangent can not cut the curve only 
once, but there is nothing to prevent the tangent from cutting the curve more 
than twice at P, or from forming part of the curve. 

If P is a simple point of the curve 

De" = 0 
and if PY is the tangent at P, any line through P other than PT cuts 
{Den}? = 0 

p times at P but PT cuts this curve at least 2p times or forms part of the 
curve. Thus the only line which touches *23 at P is the line which touches ‘22 
at P, but a property that depended on a line having multiple intersection at P 
would belong for 23 to every line through P and for *22 to the tangent alone. 

If it is with a curve that we are dealing, and if the order of P is m, the 
equation ‘13, since it represents nothing but lines through P, represents not 
more than m of these lines: 

At a multiple point of order m, a plane curve has m tangents but these are 
not necessarily all distinct. 
It is to be noticed that the equation 13 derived from the equation of a plane 
curve does not as a rule represent a group of lines; it is from the assumption 
that P is of order m that we have deduced that the locus has this character. 
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*3. If Pisa simple point ona surface, ‘13 becomes the equation of a plane: 

At a simple point of an algebraic surface, the tangents compose a plane, the 

tangent plane at that point. 
But there is no reason to suppose that in general, because it represents nothing 
but lines through P, ‘13 factorises and represents a number of planes: all that 
can be done is to define a cone with vertex P as a surface composed of lines 
through P, and to assert that 

At a point of order mon a surface, the tangent lines compose a cone of order m; 
in general this cone is not composite, but exceptions are possible. 

If the tangent plane at a simple point P of a surface is not a constituent 
of the surface, any line through P in the tangent plane has the same order of 
intersection at P with the curve in which this plane cuts the surface as it has 
with the surface itself; comparing the definition of a tangent to a surface with 
that of a multiple point on a curve, we infer that 


If the tangent plane at a simple point of a surface does not form part of the 
surface, the section of the surface by this plane has the point of contact for a 
multiple point. 


‘4. There is intrinsically no difference between supposing a point A to belong 
to a given curve or surface and supposing a number of points coincident in A 
to belong to that curve or surface. But if we associate with A a definite line 
through A,it becomes possible for us to discriminate, naturally if conventionally, 
between a curve or surface that has one point in common with the line at A 
and one that has several coincident* points in common with the line there. 

For many reasons, double intersection figures not merely as the simplest 
type of multiple intersection but with an importance that is fundamental, 
and it is the vocabulary by means of which we include double intersection at 
one point and simple intersections at two distinct points in one description 
that must now be explained. 

Two points together with a line containing them are said to constitute a 
°linear segment or a segment of a line; the points are called the ends of the 
segment, and the line is called its aavs. Unless the points A, B coincide, 
there is only one line which contains them both, and therefore there is only 
one linear segment to which they belong; this is called the segment AB. 
If the points coincide, the propositions which we have in view require us to 
consider them as coincident in a definite line, and it is for this reason that 
the idea of the segment is necessary. Any theorem concerning a proper linear 
segment, that is, a linear segment with distinct points A, B, can be expressed 
as a theorem regarding the pair of points, and differs from a theorem regarding 
the step AB only in imposing no order on the two points: “the segment BA 
is the same as the segment AB. But if B coincides with A, the identity of 
the segment depends on the line through A in which the two coincident 

* But not, on any tenable interpretation, consecutive. 
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points are conceived to be situated; if for brevity we speak of the segment 
AB even in this case, it must be understood that the axis of the segment 1s 
assigned in some way. 

In accepting the meaning now suggested for the word segment, we have 
to realise that in complex space there is no sense in which a point can be 
described as between two given points of a line on which it lies, and that 
therefore the word is not required with its familiar intension. The use of the 
word end in connection with complex segments is purely conventionaly a 
segment does not terminate at its ends. Just as we speak of a segment of a 
line, so we may define a segment of any curve by associating the curve with 
two of its points; for the present we are concerned only with segments of lines, 
and the word segment unqualified is to be held to refer to a linear segment. 

There is no need to indulge in formal explanations of such phrases as ‘a 
length of a segment’, ‘perpendicular segments’, ‘the angles between two 
segments’, which bear their obvious meanings. °A segment is called finite if 
it has no infinite length, that is, if both its ends are accessible. A segment 
AB that is not wholly inaccessible has a midpoint, which is a point C such 
that the steps AC, CB are congruent; this midpoint is accessible if and only 
if both ends of the segment are accessible, that is, if and only if the segment 
is finite. To a segment of a line at infinity no definite midpoint can be 
assigned; every point of the line can serve as a midpoint of any segment of 
the line. But itis to be remarked that the definition of the midpoint depends 
on the identity of two vectors, not on the equality of two lengths, and that 
therefore the midpoint of a segment not wholly at infinity is no more uncer- 
tain if the axis is nul than if the axis is not nul. 

°A proper segment AB is said to be inscribed in a curve or surface if the 
points A, B both belong to the curve or surface, and the curve or surface 
is said to be a curve or surface through the segment. °When the segment 
degenerates into two coincident points A, A in an axis J, it is only if a locus 
has double intersection with J at A that the segment is said to be inscribed 
in the locus. °If A is a simple point, to say that a zero segment 4A with a 
given axis is inscribed in the locus is equivalent to asserting that the axis is 
a tangent at A. 


544, ALTERSECTION AND ALTERCONTACT. 


‘1. The definition of the order of intersection of a line with a locus fails 
altogether if the line forms part of the locus. By regarding the order as 
infinite we can reach some measure of uniformity, but this convention puts 
all the points of the line on the same level, whereas it is evident, for example, 
that in a composite locus formed of a line and a conic the points of intersection 
of the line and the conic have some peculiarity in relation to the locus as a 
whole and that this peculiarity is modified if the line touches the conic. 

A plane locus which includes the whole of a line is necessarily composite; 
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definitions are obvious when the locus is decomposed, and have to be changed 
into a form that is applicable not only to a curve for which the decomposition 
has not actually been effected but also to a surface. 

Let the equation 1:13 represent a plane locus that includes the whole of 
the line whose equation is the linear equation 


Ac= 0, 
Then Ae is a factor, but not necessarily a simple factor, of Be”. Let 
De” = (Ac) Ver 


where Ve"! does not contain Ae as a factor; J is the °order of the line A as 
a constituent of the locus. The line A does not form part of the locus 


Ver t—0 


and therefore cuts this locus in n —/ points, not necessarily distinct; these 


points are the °altersections of A with the original locus ®, and °the order of - 


intersection with V is the order of altersection with ®. With the natural 
convention that a line which does not form part of a plane locus is a con- 
stituent of order zero, we can assert that 


The sum of the order of a line as a constituent of a plane locus and the 
orders of its altersections with that locus is the order of the locus atself. 


2. It follows from 2°36 that the order on ® of a point on A is equal to or 
greater than / according as its order on WV is or is not zero, that is, according 
as it does or does not belong to V. Hence 


The order of a line A as a constituent of a plane locus ® 1s the least value 
which the order of a point P can have on ® of P belongs to A. 


This theorem suggests a definition: by “the order of a line a a locus, 
plane or spatial, composite or undegenerate, is meant the least value which 
the order of a variable point of the line can have on the locus. With this 
definition ‘21 becomes 


The order of a line as a constituent of a plane locus 1s its order in that locus. 


If now we define the °altersections of a line A with a locus ® as the points 
of A whose order on ® is greater than the order of A in ®, we have a 
definition not inconsistent with ‘15 and significant when the locus is a surface 
in space, 

°If there are any points of A which do not belong to ®, the order of 
these points on ®, and therefore of A in ®, is zero, and the altersections 
become the points of A whose order on @ is not zero, that is, become the 
intersections in the elementary sense. 


‘3. To say that the order of intersection of a line with a locus at a point P 
may be greater than the order of P on the locus is only to assert that the line 
may touch the locus at P. In the case of the composite plane locus, if h is 
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the order of altersection of A with ® at P and m is the order of P on ®, then 
m—1 is the order of P on ¥, and this is less than or equal to h according 
as A is or is not a tangent to V at P. 
°If the multiplicity of A as a tangent to ® at P isJ, then h is determinable 
as m — 1, but in general h does not depend on J and m alone. 
If P ison A, the linear function A (dep + jeg) reduces to jAeg, and therefore 
with the notation of 12 


D (ep +jeg)” = 7'(Aeg)' ¥ Ciep + jeg)”, 
whence for all values of 7 from / to n 
() Dep" eg’ = (Sa i) (Aeg)! W ep Peg’ 


If the order of intersection of A with V at P is h, the coefficients of the 
highest h powers of 7 in V Ciep+jeg)”’ vanish if Q is on A, but there are 
positions of Q on A for which the coefficient of 7”~'-* does not vanish; in 
other words, the polynomial Vep”-"e’— vanishes identically or contains Ae 
for a factor if 7 has any value from /to/+/—1 but not if r has the value 
1+h, and therefore °the polynomial Pep"—"e” vanishes identically or contains 
Ae for a factor to a power greater than | if r is less than 1+ h but contains Ae 
only to the power | if r is equal tol +h. Retranslating the occurrence of Ae 
as a factor of a polynomial into geometrical terms we have the following 
enunciation, which is consistent with "16 for a curve and defines the order of 
altersection for a surface: 


Let ® be a locus of order n, let A be a line whose order in ® is l, and let P 
be a point of altersection of order h on A. Then the equation 


Dep”*"e = 0 


reduces to an identity for all values of r from 0 to 1 —1, either reduces to an 
identity or represents a locus in which A is of order greater than | for all 
values of r from | tol+h—1, represents a locus in which A is of order exactly 
Lwhenr has the value l+h, and either reduces to an identity or represents a 
locus in which A is of order not less than l for all values of r froml+h+1 
to n. 


Recalling that the order m of P on ® is definable by the property that 
®ep”~” e” vanishes identically for all values of r from 0 to m—1 and not when 
r has the value m, we see that m is not less than J and not greater than /+h, 
In the tangent locus 

Den ean), 


A is of order not less than / and not greater than m, and we have only to 
compare the definitions of m and h to find that °if the order of A in the 
tangent locus is exactly 1, then 7+h and m are identical, thus extending 
to the general locus, curve or surface, a property asserted in ‘31 of the de- 
composed plane curve; to find h in general we have to find a locus in which 
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the order of A is J, and that is why the order of A in the tangent locus is 
irrelevant except in the case when it has this particular value. 


‘4. The number associated most simply with the contact of a line A with 
a locus ® at a point P is the excess of the order of intersection at P over the 
order of P on ®. To say that A is a tangent is simply to assert that this 
excess is not zero, and the excess is called the °order of contact. If A forms 
part of ®, the order of contact is infinite, and its place is taken by the °order 
of altercontact, defined as the number by which / +h, the sum of the order of 
A in © and the order of altersection at P, exceeds m, the order of P; this 
number is zero if and only if the order of A in the tangent locus at P is the 
same as its order in © itself. 

The orders of contact and altercontact make no allowance for a possible multi- 
plicity of the tangent as a constituent in the tangent locus,and in some problems 
a number occurs that differs for this reason from the order of altercontact. 

In the simple case of a plane curve, a line that cuts the curve at a point P 
of order m and is not itself a tangent has an intersection of order m; whether 
a line touches the curve or not at P, we may say that °a tangent distinct from 
A and of multiplicity f accounts for f of the intersections or altersections of 
A at P, and the °indew of contact or altercontact of A at P is the number of 
intersections or altersections for which tangents distinct from A do not account. 
Since the total number of tangents at P is m, the order of P, the number 
distinct from A is m—g where g is the multiplicity of A as a factor of the 


tangent locus 
40) ep ae v= 0, 


and by replacing multiplicity in the tangent locus by order in this locus we 
can frame a definition applicable equally to plane curves and to surfaces: °if 
the order of altersection of A with ® at P is h and if the orders of P on ® 
and of A in the tangent locus at P are m and g, the index of altercontact is 
the number g +h—m; °the index of contact is the same as the index of alter- 
contact if A does not form part of ® but is infinite if A is in ®. 

The index of contact exceeds the order of contact by the multiplicity of the 
tangent; the difference between the index of altercontact and the order of 
altercontact is the same as the difference between the order of the tangent in 
the original locus and the order of the tangent in the tangent locus. 

Since g is not less than J, the order of A in ®, and m is not greater than 
1+h, the index defined is not negative. For the index to be zero, m must be 
as large as possible and g as small, that is, A must not be a tangent at all. If 
A is a tangent, g is not less than /+1, and m is not equal to /+/ and there- 
fore is not greater than /+h—1: the index is not less than 2. 

If the index of altercontact of a line A at a point of altersection P with a 
plane locus is k, then the number of tangents at P distinct from A is h—k; 
it follows from ‘17 that 
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If the order of a line A ina plane locus ® of order n is l, the number of 
tangents distinct from A whose points of contact are points of A is less than 
n—I by the sum of the indices of altercontact of A at its points of altersection 
with ®. 


545, THE RELATION BETWEEN ORDERS OF ALTERSECTION WITH A SURFACE 
AND ORDERS OF ALTERSECTION WITH PLANE SECTIONS OF THE SURFACE, 


‘1. It follows from 2°13 that if P, Q are any two distinct points, °the point 
iP +jQ is of order m on the locus ® if ® Ciep + jeg)" e™— vanishes identi- 
cally but ® Ciep +jeg)"-™e™ does not. Hence °the order of the line PQ is the 
number J which is such that ® (iep + jeq)”~“e’ is identically zero for all values 
of i:j if r is equal to /—1 but not for all values of 7:7 if r is equal to J, and 
°the altersections of PQ with ® are the points that correspond to values of 
1:7 for which every coefficient in the polynomial ® Céep + jeg)”~‘e! does vanish. 
°If for a particular value of s we know that ®(éep+ jeg)” Se vanishes identically 
for all values of 7 and 7, we can assert that the order of PQ in ® is greater 
than s. In the function ® (iep + jeg)” “er! regarded as a’polynomial in the 
coordinates of i2, each coefficient that does not vanish identically is a homo- 
geneous binomial in 7 and j of degree n—J, with coefficients depending on 
the relation of P and Q to the locus ®. We have therefore a number of 
equations, not more than $(/+1)(/+2) if ® is a curve and not more than 
4(1+1)(1+2) (1+ 8) if ® is a surface, each of degree n- / in 7:7, such that 
the ratios corresponding to the altersections of PQ with ® are the common 
roots of these equations. 

If j is a factor of degree h in every one of these equations, it is a factor of 
this degree in the function ® Ciep+jeg)”"e’ from which the equations are 
derived; that is to say, the function Pep”'-* eg’ vanishes identically for every 
value of s from 0 to h —1, and so also does the function Dep”~"-* Ciep + jeg se 
for every one of these values of s and for arbitrary values of 7 and 7. Con- 
versely if the function Pe p”--§ Ciep + jeg)*e! vanishes identically for arbitrary 
values of 7 and 9 and for every value of s from 0 to h—1, the function 
Dep” ‘segs! vanishes identically and j* is a factor of P (iep+ jeg)” “el. By 
referring the points of the line PQ not to the points P, Q but to one of these 
points and the point fP + gQ we deduce that “the function ® Ciep + jeg)” ex! 
has a factor (ig—jf)* independent of the coordinates of R if and only if 
DC fer +geq)” * Clep + jeg)*e’ vanishes identically for arbitrary values of 
¢and j for every value of s from 0 to h—1, that is, by 14, if and only if the 
order of PQ in the locus ® ( fep + geg)”“*e""* is greater than l for every value 
of s from 0 to h—1, that is, by 4°35, if and only if the order of altersection of 
PQ with ® at fP + gQ is greater than h—1: 


The degree in which ig —jf occurs as a factor of every coefficient in the Junction 
D Clept jeg)” é is the order of altersection of the line PQ with the locus ® 
at the point fP + gQ. 
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That is to say,°1f the line PQ is of order J in ® and its altersections with ® 
are QP H+IAQ, P+72Q, ..- imP + jmQ, of orders hy, he, ... Im, the function 
® Ciep + jeg)” 'e! is the product of the binomial 

(a1 — jr)™ (Ua — Je) «(Yim — tm) 
by a function of degree J whose coefficients are of degree 1 —1— Sh in i and j 
and do not vanish simultaneously for any values of 7 and j. 


‘2. It is an immediate deduction from ‘18 that 


The sum of the orders of altersection of a line with a locus of order n in which 

its own order is l is not greater than n — I. 
We saw in 1°35 that if the altersections are intersections, that is if J is zero, the 
sum is n, and in 4°17 that in the case of a plane curve the sum is actually equal 
to n—Jl whatever the value of J; by considering the sections of a surface by 
planes through a line it is easy not only to see that °for a surface the maximum 
n—lis not necessarily attained wnless | is zero but to account for the deficiency. 

Let ITI be the section of a surface ® by a plane which does not form part of 
®, and let P be a point of this plane. Then if the order of P on © is m, there 
are lines through P which cut ® only m times at P, and in general some of 
these lines are in the plane of the section; if there are such lines, the order 
of P on II is not greater than m, and since this order is manifestly not less 
than m, °the order of P on II is equal to the order of P on ® unless the plane of 
section forms part of the tangent locus to P at P. 

Since the order of the tangent locus is m, this locus can not include more 
than m distinct planes, and therefore °if P is a given point, the order of P on 
a section by a plane through FP is the same as the order of P on ® except 
possibly for m special planes. 

If A is a line of order J in ®, there are points on A whose order on ® is J; 
indeed, the altersections are not more than n —/ in number, since the sum of 
their orders of altersection is not greater than n —J. It follows from ‘24 that 
°there are not more than / planes through A which yield sections of ® in 
which A is not of order J. Since the order of altersection of A with a locus ® 
at a given point can be discovered by inspection of the orders of A in a finite 
number of loci derived from ®,°there is at most a finite number of planes 
through A which cut ® in sections which do not have at the altersections of A 
with ® altersections of the same order as those of A with ® itself. If isa 
section with which A has the altersections which it has with ®, and in which A is 
of order l, and if the sum of the orders of altersection of A with ® is not n-1/ 
but n—l—k, 4°17 implies that ° there are altersections of A with II which are not 
altersections of A with ® and that °the sum of the orders of these additional 
altersections is k, a number independent of any particular plane through A, 


‘3. The entry of the additional altersections is explained by ‘23. A point 
A has an order on II greater than / if its order on ® is greater than J, or 
if it has a higher order on II than on ®, In the first case the point is an 
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altersection of A with ®; in the second case, which does not exclude the first, 
the plane of section is part of the tangent locus to ® at the point. If P is a 
point of A which is not an altersection with ® and if the plane of II 1s part 
of the tangent locus at P, every line through P in this plane has an inter- 
section with Hat P of order greater than J; hence A altersects II at P unless 
A has an order greater than / in II, while for A to have an order greater than 
| in I, the plane of section must touch ® at every point of A except possibly 
at the altersections of A with ©. 


The reader familiar with ruled surfaces should consider the case of a developable of 
which A is a generator, and distinguish between the general case of a developable with an 
edge, touched by A at a midpoint C, and the case of a cone with a vertex V. As a rule in 
the general case every point of A except C is of the first order on the surface and C'is of 
the second order; with the definitions we are using, the plane which touches the surface 
elsewhere on A touches it also at C, for lines through Cin this plane have triple intersec- 
tion there with the surface. The tangent locus at the vertex V of a cone is identical with 
the cone itself and does not as a rule include the plane which touches the cone at other 
points of the generator A. 


546. ASYMPTOTES. 


‘1. No distinction has yet been made in this chapter between accessible 
and inaccessible points, but it is on the disposition of their inaccessible points 
that the classification of conics and conicoids depends. 

A point at infinity is characterised by a definite vecline, and the veclines 
corresponding to the points at infinity on a given curve or surface are called 
the °asymptotic veclines of that curve or surface; their directions are the 
asymptotic directions. 

The inaccessible points of a plane curve are the points which the curve has 
in common with the line at infinity in its plane. If the line at infinity is a 
constituent of the curve, every direction in the plane is asymptotic, but if the 
line at infinity is not a constituent, the number of asymptotic veclines is not 
greater than the order of the curve and is actually equal to this order if the 
intersections of the line at infinity with the curve are all simple. 

A tangent at an inaccessible point of a curve is called an °asymptote of the 
curve, The tangent may be the line at infinity itself, but it is of course the 
exception for the line at infinity to be a tangent, just as it is the exception 
for an accessible line taken at random to be a tangent. If the intersections of 
the curve by the line at infinity are all simple, the number of them is equal 
to the order of the curve, and the asymptotes are all accessible; also no two 
of the asymptotes are parallel, for a point at infinity common to two distinct 
asymptotes would be a multiple point of the curve and would give a multiple 
intersection with the line at infinity, contrary to hypothesis : 


If as is generally the case the intersections of a plane curve of order n by the 


line at infinity in its plane are all simple, then the asymptotes of the curve are 
n distinct accessible lines no two of which are parallel. 
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If the intersection of the line at infinity with a curve at a point P is of 
multiple order h, two possibilities, different in their effects but not mutually 
exclusive, have to be considered. If the order of the point P on the curve is m, 
then “if h is equal to m, the line at infinity is not a tangent at P, and there 
are m tangents, not necessarily distinct, which, because they are accessible 
lines through P, are parallel lines. But°if A is greater than m, the line at 
infinity is a tangent at P, and accounts for a number g of the asymptotes 
through P, but this number is the multiplicity of the line as a factor of the 
tangent locus at P, and is not a function of m andh; the number of accessible 
asymptotes through P is m—g, and in general no two of them. coincide. 

Should the line at infinity be a constituent of order J in the curve, it is an 
i-fold asymptote on that account, and the points to be examined are its points 
of altersection with the curve. If the altersections are simple, there are n —/ 
distinct accessible asymptotes of which no two are parallel, and if the alter- 
sections are multiple but do not number among them any points of altercontact 
there are still n —/ accessible asymptotes of which some perhaps coincide and 
some are certainly parallel. If there are points of altercontact, the number of 
accessible asymptotes can not be predicted; the problem of counting the ac- 
cessible asymptotes exactly is a particular case of the problem solved in 4°49, 


‘2. Ifthe triangle of reference has two of its vertices at infinity, or if the plane 
is referred to a vector frame attached to an accessible origin,—which comes to 
the same thing—the coordinates are naturally denoted, as explained for three 
dimensions in 21'4 and 26°38, by &,n,7, and the asymptotic directions of the curve 


P Cé, 1; Ze = 


are given immediately by the equation 


d CE, 7, 0)" =0 
which interpreted as an equation between the coordinates of a point is the 
equation of the lines through the origin with asymptotic directions. If De” 
has 7 for a factor, to power J, then the line at infinity is of order / in the curve, 
and if the quotient of Be” by 7’ is Ve", the points of altersection of the line 
at infinity are determined by the equation 


wy CE 1); Oye! =0 


‘3. Two curves are said to be asymptotic °along a given accessible line if 
they have in common the point at infinity on the line and if also the line is a 
tangent to both of them there, in short, if the line is an asymptote of them 
both. If two curves have a common point P at infinity and if the line at 
infinity is not a tangent to either of them at P, the curves are described as 
asymptotic °at P if they have there the same asymptotes each with the same 
multiplicity for the two curves. We call two curves neither of which has the 
line at infinity for a tangent °asymptotic to each other if their asymptotes, 
each with its appropriate order, are the same. 
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35 °If the plane at infinity is not part of the tangent locus at any point of 
either of two surfaces, the surfaces are said to be asymptotic to each other if 
they have the same points at infinity and if also at each of these points they 
have the same tangent locus: the surfaces touch each other along their common 
intersection with the plane at infinity. 


No mention has been made of the property most intimately associated with the word 
asymptotic, namely, the property of indefinitely near approach of a variable point on a 
curve to a variable point on a line, or more generally of indefinitely near approach of a 
variable point on one curve or surface to a variable point on another. This is because all 
questions involving limits are being deliberately avoided. But it must not be forgotten 
that questions of this kind concerning asymptotes have their exact counterparts in ques- 
tions of orders of approximation relating to accessible tangents; there is no logical ground 
for dealing with the former type of question and not with the latter*, and what we have 
omitted to consider is not the point from which problems of asymptotes should be approached 
but a point from which geometrical problems of many kinds may be approached. 

With regard to asymptotic surfaces, little can be said without mention of developables, 
and the definition in °35 is designed solely to meet our requirements with regard to spheres. 


547. DEFINITIONS OF CONICS AND CONICOIDS ; DEGENERATE CONICS ; 
PARABOLAS ; THE EXISTENCE OF A CONIC THROUGH FIVE 
COPLANAR POINTS. 


‘1. Second only to lines and planes in importance are curves and surfaces 

‘ll of the second order. Plane curves of the second order are called ° conics, surfaces 

12 of the second order “conzcoids. It is not to be imagined that in interest to the 

mathematician these curves and surfaces are merely somewhere between loci 

of the first order and loci of the third order, for in fact the place of conics and 

conicoids in the art is fundamental. A mathematician who is not investigating 

curves and surfaces of the third order or of some definite higher order on their 

own account, is little likely to require ever to be acquainted with even their 

simplest properties, but conics and conicoids, of special forms if not in complete 
generality, recur in every branch of mathematics. 

It is only with certain special kinds of conics and conicoids that we shall deal 
explicitly, and the present section merely contains those properties of conics and 
conicoids in general that follow directly from the principles of the earlier sections 
of this chapter and are required in the chapters that conclude our work. 

*2. Applied to the case when n is two, 1°32 asserts that 

21 If a line has more than two points in common with a conic, then the conic is 
degenerate and has the line for a constituent, 
and that 


Lf a line has more than two points in common with a conicoid, then every 
point of the line belongs to the conicord. 


bo 
bo 


* With regard to such questions see Fowler's tract, Hlementary Differential Geometry 
of Plane Curves (1920), which deals only with the real plane and makes no reference to 
points at infinity, but does not restrict the curves to be algebraic. ' 
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The points in these propositions need not be distinct : 


If a line has double intersection with a conic at one pownt, the two have no other 
point in common unless the conic is degenerate and has the line for a constituent ; 

If a line has intersection of higher order than the second with a conic, the 
conic is degenerate and has the line for a constituent. 


From 3:25 it follows that if a conic has a double point C, there are two lines 
through C which have intersections of order higher than two; hence from ‘24 


A cont ws degenerate if and only if it has a double point. 
Similarly 


Lf a line has intersection of higher order than the second with a conicoid, the 
line lies wholly in the conicoid ; 


A conicoid that has a double point is identical with its tangent cone at that 
pont. 

From 1°42, 

Any plane section of an undegenerate conicoid is a conic, 
and therefore from ‘25 and 3°33, 


The tangent plane at any simple point of an undegenerate conicord cuts the 
surface in two lines both of which pass through the point of contact. 


‘3. Conics are classified by their inaccessible points. A “parabola is a conic 
which has double intersection with the line at infinity at some point. A conic 
that is not a parabola has simple intersection with the line at infinity at each 
of two distinct points. Hence as a special case of 613%, 


An aparabolic conic has two distinct accessible asymptotes, and these are not 
parallel. 


Also by ‘25, the point which the line at infinity has in common with a parabola 
is a simple point on the parabola if the parabola is not degenerate : 


An undegenerate parabola has the line at infimty for rts only asymptote. 


A constituent of a degenerate conic is a tangent to the conic at every one 
of its own points, and therefore 


Tf a conic is degenerate, its asymptotes are the two constituents themselves. 


If the constituents are accessible and not parallel, the points in which they 
cut the line at infinity are distinct. If one of the constituents is the line at 
infinity and the other is accessible, the conic satisfies the definition of a 
parabola, which does not require the point of intersection to be unique, and 
it remains true that the line at infinity is an asymptote, but this line is no 

* Thus in complex geometry the names ‘ellipse’ and ‘hyperbola’ are misleading and out 
of place. For a given conic, the square of the eccentricity is a definite complex number ; 


to say that this number is not equal to the complex number 1 is intelligible, but to say 
that it is greater than 1 or that it is less than 1 is nonsense. 
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longer the only asymptote, unless indeed the conic is merely this one line 
duplicated. If the constituents are accessible and parallel, having a common 
point P at infinity, the line at infinity has double intersection with the conic 
at P, and therefore the conic is a parabola, but the line at infinity is not one 
of the tangents at P, that is, is not an asymptote. 


‘4. It might be questioned whether the definition of a parabola is not 
undesirably wide, whether in fact the line at infinity should not be required 
to be a tangent rather than to have double intersection. The answer is made 
most convincingly by means of the general equation of a conic referred to a 
triangle with two vertices at infinity. This equation is 

| af + 2hEn + by? + 2gEr + Wyt + cr? = 0, 
and the points at infinity correspond to the equation 
ak? + 2hEn + by? = 0. 
If this last equation is significant, it indicates two and only two points at 
infinity, and the condition for these points to coincide is 
ab — h?=0. 

If the coefficients in ‘42 are all zero, ‘41 reduces to 

(29€ + 2fn + cr) 7 =0, 
the equation of a degenerate conic of which the line at infinity is one con- 
stituent, but ‘43 does remain true. Thus according to the definition we are 
using, ‘43 is the necessary and sufficient condition for ‘41 to represent a 
parabola. 

If 43 is satisfied but a, h, b are not all zero, there are numbers p, g such 
that identically 

ak + 2hEn + by? = (p& + gn)’, 
and ‘41 represents parallel straight lines if and only if g& + fn is a multiple of 
pé + qn, that is, if and only if 
Jp—94 = 9, 
a condition which is equivalent in virtue of ‘45 to 
af? — 2hfg + bg? = 0. 

To couple the positive condition ‘43 in an analytical investigation either 
with the negative condition that a, h, b are not all to vanish or with the 
negative condition that af? — 2hfg + bg? is not to vanish—a condition that 
introduces the ratio of f to g which is not otherwise involved in the discrim- 
ination—could lead to nothing but confusion, and therefore we are content 
with the definition that leads to a simple result: 

If the triangle of reference in a plane is equivalent to a vector frame at- 
tached to an accessible origin, the necessary and sufficient condition for the conic 
a& + 2hEn + by? + 2gEr + Wnt + cr?=0 

to be a parabola is ab —h?= 0. 
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‘5. In the general equation of a conic, as given in ‘41, there are six coeffi- 
cients, and whatever the values of these coefficients, unless indeed they are all 
zero, it is a conic that the equation represents. To multiply the equation 
throughout by a constant other than zero does not affect the locus represented; 
in other words, the locus depends on the five independent ratios of the coeffi- 
cients, not on the actual values of the coefficients individually. 

In general, there is one and only one conic which contains five given points in 
a plane. 

In fact the conditions that five points P, Q, R, S, 7 should lie on the conic, 
that is, that the coordinates of these five points should satisfy the equation 
‘41, are five equations linear and homogeneous in the coefficients a, h, b, 9, f, ¢, 
and unless there is some special relation between the five given points these 
equations determine the mutual ratios of the coefficients and therefore give 
the equation of a unique conic through the points. Instead of solving the five 
equations and making a substitution, we have only to eliminate the six 
coefficients between the general equation itself and the five equations ex- 


pressing that the points lie on the conic to have the actual equation of the 


conic in the determinantal form 
& En n° Er NT Paks 0. 

Ep Epnp np 
|e? one 1e 


Eptp NpTp Tp 
EoT@ NeTQ TE 
En’ Erne ne ErtR NRTR TR 
Ey Esns ns’ Ests sts Ts 


Er Eqnp nr Eqtp netp Tr 


It is not necessary for us to examine the cases in which this equation is 
evanescent, or even to prove formally that the equation is usually significant, 
for the use we have to make of ‘51 is purely tentative. But we note that 
there is no distinction of rdle in °52 between the coordinate 7 and the co- 
ordinates £ and 4; no distinction has to be drawn between accessible and 
inaccessible points in the discussion of the existence and uniqueness of a 
conic through five of them. 
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CHAPTER V 5 


CIRCLES IN IDEAL COMPLEX SPACE 


551. Ordinary circles; nul circles and degenerate circles. 552. The perpendicular 
bisector of a segment; the centres and radii of ordinary circles. 553. The general 
definition of a circle; infinite circles; undegenerate parabolic circles in an isotropic plane ; 
centres and radii in general. 554. The properties of the constant rectangle and the con- 
stant angle. 555. Circles about a pair of points; associated linear segments ; measures of 
separation; coaxal systems of circles in general; associated coaxal systems. 556. Excep- 
tional forms of coaxal systems. 


551. ORDINARY CIRCLES; NUL CIRCLES AND DEGENERATE CIRCLES, 


‘1. Naturally we wish the locus of a point in a plane at a constant distance 
from a fixed point of the plane to have the name of circle, at any rate if the 
fixed point is accessible and the distance is finite. To avoid exceptional cases 
it is necessary in due course to allow the distance to be infinite or the fixed 
point to be at infinity, but the locus may not then be definable by means of 
the point and the distance, and to understand the extensions to be made we 
must first discover properties that are characteristic of the locus when the 
difficult cases are expressly excluded. We define then an °ordinary* circle as 
the locus of a point in a plane at a constant finite distance from a given 
accessible point of the plane. The distance is called a radius of the circle, and 
the fixed point a centre; we must not prejudge such questions as whether a 
circle in a complex plane can have more than one centre. 

The ideal vector of which (r, R) is an effective specification is the vector of 
a step from Q to the ordinary circle with centre Q and radius q if and only if 


r= gh, 
it being assumed that r belongs to the necessary vecplane. 
The condition for (hr, kR) to lead from Q to the circle is 


WGr =hegR. 


Supposing R# not to be zero, we can distinguish four possibilities. If neither 
Yr nor g is zero, the equation is satisfied by two distinct values of h/k, both 
finite, one the negative of the other. If /r*is zero, but not q, the equation 
requires & to be zero. If q is zero, but not Yr’, the equation requires h to be 
zero. If both g and Yr’ are zero no condition is imposed on h and k. Thus: 


* In one respect the adjective is misleading: we shall find that in an isotropic plane it 
is the exception for a ‘circle’ to be in this sense ‘ordinary’. If we are to use ‘actual? still 


as the opposite of ‘ideal, we must describe the circles of elementary geometry as actual 
real circles, 
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If an ordinary circle has centre Q and radius different from zero, an aniso- 
tropic line through Q lying in tts plane cuts the circle in two distinct accessible 
points, and an isotropic line through Q cuts it at infinity only; 

If an ordinary circle has centre Q and radius zero, an anisotropic line through 
Q in its plane cuts it nowhere except at Q, but every point of an isotropic line 
through Q belongs to the circle. 


A circle is said to be degenerate if there is a line whose points all belong to 
the circle, and ‘14 implies that °every circle of radius zero is degenerate. 


‘2. The last proposition is evident on a direct examination of the conditions 
involved. An ordinary circle of radius zero is called* a°nul circle. In real 
space, such a circle consists of a single point, its centre, but in complex space, 
with which alone we are now concerned, °the nul circle with centre Q is formed 
of the same points as the nul lines through Q; a line through Q either coin- 
cides with one of these lines or cuts it nowhere except at Q. As we proved 
in 436°2, if the plane is anisotropic there are two nul lines through each point, 
but if the plane is isotropic there is only one. That a circle should in any 
circumstances degenerate into a pairt of lines is enough to warn us against 
taking for granted that all the properties of actual real circles have their 
counterparts in ideal complex space. 


*3. In an isotropic plane it is not only nul circles that are degenerate. We 
have seen in 486°5 that in an isotropic plane the points whose distances from 
a point Q in one aspect of the plane have a given value g compose a definite 
nul line; those whose distances from Q in the other aspect have the value q 
compose another nul line, distinct from the first unless q is zero, and the circle 
with centre Q and radius q is formed of the points of these two lines: 


In an isotropic plane, an ordinary circle with radius different from zero has 
the form of two distinct nul lines. 


Whether it is from a nul circle in an anisotropic plane or from a circle with 
proper radius in an isotropic plane that we regard a nul circle in an isotropic 
plane as degenerating, we have to think of the line as ° double to find a con- 
ventional interpretation of general theorems applicable to this extreme case. 

It is evident that °in an isotropic plane every ordinary circle has an infinity 
of centres: if Q is one centre, every point on the nul line through Q is a centre 
also. 


‘4, The most striking difference descriptively between the circles of ideal 
complex space and the circles known to the Greeks was discovered by Poncelet}. 


* Tt will be proved that a circle can not be of zero radius with respect to one centre and 
of radius different from zero with respect to some other centre. 

+ To speak of the circle as a pair of lines is a convenient illogicality, too glaring to be 
harmful: the circle 2s a class of points, not of lines. 

+ Propriétés Projectives des Figures, p. 49, 1822. 
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Whatever the value of q, the fundamental equation ‘12 is satisfied if R is zero 
if and only if r is nul: whatever its radius, an ordinary circle with centre a 
contains no inaccessible points except those on the nul lines through Q, which 
we have already noticed to belong to the circle. In other words 

Every ordinary. circle contains the focal points of its plane, and no ordinary 
circle contains any points at infinity except these. - ; 

On account of their relation to circles, the focal points in a plane are often 
called the circular points of the plane, or more fully the °cirewar points at 
infinity in the plane. 


552. THE PERPENDICULAR BISECTOR OF A SEGMENT; THE CENTRES 
AND RADII OF ORDINARY CIRCLES. 


‘1. Let us consider the locus in space of an accessible point equidistant 
from two given accessible points A, B. If N is the midpoint of AB, the 
equation 

I(QN+NA)P=f(QN + NB) 
is equivalent, if all the vectors involved are finite, to 

GINA?—-GF§NB=2FQN AB, 
and therefore to FONLABS=O: 


°the step QV must be perpendicular to the step AB. Expressed in this form 
the result is not actually false if A and B coincide, but if we suppose these 
points distinct we can envisage a definite locus. The midpoint JV is a definite 
point, since A and B are assumed to be accessible, and if A and B are distinct, 
the vector AB belongs to only one vecline and ‘11 asserts that QV belongs to 
the vecplane to which this vecline is perpendicular: 


If two accessible points A, B are distinct, the perpendicular bisector of AB 
is a definite plane, and the accessible points of this plane are the accessible 
points equidistant from A and B. 


‘2. We can now discover the positions in a given plane possible for a centre 
of a circle through two distinct accessible points A, B of the plane. The per- 
pendicular bisector of AB has certainly one point in common with the given 
plane, namely, the midpoint of AB; it therefore either coincides with the 
given plane or cuts the given plane in a definite line. Coincidence requires 
that a plane perpendicular to AB should contain AB, that is, that AB should 
be nul, and requires further that the plane under consideration should itself 
be the isotropic plane containing AB. 


In general, the aecessible points in a given plane equidistant from two distinct 
accessible points A, B of the plane are the accessible points of a definite line, 
and this 1s the only line in the plane to bisect AB perpendicularly; exception 
occurs only when the plane is isotropic and the line AB is nul, in which case 
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every pownt of the plane is equidistant from A and B and every line in the plane 
is perpendicular to AB. 


“If AB is nul but the plane is not isotropic, the peculiarity is that the per- 
pendicular bisector coincides with AB. °If the plane is isotropic but AB is 
not nul, the perpendicular bisector is the nul line through the midpoint of 
AB. From the present point of view, the fact that if two accessible points in 
an isotropic plane are on the same nul line every accessible point of the plane 
is equidistant from them seems quite natural, and yet this is only another way 
of saying that 


In an isotropic plane, every ordinary circle that contains a point P includes 
the whole of the nul line through P, 


and 1:31 is an immediate deduction from this. 

For the sake of reference later, we must supplement ‘22; if A is an accessible 
point in a nul line / and if Q is any accessible point of /, the circle with centre 
Q@ which contains A must have zero radius, since the length of QA is zero. 
Thus, “if A, B are distinct accessible points of a nul line in an anisotropic 
plane, every ordinary circle through A and B in that plane is a nul circle of 
which the line AB forms part. 


"3. If two accessible points A, B coincide, there is no sense in which any 
point can fail to be at the same distances from dA as from B. Also there is 
no plane which can be regarded as the perpendicular bisector of the zero step 
AB. 

But the midpoint of the step is perfectly definite, and if the coincident 
points are associated with a definite line through them, there is only one plane 
through the midpoint perpendicular to this line. In other words, °if it is 
ascribed to a segment rather than to a step or to a pair of points, the perpen- 
dicular bisector does not evade us when the points happen to coincide. More- 
over, if the segment lies in a given plane, that is, if the axis of the segment 
is in that plane, the perpendicular bisector cuts the plane in a definite line 
unless the axis is nul and the plane isotropic, whether or not the ends of the 
segment coincide, 

Again, although if A and B coincide every point is equidistant from A and 
B, so that if Q is any accessible point in a plane containing A there is a circle 
with centre Q which contains both A and B, it is not true that if A and B 
coincide in a line / there is necessarily a circle with a given centre Q which 
circumscribes the segment obtained by associating A and B with l. If lisa 
proper vector in the vecline of J, a point P for which AP has the vector 71 is 
on the circle with centre Q which passes through A if and only if 


§ (QA 4+rlP =F QA? 


that is, if and only if rGP+2r/1.QA=0; 
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this equation has one zero root, because the circle by hypothesis contains A. 
The second root satisfies the equation 
r§ 24+291.QA =0, 

which can be satisfied with r zero only if £1.QA is zero, that is, only if Q is 
in the plane through A perpendicular to J. If J is not nul, 7 must then be 
zero, and J cuts the circle twice at A but does not form part of the circle. If 
lis nul, r is indeterminate, and / is a constituent of the circle, but it is still 
necessary for AQ to be perpendicular to J. 

What we have just proved may be expressed in the form that 

Tf a line | has double intersection with a circle at an accessible point A and 
Q is a centre of the circle, then Q is in a line through A perpendicular to Ll. 
The point we are concerned to emphasise is that this result and ‘21 are included 
in the single assertion that 

The centres of ordinary circles circumscribed to any finite segment belong to 
the perpendicular bisector of the segment. If the plane of the circles is given, 
then unless this plane is isotropic and the aaxis of the segment is nul, the centres 
are the accessible points of a definite line, which is the only line in the plane 
that bisects the segment perpendicularly. In the exceptional case, every ordinary 
circle through either end of the segment circumscribes the segment, and every 
line that passes through the midpoint and lies in the plane is a perpendicular 
bisector of the segment. 


‘4. To find the points which a given line has in common with the ordinary 
circle with centre @ and radius a, let us take a definite point A of the line 
and a definite vector p in the corresponding vecline; the point P is in the 
line if and only if the vector of AP is a multiple of p, and if this vector is rp, 
one and only one position of P in the line corresponds to each value of r. The 
point P belongs to the circle if and only if 

, 2 — 72 
that is, if and only if Bae AS 
r Sp? +2rfp.QA+IQA?—q?=0, 
and since this equation is quadratic in r, 

If a line has more than two points in common with an ordinary circle, the 
circle is degenerate and the line is a constituent of tt. 

A line which is a constituent of a circle has multiple intersection with the 
circle at every point. It follows from ‘35 that if J is such a line and Q isa 
centre of the circle, and if A, B are two points of J distinct from each other 
and.from Q, then both QA and QB are perpendicular to /. The lines QA, QB 
can not be parallel unless they coincide, that is unless Q is in l. For pores 
steps which are perpendicular to J to be in é, the line 7 must be nul; on the 
other hand, for two steps coplanar with J but not parallel to each other both 
to be perpendicular to J, the plane must be isotropic and still J must be nul. 
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If an ordinary circle is degenerate, its constituents are nul lines. 

“In an isotropic plane, any two nul lines together constitute an ordinary 
circle, and the circle itself is not nul unless the constituents coincide. But if 
the plane is not isotropic, any centre Q necessarily belongs to any constituent 
J, and since / is nul, zero is the only distance between Q and a point of J, and 
the circle is the nul circle whose centre is Q: 

If an ordinary circle in an anisotropic plane is degenerate, the constituents 
are nul lines which are not parallel, the only centre is the point of intersection 
of the constituents, and zero is the only value of a radius. 

It is sometimes convenient to speak of two nul lines in a given plane as 
“complementary if together they form an ordinary circle in the plane. 


‘5. In an anisotropic plane, if A, B, Care three accessible points that are 
not collinear, the perpendicular bisectors of AB and BO, not being parallel, 
intersect in an accessible point Q which is the only point common to them 
and is therefore the only point equidistant from the three points A, B, C. 
Combining this result with ‘43 and ‘46 we can assert that 

In an anisotropic plane, no ordinary circle has more than one centre, 

a proposition of which 1:33 shews a proof to be by no means superfluous. If 
Q is the only centre of a given circle and 4 is an accessible point of the circle, 
a radius of the circle must be a length of QA, and therefore 

In an anisotropic plane, an ordinary circle that 1s not nul has only two 
radu, and each of these is the negative of the other. 

In the course of proving ‘51, we have shewn incidentally that 


_ Lf three accessible points of an anisotropic plane are not collinear, there is 
one and only one ordinary circle through them. 

This conclusion is supplemented by means of 43 and ‘46 and of 1:41: °if 
in an anisotropic plane three points are collinear, then unless the line in 
which they lie is nul there is no ordinary circle that contains them; “if three 
points in an anisotropic plane are not all accessible, there is an ordinary circle 
through these points if and only if each of them which is at infinity is a focal 
point of the plane. In the exceptional cases of ‘54 and ‘55, the circle is not 
unique: °if three points are collinear in a nul line, any nul circle with its 
centre on this line includes them all; °if A and B are accessible points and C 
is a focal point, there is an infinity of ordinary circles through A and B in 
the plane ABC, and each of these circles includes C. 

‘6. In an isotropic plane, an ordinary circle with a radius different from 
zero consists of two distinct nul lines; if then the nul circle with centre O has 
also centre Q, this circle must be the nul circle with centre Q, and therefore O 
and Q lie in the same nul line: 

The centres of a nul circle in an isotropic plane are the points composing the 


circle itself, and zero is the only radius. 
20—2 


44 


“46 


D1 


52 


61 


62 


63 


“64 


cue 


308 IDEAL SPACE 552 


From -23 it follows that if a, b are distinct nul lines in an isotropic plane, 
and if A, B are points of a, b, the circle formed of the points of a and b can 
not have a centre that is not on the nul line p through the midpoint of AB. 
Every point of p is however a centre of the circle, and if O, Q are two points of p, 
the two distances of A from Q are the same as the two distances of A from O; 


In an isotropic plane, the centres of any ordinary circle are the accessible 
points of one definite nul line; 

In an isotropic plane, an ordinary circle that is not nul has only two radin, 
and each of these is the negative of the other; either radius may be used in 
connection with any of the centres of the circle. 


From the degenerate nature of the circle we conclude that 


For there to be an ordinary circle through three given accessible points in an 
isotropic plane, two of the three points must be in one nul line. 


If one of the points is at infinity, it is necessary and sufficient that this point 
should be the focal point of the plane; if two of the points are at infinity, 
no ordinary circle 1s possible. 

In ‘64 we have the first direct intimation that the conception of a circle as 
arising from a centre and a radius is too narrow to be adapted to the isotropic 
plane. But it is evident that any definition of a locus in terms of distances 
must reduce the locus in an isotropic plane to a set of nul lines; to admit of a 
genuine extension, a definition must be either analytical or descriptive. 


553. THE GENERAL DEFINITION OF A CIRCLE; INFINITE CIRCLES; 
UNDEGENERATE PARABOLIC CIRCLES IN AN ISOTROPIC PLANE; 
CENTRES AND RADII IN GENERAL. 


‘1. With the homogeneous coordinates of 21:4 restricted to a plane, one speci- 
fication of the ideal vector of the step from (£9, ng, Te) to (&, 7, T) combines 
the vector whose coefficients are tg& — Egr, ten — net with the number 7gr, and 
this specification is effective unless the ideal step is wholly at infinity. Hence 
in the notation of 425 the equation of the ordinary circle with centre Q and 


radius q is S (tex — vot = 92797, 


and since this is homogeneous and quadratic in the variable coordinates €, n, t 


> 


An ordinary circle is a conic. 


But of course not every conic is a circle, and we have to find a condition, 
independent of any particular frame of reference, by which to recognise or to 
define a circle. 

It'is 47°51 that suggests the course to be taken. If A, B, C are three acces- 
sible points of an anisotropic plane whose focal points are J and J, in general 
there is only one circle through the three points A, B, C, and there is only one 
conic through the five points A, B, O, I, J, and since the circle itself is a conic 
containing J and J, the circle appears definable as this particular conic. Given 
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any conic through J and J, we should expect by taking A, B, C arbitrarily upon 
it to be able as a rule to prove that the conic is a circle. That is, we suspect 
that a conic is usually a circle if it contains J and J, but since we have not 
examined the cases of exception to 47°51 we must make a direct examination 
of conics through J and J. We observe in advance that a conic that degene- 
rates into two lines of which one is the line at infinity contains the focal 
points; since no ordinary circle has this form, we commence by discussing 
conics through J and J which do not include the whole of the line at infinity. 
For the conic 
a& + 2hEn + by? + 2gEr + Ant + cr? = 0 
to contain the focal points and no other points at infinity, the equation 
a&? 4- 2hEn + br? = 0 

must be the equation satisfied by a vector if and only if the vector is nul, that 
is, must be the equation Sy? = 0, 


and we may take a&+ 2hEn + by? to be kSy?, where k is not zero. For any 
values of Eg, na, Ta, 
S Cex — XE! = TYSX? — 2ratSKXox + PSXo', 
and therefore if tg is not zero, the equation 
kSx? + 2gEt + 2fnt +.c7? = 0 
is equivalent to 
ES (rex — TKO)? + 27Q (KS yQt GTQ) EMS XQ +fTQ) n} T= (kSy@ — CTA) 7. 
Since by hypothesis neither k nor EG — F” is zero, the equations 
kSy+g9r=0, kSyt+fr=0 
represent two lines that are not parallel, and if Q is the point common to these 
lines, ‘14 is equivalent to 
BS Crax — TXQ)? = (kSXq? — erg") 7° 

and represents the ordinary circle with Q for centre and (kSyQ’—cr@’)/kT@ 
for the square of its radii. Hence 

In an anisotropic plane, every conic whose only points at infinity are the focal 
points 1s an ordinary circle. 

This proposition combines with 12 and 1:41 to give an assertion of 
equivalence from which explicit reference to distance has disappeared : 

In an anisotropic plane, ordinary circles are conics which contain the two 
focal points and no other points at infinity. 

We note in passing that *12 converts 2°43 into a case of 47:21. 


‘2. The transformation of ‘13 depends only on the existence of a solution of 
‘15 for which rg is not zero, not on the uniqueness of this solution. If the 
plane is isotropic, the lines given by ‘15 must be parallel, but they may co- 
incide ; since the equations are equivalent, if the plane is isotropic, to 


kU (UE+ Vn) +g7r=0, KV(UE+ Vn)+ fr =9, 
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the condition for coincidence is 


Uf— Vg=9, 
that is, is the existence of a number j such that 
fia UA reo 


and if this condition is satisfied, and Q is any point of the nul line 
k (UE + Vn) +97 = 0, 

the reduction of ‘13 can be made as in the previous case. In this-special case, 
since Sx? is (UE + Vn)’, ‘18 is equivalent to 

k (UE + Vn) + 29 (UE + Vn)7 +077 =0, 
that is, to {k (UE + Vn) +97}? = (7? — ke) 7, 
and represents a pair of nul lines: the peculiar character of an ordinary circle 
in an isotropic plane is disclosed analytically. 

‘8. The expression for the square of the radius of the circle represented by 
‘13 can undergo a useful modification, for since Sy* is identically equal to 
ES'y + nS’x, substitution from "15 gives 

kSx@ = — (gEa+Jne) Ta: 
If Q is a centre of the ordinary circle represented by the equation 
ke (BE + QF En + Gn!) + 2g kr + Bfnr + o1* = 0, 
the square of the radu of this circle ws 
— (9a + fnat oTQ)/kra. 
Eliminating &g, ng, Tq from the three equations 
khEgt+kFngt+ 9TQq = 9, 
kFEq + k@ng+fro=0, 


+ fng+ (c+ kg?) Tq =0, 
we find that at Snax ( 7) 79 


In an amsotropic plane, the square of the radii of the circle 
k (LE < 2PEn ae Gm?) =i 2gér => 2fnr +cor=0 


as Ee we ey 
\F G f|/e(EG-P). 
| ge Speake 


Replacing 9§a+Jne by j(UEg + Vng) from ‘23 and this last expression by 
—/t@/k from ‘24, we infer also that 


In an isotropic plane, the square of the radii of the circle 


k(UE+ Vn? + 2j)(UE+V 70) 
Ee) hades clietnacseaae 


this result of course follows directly from the form -25 of the equation. 


“4. In favour of extending* the word circle to cover every conic in an aniso- 
tropic plane that passes through the focal points of the plane there are many 
* The extension was made by Poncelet, Joc. cit. p. 303 above, 
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arguments, cumulatively adequate, of which two can be advanced now. It 
is a general principle* that definitions should use positive properties, not 
negative: with all their peculiarities, isotropic planes are not refused the title 
of plane, nor do we deny that the zero vector is a nul vector. And by means 
of the degenerate conic formed of two lines of which one is the line at infinity 
we can remove the restrictions from 2°53: if three accessible points are col- 
linear, the line containing them and the line at infinity together form a de- 
generate conic of this kind; and given two accessible points and one point at 
infinity, the line through the accessible points and the line at infinity again 
compose a degenerate conic containing the three points and the focal points. 

Consistent with the definition of a circle in an anisotropic plane as a conic 
through the two focal points, two definitions that are not equivalent suggest 
themselves for a circle in an isotropic plane: a circle must pass through the 
focal point K, and if it does not include the line at infinity must be charac- 
terised either by having the line at infinity for a tangent at K or by having 
intersection of the second order with this line there. The question is similar 
to the question whether the name of parabola is to cover a pair of parallel 
limes, and the arguments valid in the discussion of this other matter are 
reinforced by the observation that the Euclidean definition of a circle has 
already led us to regard pairs of nul lines in an isotropic plane as circles. 
Hence a circle in an isotropic plane is to be defined as a conic which has the 
focal point as a multiple point of intersection with the line at infinity. As in 
an anisotropic plane, the line at infinity combines with any line to form a 
circle of a special kind. But a circle which does not include the line at infinity 
is not usually, in an isotropic plane, an ordinary circle in the sense of 1:11, for 
it is not as a rule degenerate. | 

To resume formally, we define a °circle in an anisotropic plane as a conic 
containing the two focal points, a°circle in an isotropic plane as a parabola 
containing the focal point. By 47:21 and 47-23, °a circle either includes the 
whole of the line at infinity or contains no points of this line that are not 
focal ; it is convenient to call a circle of which the line at infinity forms part 
an “infinite circle. 

We have seen in ‘1 that in an anisotropic plane, for values of k other than 
zero, the equation 

kSx? + 2g&r + 2fnr + c7?=0 

represents an ordinary circle. In an isotropic plane, the nul vectors are those 
for which Uf + V7 is zero, and the general equation 


a&? + 2hEn + by? + 2gEr + 2fyr + c7? = 0 


* There is no opposition to this principle in our neglect of isotropic space: we do not 
deny the name of vecspace to a class of vectors constructed with the condition J=0 instead 
of the condition J40, but the subject of our work is anisotropic Euclidean space, not space 
of three dimensions in general. The study of complex anisotropic space of dimensions 
always involves that of isotropic space of n—1 dimensions. 
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represents a circle that does not include the line at infinity only if 
a& + 2hEn + by? 
is a multiple of (UE + Vn)’, that is, of Sy*, Thus whether the plane is or 1s 
not isotropic, 45 for values of & other than zero is the general equation of a 
circle that does not include the line at infinity. But when &k is zero, ‘45 
reduces to 
(2g + 2fyn + cr) T= 0, ; 

and represents a combination of two lines of which one is the line at infinity 
and the other, which will be called the °distinctive constituent of the circle, is 
subject to no restriction whatever. That is to say, 

The general equation of a circle in any accessible plane, isotropic or an- 
isotropic, 1s 

k (FE + 2FEn + Gn?) + 2g&r + 2fnr + cr = 0, 

and in this theorem we have the most straightforward reason for extending 
the name of circle precisely as we do. °The circle represented by the equation 
in ‘48 is or is not infinite according as & is or is not zero. The distinctive 
constituent of an infinite circle may itself be the line at infinity; the circle 
is then this line duplicated. 


‘*5. The theorem ‘16 can be expressed in the form that 

In an anasotropic plane, a circle that is not infinite 1s an ordinary circle, 
and we may appeal to 2°46 in order to add that 

In an ansotropic plane, a circle is degenerate if it is infinite or nul, but not 
otherwise, 
but it is better to deduce ‘52 from the relation of a circle to the focal points: 
if a conic consisting of two lines contains the two points J, J, either one of the 
lines is the line JJ, the line at infinity, or one of the lines contains J and not 
J, the other J and not J; in the former case the circle is infinite, in the latter 
it is formed of two nul lines that are not parallel and is therefore the nul circle 
whose centre is the point of intersection of these lines. 

In an isotropic plane ‘51 has no counterpart. But if a conic consisting of 
two accessible lines has double intersection with the line at infinity at K, each 
of the constituent lines passes through K, and is therefore nul: 

In an isotropic plane, a circle is degenerate if it rs infinite or ordinary, but 
not otherwise. 

We can combine ‘52 and ‘53 in a single enunciation which indicates the 
common basis of the theorems: 

If « circle is degenerate, either its constituent lines are both nul or one of them 
is the line at infinaty. 

Since a circle is a conic, a line in the plane of a circle either cuts the circle 
in two distinet points, or has doubie intersection with the circle at one point, 
or 1s a constituent of the circle. If the line is accessible and is not a 
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constituent of the circle, there are four cases to distinguish, for there may be 
intersection in two distinct accessible points, simple intersection at infinity 
accompanied by simple intersection at one accessible point, double inter- 
section at an accessible point, or double intersection at infinity. 

If a line m that is not nul cuts a circle at an inaccessible point M, the line 
at infinity cuts the circle at M and therefore is a constituent of the circle: the 
circle is infinite, and the intersection with m is simple unless the distinctive 
constituent also contains M; the intersection is double if the distinctive con- 
stituent is the line at infinity or is a line parallel to m, and any order whatever 
may be ascribed to the intersection if m is itself the distinctive constituent. 

We have just seen that 

If a circle is finite and a line in rts plane is not nul, the two must have simple 
intersection at each of two accessible points or double intersection at a single 
accessible pount. 

This conclusion does not depend on the nature of the plane, but in discussing 
the intersections of a nul line with a circle the nature of the plane has to be 
taken into account. 

In any plane, a nul line cuts any circle at infinity. Ifthe plane is isotropic, 
the focal point is a double intersection of the line at infinity with any circle; 
if this same point is a double intersection of any other line with the circle, it 
is a double point on the circle and the circle is degenerate: 

In an isotropic plane, any undegenerate circle cuts any nul line in one and 
only one accessible ‘point, and the intersection is simple. 

If the circle is infinite, the intersection at infinity is simple unless the dis- 
tinctive constituent is nul. If the circle is ordinary, the intersection at infinity 
is exactly double unless the circle includes the line. 

In an anisotropic plane, the nul line joining the centre of a finite circle that 
is not nul to a focal point has no accessible points in common with the circle, 
and therefore has double intersection with the circle at the focal point; if any 
other line had double intersection there, the point would be a double point of 
the circle and the circle would be degenerate. Hence 

In an anisotropic plane, a nul line through the centre of an ordinary circle 
has double intersection with the circle at infinity and has no accessible points of 
intersection unless the circle is nul; a nul line that does not contain the centre 
has simple intersection at infinity and simple intersection at one accessible point. 

Combined with 1°41, ‘57 implies that 

The asymptotes of an ordinary circle in an anisotropic plane are the nul lines 
through the centre of the circle, 
and ‘56 implies that 

The only asymptote of an undegenerate circle in an isotropic plane is the line 
at infinity rtself. 

If a circle is degenerate, the constituents are themselves the asymptotes. 
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‘6. If A, B, C are three given points, distinct from each other and from the 
focal point or points, the equation 
Bye br yr ae 
SY¥a - €av 4. WAT ets 
Syn? Ezta 7BTB TB 
Sye €ote Note TC 


if it is not an identity represents a circle through A, B, C. In this equation, 
the coefficient of Sx? is the product of T47RT¢ by a determinant that is zero 
if and only if the points are collinear. Hence whether a plane is isotropic or 
not, three accessible points that are not collinear determine one and only one 
circle, and this is not an infinite circle; for an anisotropic plane, we have here 
a verification of 2°53. If the three points are collinear, any conic to which they 
belong, and in particular any circle, must include the whole of the line con- 
taining them. Hence from 47:21 and ‘54, if the points are collinear in an 
accessible line that is not nul, the circle formed of this line and the line at 
infinity is the only circle through them. If one of the points is at infinity, 
then by -43 the circle includes the line at infinity, and therefore if one of the 
points is at infinity and two are accessible, the circle consists of the line at 
infinity and the line through the accessible points; in this case also the circle 
is unique. But if the three points are collinear in a nul line, this line may be 
combined with any complementary nul line or with the line at infinity, if two 
of the points are at infinity and one is accessible, the line at infinity may be 
combined with any line through the accessible point, and if the three points 
are at infinity, they are on every infinite circle. 
The results for an anisotropic plane can be summarised as follows: 


If I, J are the focal points of an anisotropic plane and A, B, C are any three 
points of the plane distinct from the focal points and from each other, then there 
ws one and only one circle through A, B, C unless four of the five points A, B, 
C, I, J are collinear; if four of these points are collinear, but not all fie of 
them, the line which contains the four combines with any line through the fifth 
point to give a circle through A, B, C, and ¢f the five points are collinear, the line 
through them, which is the line at infinity, may be associated with any line in the 
plane to give a circle with the required property. 


If three of the points, but not four, are collinear, the circle is formed of the 
line through these three and the line through the other two, and is nul or in- 
finite according as one of the points J, J is on each line or both of these points 
are. on one line; that is,°the circle is nul if and only if two of the points 
A, B, C are collinear with one of the points J, J. 

For an isotropic plane the summary is less concise: 


If K is the focal point of an isotropic plane and A, B, Care any three points 
of the plane distinct from K and from each other, then there is one and only 
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one circle through A, B, C unless either the four points A, B,C, K are collinear 
or two of the points A, B, O are at infinity; in the first case, any circle formed 
of the line through the points combined with a line through K, that is, with the 
line at infinity or with a nul line, is a circle through A, B, C; in the second case, 
uf one of the points A, B, C is accessible, a tircle through the three points is 
Sormed by the line at infinity and any line through the accessible point, while of 
the three points are all at infinity, the line at infinity can be associated with any 
lane whatever in the plane. 

This is precisely the form taken by ‘62 if J and J are both replaced by K 
and the line JJ remains definitely the line at infinity. 


‘7. To discover whether centres can be ascribed to circles that are not 
ordinary, we appeal to equations satisfied by the coordinates of a centre of an 
ordinary circle; a pair of such equations we have seen in ‘1 and °2 to be 

kSy+g97r=0, kS*y + fr=0, 
and we define a centre of the circle 

kSy? + 2gE&r + 2fnr + cr? = 0, 
whatever the plane and whatever the nature of the circle, as a point that 
satisfies this pair of equations; it appears on investigation that whether a given 
point is or is not a centre of a given circle does not depend on the frame of 
reference used. 

The case of an ordinary circle in a plane that is not isotropic needs no 
further examination; there is one centre, and that is the centre in the elemen- 
tary sense. For an ordinary circle in an isotropic plane the centres are the 
points of a certain nul line; the accessible points of this line are the centres 
in the elementary sense, but we have to add to them the point at infinity on 
the line, that is, the focal point of the plane. 

If the plane is isotropic but the circle is not degenerate, neither & nor 
Uf— Vg is zero, and the equations ‘71, taking the form 


kU (UE+ Vn) +97 =0, kKV(UE+ Vn) +fr=0 


represent distinct parallel lines, and °these lines have no common point except 
the focal point of the plane, which is therefore the only centre. 

There remain for consideration the infinite circles in planes of both kinds, 
and it is in discussing them that we find algebraic support most useful. If a 
conic degenerates into two distinct lines whose common point is accessible, 
this common point is alone the centre of the conic, but to insist that the 
common point is to be the only centre whenever the conic is degenerate 
would contradict 1:33. Moreover, in relation to the circle formed of the line 
at infinity and a given accessible line in an anisotropic plane, some of the 
properties associated with the centre of a circle in elementary geometry 
attach themselves to the point at infinity whose vecline is perpendicular to 
the vecline of the accessible part of the circle, for the perpendicular bisectors 
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of all accessible chords of the circle are concurrent in this point. Let us refer 
to ‘71; k being zero, the circle is formed of the line at infinity and the 
distinctive constituent 

2g& + 2fn + cr =0, 
which is accessible unless both g and f are zero, and the equations to be 
satisfied by the centre are 

gr=0, fr=90, 

which require 7 to be zero except in the same special case, when the centre 1s 
subject to no conditions whatever: 


In any plane, the circle formed of the line at infinity taken twice has every 
point of the plane for a centre, and every other infinite circle has for its centres 
the points at infinity and those only. 


°If A is an accessible point and B is a point at infinity that is not a focal 
point, no ordinary circle contains B, and therefore the circles through A and 
B are the infinite circles whose distinctive constituents contain A. This re- 
sult may be absorbed into 2°36. For since B is itself the midpoint of AB, and 
since the accessible lines through B are parallel to AB and therefore are not 
perpendicular to AB, the segment AB has the plane at infinity definitely for 
its perpendicular bisector. 

If one end of a segment in a given plane is accessible and the other end is not 
a focal point, then unless the plane is wsotropic and the ams of the segment vs 
nul, the segment has a definite perpendicular bisector in the plane. Every point 
of this bisector is a centre of a circle through the segment, and no accessible 
point of the plane is a centre of any such circle unless it does belong to the 
bisector. 


It is to be noticed that to include °78 in “79, it is necessary to recognise the 
point at infinity on the perpendicular bisector of a finite segment as a centre 
of the infinite circle in which the axis of the segment is combined with the 
line at infinity. Since every point at infinity is a centre of this circle, we can 
not rest satisfied with ‘79, and the question of the centres of circles circum- 
scribing a given segment is one to which we shall return. 


‘8. A radius of a circle should satisfy two conditions: it should be one 
distance from a centre to any point of the circle, and its square should be not 
inconsistent with the formulae of ‘3; we have to see whether these conditions 
can be fulfilled. 

The case of an ordinary circle presents no difficulties. If the plane is 
anisotropic, the centre and the squared radius are those from which the circle 
was first defined. If the plane is isotropic, the additional centre is the focal 
point and any value may be assigned to the distance between this point and 
points of the circle. 


If the plane is isotropic and the circle undegenerate, gf + Jn is not a multiple 
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of UE + Vn, and therefore g&g + fng + cTe is not zero if Q is the focal point. 
Since in this case 7@ is zero, the formula of ‘31 requires the radius to be infinite: 

An undegenerate circle in an isotropic plane has the focal point for its only 
centre and its radius is infimte. 

For an infinite circle, whether the plane is anisotropic or not, krg is zero 
and the radius as given by ‘31 is indeterminate or infinite according as 
9&a + fng + ¢7Qq 18 or is not zero at the centre Q. If the distinctive constituent 
is accessible, the centres are all at infinity, and the only one of them for which 
g& + fn + cr is zero is the point at infinity on the accessible constituent itself; 
denote this point by M. For any centre except M, the formula prohibits a 
finite radius; for any centre that is not a focal point, the distance from an 
accessible point can not be finite; an infinite value of the radius satisfies both 
the prescribed conditions, but no finite value does so unless M isa focal point: 


An infinite circle with an accessible constituent p has an infinite radius at 
every centre; if p is not nul, the circle has no finite radi, but if p ts nul, the 
radius at the focal point on p is arbitrary while the radius at every other centre 
is infinite. 

There remains the case of the circle formed of the duplicated line at infinity. 
The formula for the square of the radius reduces to — ¢tg/ktg with k zero and 
c different from zero, and the result must be reckoned as indeterminate for 
centres at infinity, but infinite at accessible centres; this is in agreement 
with 34:15 and 3416. 

We can speak of the circle with centre @ and radius q unless q is finite and 
Q is a focal point or q is infinite and Q inaccessible; if Q is accessible and q¢ 
finite, the circle is the ordinary circle described. in this way; if Q is at infinity 
and not focal and q is finite, or if Q is accessible and q infinite, the phrase 
denotes the duplicated line at infinity. 


‘9. In an isotropic plane all undegenerate circles have an infinite radius. 
But just as it is possible to make metrical comparison of two nul steps pro- 
vided that they are in parallel lines, so it is possible to make metrical com- 
parison of two undegenerate circles in isotropic planes if only the planes are 
parallel. 

Suppose that a reference frame for a given isotropic plane is constructed 
from a vector frame in which the first vector is a nul vector x and the second 
is a unit vector y, and that homogeneous coordinates are introduced by means 
of the constant unity. Then since every nul vector in the plane is a multiple of 
x and every unit vector differs either from y or from the reverse of y by a 
multiple of x, the most general substitution which preserves the features of 
the frame leaves 7 unchanged and replaces &, » by p&+ qn +r7, + +87, where 
DP, q-%, § are arbitrary constants. The general equation of a finite circle with 
these coordinates is 

n? + 2gér + 2fyr t+ cr? = 0, 
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and the substitution just indicated replaces g by pg and therefore is without 
effect on g provided that p is unity, that is, provided that the scale on which 
the nul vectors are measured is unaltered. If g, and g, are the coefficients for 
two different circles, the ratio of g, to g, depends only on the circles, not on 
the frame of reference. The value of g measures the circle with reference to 
a particular scale of nul vectors. Two undegenerate circles which have the 
same size with reference to one scale have the same size with reference to any 
other scale and are said to be ° equal. ; 

If g is zero, ‘91 represents a pair of accessible nul lines, that is, an ordinary 
circle. If g is not zero, the equation can be put into the form 


(n + fry + 29 LE + (¢-P)/29}7] 7 =0 
and reduced to n? + 2g&r = 0 
by a change of origin alone. The line € = 0 has double intersection with ‘93 
at the origin, but no accessible line parallel to this has double intersection 
with the circle. Hence °given any line / in the plane, there is one and only 
one accessible point of the circle at which the tangent 1s parallel to /, provided 
only that / is not nul. 

A nul line cuts an undegenerate circle in one and only one accessible point; 
the equation of the circle takes the form -93 if the axes of reference are any 
nul line and the tangent at its accessible point of intersection with the circle, 
and takes the form 

n+ 2g&r + c7? =0 
if the first axis is nul and the second is parallel to the tangent at the point 
where the first axis cuts the curve. 


In elementary algebraic geometry, we reduce the equation of a parabola to the form 
y=Qa 


by taking a diameter and a tangent for axes of reference, and the value of / depends on the 
point of contact of the tangent, 7? being the semilatusrectum only if this point is the vertex. 
If the equation ‘91 is reduced by change of axes to the form 
pe 2gér =0, 

the value of g depends on the nul scale adopted and on the circle, but not on the point 
chosen for origin. But we must remember that at every point of ‘91 the tangent is perpen- 
dicular to the é-axis. 

In an isotropic plane as in an anisotropic plane, if a parabola that is noé circular is 
referred to the diameter and the tangent through one of its points, the coefficient that 


occurs in the equation varies with the position of the origin if the scales of measurement 
are not altered. 


Taking an arbitrary value of g, we can replace ‘91 by 
m +29 (E+ qn) 7 +2(f—9q) nt +07? =0 
and therefore by 


{n +(f— 99) 7}? + 29 (E+ gn) 7 + [o— (f- 9g} 72 = 0. 
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We can therefore reduce the equations of two finite circles in an isotropic 
plane simultaneously to the forms 


m+ qnér+arvr=0, 7+ 2q,&r + 7? =0 


if and only if there is a value of qg that satisfies the condition 


Si- 29 =S2 — 924: 
The circles whose equations are given in ‘95 are parallel, that is, have parallel 
tangents, where they cut the nul line 7 =0, and conversely if two circles are 
parallel where they cut a given nul line the choice of this line for an axis 
reduces their equations simultaneously to the forms in ‘95. Hence 


If two undegenerate circles in an rsotropic plane are unequal, there is one 
and only one nul line that cuts them in points at which they are parallel. 


But if g, and g, are equal, the condition imposes itself on f, and f,: 


In general there is no nul line that cuts two given equal circles in an tsotropic 
plane in points where the circles are parallel, but if two such circles are parallel 
where they are cut by one nul line they are parallel where they are cut by any 
nul line. 


Two undegenerate circles in an isotropic plane which are equal and are parallel 
where they are cut by a nul line are said to be “parallel. The equations of 
parallel undegenerate circles can be reduced simultaneously to the forms 


y+ 2gér+oa7?=0, 7?+29&r + 6,7? =0, 
and it is evident therefore that 


Instinct parallel undegenerate circles in an rsotropic plane have no accessible 
points in common. ; 


554. THE PROPERTIES OF THE CONSTANT RECTANGLE AND 
THE CONSTANT ANGLE. 


‘1. There is no need for us to prove that in general if a line through a 
point O cuts a circle in F# and S, the product of the lengths OR, OS measured 
in a common direction depends only on the position of O in relation to the 
circle, not on the line to which R and S belong; the classical proofs of this 
theorem, as of any other, fail if at all only in particular cases. But it is worth 
while to see in an actual proof which cases have to be set aside for special 
examination, for these cases are fewer than we might expect. 

If P is a point of the ordinary circle with centre @ and radius q and if O is 
any accessible point of the plane, the condition that P belongs to the circle 
can be written in the form 


I (QO + OPY = , 
that is, GI OP? +2 §QO0.0OP +(£ QO? — gq?) = 0. 
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If p is a given proper vector in the line OP and the vector of OP is rp, the 
factor 7 satisfies the equation 


rFp + 2rFp.QO + (QO? — 4g’) = 0. 


If the line OP is not nul, we may take a unit vector in this line for p, and r 
is then the length of OP in the direction of this unit vector; ‘11 determines 
two values of 7, finite but not necessarily different, and since /p* 1s unity, the 
product of the two values is QO?—q. From its relation to the line OP, the 
number QO?—g? is not affected by any freedom possible in the choice of Q 
or g, while from its relation to Q and q the number is equally independent of 
the direction of OP. That is, QO?— gq? depends only on the circle itself and 
on the position of the point 0; this number is called the °power of the circle 
and the point with respect to each other, and ‘11 implies that 


If any anisotropic line through an accessible point O cuts an ordinary circle 
in R and S, the product of the lengths OR, OS, measured in a common direction, 
is equal to the power of the circle with respect to O. 


Even in this proof nul circles and isotropic planes do not call for special 
treatment, but an algebraic proof that is equally simple is of wider application. 
With respect to a frame of the kind already used in this chapter, let the 
equation of the circle be 

kSy? + 2gEr + 2fyr + cr? =0, 


and let a finite ideal vector be determined by a vector p with coefficients &p, 
Mp and a number Tp; the ideal vector of the step from the origin to the point 
(r&p, ’np, STp) is the product of this ideal vector by r/s, and if p is an amount 
of p, the distance from the origin to the point (rf, rnp, stp) in the direction 
in which p has the amount p is rp/stp. For the point in question to be on 
the circle 14, the ratio r:s must satisfy the equation 


rkSyp? + 2rs (g&p +f np) Tp + S*cTp’ = 0, 


and the product of the two distances corresponding to the two roots of this 
equation is cp*/kSyp*. But p® is equal to Syp’; if then we define c/k, a number 
in which p is not involved, as the power of the origin, we can assert that °the 
product of the two distances is equal to the power unless the direction is nul, 
and 1s indeterminate in the exceptional case. Since c is zero if and only if the 
origin is on the circle, and & is zero if and only if the circle is infinite, °the 
power is indeterminate only in the case of an infinite circle and a point actually 
upon it, is zero for a point on a circle that is not infinite, is infinite for an 
infinite circle and a point not on the circle, and in other cases is a definite 
proper finite number. : 
This second proof applies equally to ordinary and extraordinary circles, but 
in referring the plane to a vector frame attached to the point whose power is. 
in question, we have tacitly supposed this point to be accessible. To secure 
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complete generality, we must calculate the power of a point not assumed to 
be the origin. 


*2. The sum of the ideal vector which combines the vector (Ep, np) with 
the number tp and the ideal vector which combines the vector (7€p, rnp) with 
the number srp is the ideal vector which combines the vector 


(rt p&p + sEptp, YT PNp + SN pTp) 
with the number stptp. The step from the origin with this ideal vector leads 
to a point on the conic 
a&? + 2h&n + br? + 2gEr + 27 + cr? =0 
if rrp (aby? + 2hEpnp + by’) 
+ 2rstpty {(aEpt+hnpt+grtp) Ep t+ (hEp + bnp + frp) np} 
+ 8°tp? (aEp? + 2hEpyp + bp’ + 2gEprp + 2fyptp +t crp*) = 0. 

Hence °the product of the lengths, measured in the direction in which the 


vector p is of amount p, of the distances from P to the points in which the 
line through P with this direction cuts the conic ‘21, is 


p (akp’ + 2hEpnp + byp* + 2gEptp + 2netp + cTp’)/(AEp’ + 2hEpnp + np’) Tr’. 

From the value of p? it follows that 

The power of the point (&, n, t) with respect to the circle 

KSy? + 2g&r + 2fnr + ct? =0 
is (kSy? + 2g&t + 2fnt + e7?)/kr?. 

As in other cases, the formula provides a definition when the elementary 
definition fails. For a point at infinity, the denominator is zero and the 
numerator is or is not zero according as the point is or is not on the circle: 
°the power of an inaccessible point with respect to a circle is indeterminate or 
infimte according as the point is or is not on the circle. At the cost of re- 
petition, it is useful to set down that °the power of a point with respect to a 
circle to which it belongs is zero if the point is accessible and the circle vs not 
infinite but is indeterminate in both the exceptional cases. 

A comparison of conventions shews that the expression QO?—@ is in no 
case inconsistent with the value attached to the power, though one of these 
numbers may be indeterminate when the other has a definite value. For 
example, if O is at infinity and q is finite, QO?—q’ is infinite if Q is ac- 
cessible and QO is not a focal point, that is, if the circle is an ordinary circle 
and does not contain O, but QO?—q? is indeterminate if Q is at infinity, 
that is, if Q is focal or the circle is the duplicated line at infinity, or if O is 
focal. It is particularly important to notice that 

The square of the distances between two points is the power of one of them 
with respect to a nul circle which has the other for centre. 

The nul circle is unique unless the point to serve as a centre is a focal point, 
but in this exceptional case the power and the distance are alike arbitrary. 
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If P is at infinity, ‘22 has no validity in determining distances from P. But 
if O is at infinity, the product of lengths OR, OS is either infinite or indeter- 
minate, wherever R and S may be, and so also is the power of O with respect 
to a given circle. We can therefore affirm that 

If 0, R, S are collinear, the power of O with respect to any given circle 
through R and S and the product of the lengths OR, OS measured m a common 
direction are equal unless one or other of these numbers is wholly indeterminate. 


From ‘23 we see that °the property of the constant rectangle 1s characteristic 
of finite circles, no less in isotropic than in anisotropic planes, for the expression 
given there for the product is independent of p, for all positions of P, if and 
only if a&p? + 2hEpnp + bnp’ is a multiple of p®, that is, of H&p’ + 2FEpnp + Gnp’, 
for all values of Ep and 7p. 


‘3. Closely allied to the property of the constant rectangle is that of the 
constant angle. If P, Q are points on one line through O and R, S are points 
on another, and if the rectangles OP.OQ, OR.OS are equal, then the triangles 
OPS, ORQ are inversely similar, and the angles PSO, OQR determine the 
same congruences : 

If the points P,Q, R, S are concyclic, the angles between QP and QR are 
the same as the angles between SP and SR unless the angles in one case or the 
other are wholly indeterminate. 

An examination of different cases shews that the result 31 is true even 
when the proof is invalid. For example, if S is at infinity but is not a focal 
point, and if P and R are accessible and the line joing them is not nul, the 
circle consists of the line at infinity and the line PR, and the angles between 
SP and SR are the multiples of ; if Q, assumed neither to be a focal point 
nor to coincide with P or R, is not at infinity it is collinear with P and R, 
and in either case the lines QP and QR have the same vecline and the angles 
between them also are the multiples of 7. 

It is necessary to remember that the circle of complex space is not in any 
sense cut into two parts by a pair of its points. The points of a complex 
line or of a complex circle are as numerous as the values of a complex 
variable, that is, as numerous as the points of a real sphere, and the removal 
of one or two of them, or of any finite number, does not destroy the unity of 
the line or circle. 

Nor is there any division of the circle latent in ‘31. Different angles de- 
termined by a pair of points P, R at a variable point of the circle may have 
either their difference or their sum a multiple of 2a; to compare one of the 
congruences at Q with one of the congruences at S, it is necessary to correlate 
one direction of @P with one of SP and one direction of QR with one of SR, 
that is, to correlate one length of QP with one of SP and one length of QR 
with one of SK. This is precisely the correlation which, effected in real space 
by means of signs, has no natural basis in complex space, except in isotropic 
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planes. In an isotropic plane, ‘31, like all angular relations, is necessarily 
trivial*. 

But although the circle can not be divided, the distinction between the two 
circles on which a given pair of points determines the same sets of angles can 
be made in the same way for the anisotropic as for the real plane. If l, m are 
two anisotropic lines in a prepared plane, any angle from a direction of / to a 
direction of m differs from any other angle which is also from a direction of | 
to a direction of m by a multiple of 7. That is, °an ordered line-pair has an 
angular measurement, which is definite to within a multiple of 7 if neither 
line is inaccessible or nul. By an °angle subtended at a point C by an ordered 
pair of points AB is meant} an angular measurement of the line-pair (AC, BC). 

Inverse similarity of two triangles OPS, ORQ implies that the angles sub- 
tended by OR at Q are the negatives of those subtended by OP at S and are 
therefore the same as those subtended by PO at S. But if P is in OQ, the 
angles subtended at Q by PO are by definition the same as those subtended 
at Q by PR, and similarly if & is in OS the angles subtended at S by PO are 
the same as those subtended at S by PR. The steps of this argument are 
reversible, and °31 can be replaced by the more exact theorem that 

Four distinct accessible points P, Q, R, S in an anisotropic plane are con- 
cyclic of and only tf the parr of points PR subtends the same angles at Q as at S. 

Not only segments in general, in the sense of portions of circles, but semi- 
circles, are lacking in complex geometry. We can however say that °two 
points P, R& are diametrically opposite on a circle if the midpoint of PR is a 
centre of the circle, and classical proofs shew that in general a right angle 
is among the angles subtended at a variable point of a circle by a pair of points 
diametrically opposed. Euclid’s proof and the use of straight angles are alike 
ineffective to discover whether the theorem is true of nul circles, but a 
vectorial proof applicable to every ordinary circle is easily found. °A pair of 
points AB subtends a right angle at a point C if and only if the lines AC, BC 
are perpendicular, and instead of referring to angles we may say that 

In any plane, the locus of a variable point Q which is such that there are 
perpendicular lines joining to two given accessible points P, R is the ordinary 
circle on PR as diameter. 

If for an isotropic plane we make the natural convention that “the focal 
point is diametrically opposite to every point of an undegenerate circle, then 
since PQ and RQ are necessarily perpendicular if either P or R is the focal 
point, it is true that 

* In contrast with ‘13, which we have seen to be a significant property of finite circles, 
undegenerate as well as degenerate. This observation acquires interest from the fact that 
it is not unusual in elementary geometry to deduce the property of the constant rectangle 
from the property, seen to be in one sense narrower in scope, of the constant angle. 


+ This meaning, to the value of which for elementary geometry Picken has recently 
called attention, was familiar to Laguerre and is implicit throughout Darboux’s Principes. 
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On any circle that is not infinite, the lines joining one point to two points 
thut are diametrically opposed are perpendicular. 

‘4. Interesting cases of ‘84 and ‘37 are those in which the circle is a nul 
circle in an anisotropic plane. If PR, QS are complementary nul lines, then 
unless one of the points P, Q, R, S is either the point of intersection of these 
lines or a focal point, the lines PQ, QR, PS, SR are not nul, and the general 
proof of ‘34 applies without modification. The complete circle through the 
four points is formed by the two lines, but since if O is any point of PR 
any value can be ascribed to an angle subtended at O by PR, the significant 
deduction from the general theorem is that 

If P, Rare distinct accessible points of a nul line l in an anisotropic plane, 
the line joining two accessible points Q, S neither of which belongs to lis a nul 
line complementary to 1 if and only if PR subtends the same angles at Q as at 8. 

This result can not be established by Euclid’s method of proving 34. The 
corresponding case of ‘37 is that 

In an anisotropic plane, the points at which an accessible pair of points PR 
belonging to a nul line | subtends a right angle without subtending an arbitrary 
angle are the points of the nul line m complementary to | which bisects PR, 
exception being made of the focal point on m and of the midpoint of PR. 
Theorems involving nul lines always evade pictorial representation, but rarely 
with more success than here. 


555. CIRCLES ABOUT A PAIR OF POINTS; ASSOCIATED LINEAR SEGMENTS; 
MEASURES OF SEPARATION; COAXAL SYSTEMS OF CIRCLES IN GENERAL; 
ASSOCIATED COAXAL SYSTEMS. 


‘1. If A, B are given points and 7, s given numbers, the condition 
Capa Nelo ay cael 9) BE 
becomes in terms of homogeneous coordinates 
stp SCt4ax—xXat YP -rte SCrex —xXpT)? =0, 
and the terms independent of + in this equation are 
(S = ryTy? +e Sy 

In any plane, the locus of a variable point the squares of whose distances 
Jrom two distinct accessible points are in a given ratio other than unity is a 
Jinite circle. 

Readers of Darboux’s last work will find this theorem exhibited there* 
in intimate relation to the property of the constant angle; here we are con- 
cerned with only its most elementary aspect. 

Tn an isotropic plane, if R is one point satisfying ‘11, every point of the 
nul line through R also satisfies ‘11; hence the circle is not merely finite but 
ordinary, whatever the nature of the plane. 


* Principes, p. 151. 
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In 2:2-we found the accessible points equally distant from A and B to be 
In general the accessible points on a definite line, the perpendicular bisector 
of AB. It now appears that °if the equation 


At = br 
is to be regarded as a particular case of ‘11, the locus represented is the in- 


finite circle compounded of the line at infinity and the perpendicular bisector. 
Nor is this at variance with the natural theorem that 


The centres of circles through two given points in a given plane is the locus of 
pots from which these two are equidistant: 


if the plane is anisotropic, each accessible point of the perpendicular bisector 
of AB is the centre of one and only one of the finite circles through A and B, 
and every point at infinity is a centre of the infinite circle formed of the line 
AB and the line at infinity; if the plane is isotropic and the line AB is not 
nul, every point of the nul line bisecting AB is a centre of the ordinary circle 
through A and B, every point at infinity is a centre of the infinite circle 
formed of the line AB and the line at infinity, and the focal point is the centre 
of every undegenerate circle through A and B; if the plane is isotropic and 
the line AB is nul, every point of the plane is a centre of a circle through A 
and B, and at the same time every point of the plane is at the same distances 
from A as from RB. 


‘2. Except when the plane is isotropic and the line AB is nul, the con- 
dition ‘11 associates a particular circle with each value of the ratio r:s..The 
circles of this kind are said to be described ° about the pair of points A, B. 

Let Q be any accessible point of the plane. Then the condition for the circle 
about A, B with ratio r:s to contain Q is. 

S°AQ? = 7? BO? 

“If either of the lengths AQ, BQ is different from zero, there is one and only 
one circle about A, B through Q, but °if both these lengths are zero every 
circle about A, B contains Q. To put the argument differently, because ‘11 is 
linear and homogeneous in r and s, any point that is common to two circles 
about A, B belongs to every circle about this pair of points; the circle for 
which r is zero is the nul circle with centre A, and the circle for which ¢ is 
zero is the nul circle with centre B, and to say that a point is common to 
these circles is to assert that its distances from A and B are zero. 

Suppose first that the plane is not isotropic and the line AB is not nul. 
Then the points at zero distance from A compose the lines AJ, AJ, and the 
points at zero distance from B compose the lines BJ, BJ, and no two of these 
four lines coincide. The lines AZ, BJ are not parallel and therefore. cut 
in a definite accessible point C; similarly AJ, BJ cut in a definite accessible 
point D. Since C is on BJ but A is not, C is distinct from A; similarly C is 
distinct from B, and D also is distinct from both A and B; further, since C 
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is on AI and is distinct from A, C is not on AJ and is therefore distinct 
from D. 

From ‘24, every circle about A, B contains C and D. Conversely, if .Q is a 
point distinct from C and D and from the focal points and situated on a given 
circle through C and D, there is a unique circle through Q about A, B, and since 
this circle does contain C and D, it is the given circle: °every circle through 
Cand Dis acircle about A, B. 

Also because A is the intersection of CZ and DJ and B is the intersection 
of OJ and DI, °the relation between the pairs of points A, B and C, D ws re- 
ciprocal, and ‘246 and ‘247 imply that °the circles about one of these pairs are 
the circles through the other pair. From 2°36, A and B, being the centres of 
nul circles through C and D, are on the perpendicular bisector of CD, and the 
symmetry implies that C and D are on the perpendicular bisector of AB. To 
put the matter otherwise, °the figure ABCD is a parallelogram whose sides 
are all of zero length, and the diagonals AB and CD, like those of any other 
rhombus, bisect each other at right angles. If O is the common midpoint of 
AB and CD,°the sum of the squares on OA and OC is the square on AC, 


which is zero; hence 
AB + CD?=0. 


‘3. To connect with a pair of points in a plane the pair related to it as is 
C, D to A, B is often useful. But if theorems are to be enunciated in the 
most general manner, allowance must be made for the possibility of degenera- 
tion: definitions must be framed with reference to segments rather than to 
pairs of points. In an anisotropic plane, if B coincides with A in an accessible 
point O, then CO and D, defined as the intersection of AZ with BJ and of AJ 
with BI, coincide in the same point O, and ‘29 remains true, but the various 
collinearities do not connect an axis for C and D with a given axis for A and 
B; the perpendicularity of the axes has to be secured by definition. 

Accordingly, two coplanar segments AB, CD are described as ° associated 
segments if their axes are perpendicular while one focal point is collinear both 
with A and C@ and with B and D and the other focal point is collinear both 
with A and D and with B and C; the relation between the segments is sym- 
metrical. 

“If the plane is anisotropic and one of two associated segments is finite, 
proper, and anisotropic, the other segment also is finite, proper, and anisotropic, 
and the relation between the pairs of points that determine the segments is 
that between the pairs A, B and C, D in 2. The perpendicularity of the axes 
follows, as we have seen, from the four collinearities, and is redundant in the 
definition. If we call the circles about the pair of points A, B circles about 
the segment AB, we can replace -26 by the self-contained assertion that 


In an ansotropic plane, if two associated segments are finite, proper, and. 
anisotropic, the circles about either of them are the circles through the other. 
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The restriction that the segments are to be anisotropic is easily removed. 
It is evident that 

In an anisotropic plane, a finite segment in a nul line is its own associate, 
whether or not the segment is proper. Also, it follows from 2°25 that if the 
segment is proper and nul, the circles through the segment are the degenerate 
circles which have the axis of the segment for a constituent. On the other 
hand, merely from ‘24 it follows that the circles about the ends of the segment 
also have the axis for a constituent. If Q is any point of the plane that is 
neither a focal point nor a point of the axis, then whether Q is accessible or 
not there is one and only one circle which contains Q and has the axis for a 
constituent, and this is therefore both the circle through Q about the segment 
and the circle through Q circumscribed to the segment: 

In an anisotropic plane, the circles about a finite proper segment in a nul line 

are the curcles through the same ségment. 
To combine ‘34 with ‘35 is to allow the segments in 33 to be isotropic. The 
peculiarity is not in any failure of the definitions, but in the fact that if AB 
and HF are proper finite segments of the same nul line, the circles through 
and about AB are also the circles through and about HF; in general the 
associate of a segment AB can be identified as the segment inscribed in all 
the circles about AB, but if AB is in a nul line this property is not special to 
AB itself. 

To allow the segments in ‘33 to degenerate is a matter only of definition. 
The ordinary circles through a degenerate segment AA with axis / have been 
considered in 2°3, and if A is accessible and the plane is anisotropic, the seg- 
ment with which AA is associated degenerates into the pair of coincident 
points AA in the axis perpendicular to /. To maintain ‘33 is to define the 
circles about the latter segment as the circles through the former. This is 
equivalent to saying that °in an anisotropic plane, by an ordinary circle about 
a segment AA degenerate at an accessible point of a line / is meant an ordinary 
circle through A with its centre in J, and by the infinite circle about the same 
segment is meant the infinite circle whose distinctive constituent is the line 
through A perpendicular tol. For a point @ on the nul circle with centre A, 
the fundamental condition ‘22 is satisfied whatever the ratio of r to s; for an 
accessible point on any undegenerate circle about the segment, ‘22 is satisfied 
only if r and s are equal, and a value of r:s does not characterise a circle ; 
for the accessible points of the infinite circle, r:s must be unity unless / is 
nul but is arbitrary in the exceptional case. 

We can now say that 

In an anisotropic plane, if two associated segments are finite the circles about 
either of them are the circles through the other. 


The consideration of infinite segments and of segments in an isotropic plane 
is postponed. 
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‘4, The proof that the condition 
s. AP?=r.BP? 


leads to the equation of a circle depends not on the precise formulae for the 
squares of the distances involved but on the fact that in each of these 
formulae the terms independent of + compose 2 multiple of Sy*. Let us 
write > for 

KS? + 2g Er + 2fyr + cr’, 
so that the equation +=0 


if significant represents a circle, finite unless k is zero, which we may call the 
circle ©. Given any finite number of circles %,, >,, ... and a corresponding 
number of constants p,, 2, --., the terms independent of 7 in the function 
p21 + prode+... take the form (p,k;+ poh, + ...) Sx’; hence °*the equation 
Did + Podwt... =0 

if not satisfied identically is the equation of a circle, finite or infinite. To 
interpret this result, which we propose to use only in the simplest case, we 
must connect some number which does not depend on the frame of reference 
with the value of the function & for the coordinates of points that do not he 
on the circle for which the function vanishes. 

In the case of a finite circle there is no difficulty: we have seen in 4°24 
that &/7? is proportional to the power of the circle with respect to the variable 
point (&, 7, 7), and therefore °p>/r? is the product of the power, not as a 
rule by p, but by some number entirely independent of the variable point. 

If the circle is infinite, / is zero and the circle is compounded of the line at 
infinity and the line 

29€ + 2fm + cr =0, 
the distinctive constituent of the circle; in this case &/7? reduces, for accessible 
points, to A/7, where A denotes 2g&+ 2f/n+cr. If the distinctive constituent 
is accessible and if p is any unit vector not parallel to this line, the line 
through (&, 7, 7) with vecline containing p cuts the line in a definite point, 
and the distance from this point to (&, 7, T) is r, given by the equation 


29 (ei rT Ep) SF 2f (n _ TT Np) +cr = 0, 


that is, is A/{27 (g&p+fnp)}. The factor g& + fnp is independent of the co- 
ordinates &, 7,7, and therefore in this case ° p=/r? is a multiple of the distance 
of (&, 7, 7) from the distinctive constituent of in a prescribed direction. 
Lastly, if the distinctive constituent is the line at infinity, %/7? has the 
constant value c, and °p>/7? is an arbitrary constant. 

For the sake of brevity we shall call %/7? a° measure of separation of the 
point (&, », 7) from the circle ¥. There is necessarily an arbitrary factor in 
this measure, since to multiply the function % by an arbitrary constant does 
not affect the circle. But unless the circle is the duplicated line at infinity, 
to say that two accessible points have the same measures is to make a sig- 
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nificant assertion, implying that if the circle is finite’ the points have the 
same power and that if the circle is infinite the line through one of the points 
parallel to the distinctive constituent of the circle contains the other point. 
*For an accessible point a measure is zero only if the point is on the circle, 
and in this case every measure is zero. A measure of separation becomes 
definite if its value is given for any one accessible point that is not on the 
circle. 


°5. We can now study the equation 
$2, —r2.=0, 
which is not an identity unless =, and ¥, are the same circle. From its form, 
this equation represents a circle, finite unless sk, — rk, is zero; °the circle is 
said to be described about the pair of circles =, 4,3 to each value of the ratio 
v : $ corresponds one and only one circle about >, >». 

A curcle about two circles is a circle whose accessible part is the locus of a 
pownt for which definite measures of separation with respect to the two circles have 
a constant ratio. 

It will be noticed that a circle is determined by its accessible points except 
in one case; the accessible points of a nul line in an isotropic plane are the 
accessible points both of the nul circle formed by duplicating the line and of 
the infinite circle formed by combining the line with the line at infinity. 

Let =, and %, be two different circles described about the circles =,, >,, and 
suppose that | 
Dy = 832 — Tee» Sa = S24 — 142z. 

Since a linear combination of >; and >, is expressible by means of ‘54. as a 
linear combination of 5, and Ss, every circle about S3, 4 is a circle about %,, Xs. 
But since >,, >, are distinct, r3s,— 83,7, 1s not zero and therefore ‘54 can be 
used to express =, and &, as linear combinations of =, and >. That is to oe 
>, and >, are circles about >, 24, and therefore every circle about 4, >. 
is a circle about %,, >,. Hence °the circles about two given circles form a 
system in which the original circles retain no distinctive feature; some one 
pair of circles renders easy the identification of the system, just as some one 
pair of points is useful in the specification of a line, but if we define a °coawal 
system or a system of coaxal circles indirectly by defining the coaxal system 
containing two given circles as the aggregate of circles described about those 
two, we must add at once that 

Of any three circles of a coaxal system, each is a circle about the other two, 
and that, 

Every circle about any two members of a coaxal system is itself a member of 
the system. ° 


We can describe the structure of a coaxal system otherwise by saying that 
°three circles S,, =,, >, are coaxal if there are constants f, g, h not all zero 
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such that f=, + g>.+ h>; 1s identically zero, and that a family of circles is a 
coaxal system if three circles chosen arbitrarily from the family are necessarily 
coaxal but no three distinct circles can be coaxal if two of them belong to the 
family and one does not. 


‘6. The condition for the circle °51 to be infinite is 
sk, —rk, = 0, 


and unless k, and k, are both zero this condition is satisfied by one and only 
one value of the ratio r:s:°in a system of coaxal circles there is in general 
one and only one infinite member; there is always one infinite member, and 
if there are two infinite members every member is infinite. es 

The distinctive constituent of an infinite member of a coaxal system is 
called a° radical awis of the system. Usually there is only one such line, and 
to speak of the radical axis is to assume implicitly that the system is not 
formed of infinite members. As a rule, the radical axis is accessible, but we 
shall have to recognise the peculiarities of a system with the line at infinity 
for its only radical axis. 

If ¥, and &, are both finite, k, and k, are both different from zero, and we 
can satisfy “61 by taking 1/k, for s and.1/k, for r; the equation of the infinite 
circle is then 

2y/ hy = Sales 
whence from 4°24 : 

Any accessible point for which two finite circles are equipotent is. on the 

radical axis of the coawal system containing these circles, 


and conversely 


All the circles of a coaxal system have the same power for any accessible 
point on the radical awis of the system. 


From the fundamental property of a circle described about two others, 


If a variable point is confined to one circle of a coaxal system with an ac- 
cessible radical axis, its power with respect to any other circle of the system is 
proportional to its distance from the radical aais, the distance being measured 
in any fixed direction ; 

If a coanal system has the line at infinity for radical amis, the power of a 
variable point on one circle of the system with respect to any other circle of the 
system depends only on the two circles. 


‘7. The form of the equation ‘51 shews that any point which is common to 
two.circles is on every circle described about those two; hence if two members 
of a coaxal system have a point in common, that point belongs to every member 
of the system. For accessible points this result is a corollary of *59. and °47, 
for if there is a homogeneous linear relation between three measurés of 
separation, a point for which two of the measures are zero is a point for which 
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the third also is zero; but the algebraic proof, making no distinction between 
accessible and nevoe® die points, is the more powerful. 

- If Q is any point, accessible or inaccessible, that is not on both he circles 
>i, 22, the numbers >, (Q), =.(Q) are not both zero and 


So (Q) 2a — 21 (Q) E, = 0 

is a significant equation ; it is the equation of a member of the coaxal system 
to which 2, and =, belong, and it is satisfied by the coordinates of Q. Thus 
there is one member of the system which contains Q; if there were two such 
members, @ would belong to every member, and in particular to both S, and 
>, contrary to hypothesis: 

Through any point, accessible or inaccessible, that does not belong to every 
member of a system of coawxal circles, there passes one and only one member of 
the system. 

If P is the radical axis of a system which contains a finite member &, the 
points common to any two circles of the system are the points common to > 
and the infinite circle of which P is the distinctive part, that is, are the focal 
points of the plane together with the points common to = and P. This con- 
sideration enables us to describe the features usually possessed by a coaxal 
system, and to discover which systems are to be regarded as peculiar. It is 
the exception for a plane to be isotropic or a line nul, or for a line to cut a 
circle otherwise than in two distinct accessible points only. We suppose there- 
fore in the first place that the plane is not isotropic, that P is not nul, and 
that = and P have in common two accessible points C, D and no other points; 
it 1s not necessary for us to suppose C and D to be distinct. Then every 
member of the coaxal system circumscribes the segment of which C and D 
are the ends and P is the axis. Conversely, if T is any circle through the 
segment and Q is any point of T that is distinct from C and D and is not a 
focal point, T is the only circle through Q circumscribing the segment, and 
therefore T is the circle through Q that belongs to the coaxal system: every 
circle that circumscribes the segment belongs to the system. 

In general, the circles forming a coaxal system can be described as the circles 
through a definite segment; the aais of the segment is the radical axis of the 
system, and the ends of the segment are the distinctive common points. 

If the circles of a system can be described as the circles through a finite 
segment CD, they can be described also as the circles about the segment AB 
which is the associate of CD. By 18 and ‘14 the axis of AB is the distinctive 
constituent of the infinite circle formed of centres of circles through AB, and 
for this reason the axis of AB is called the °central awis of the system. By 
the definition of associated segments, the nul circles whose centres are A and 
B both contain CO and D and therefore both belong to the coaxal system; they 
are the only nul members of the system. A centre of a nul circle belonging 
to a coaxal system is called a° limiting point of the system. 
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In general, the circles forming a coaxal system can be described as the circles 
about a. definite segment; the axis of the segment ws the central aas of the 
system, and the ends of the segment are the limiting pornts. 


If the limiting points A, B are distinct, the nul circles with these points 
for centres are two distinct members of the system, and the system may be 
constructed either about the two points, in the sense of °21, or about the two 
circles, in the sense of 52; this concordance has its origin in 427. 

Since a circle in an anisotropic plane is degenerate only if it is nul or infinite, 


In an anisotropic plane, a coaxal system in general includes only three de- 
generate circles, namely, the two nul circles whose centres are the limiting points 
and the infinite circle whose distinctive constituent is the radical ams. 

But 

If a coaval system in an anisotropic plane has an anisotropic radical axrs 
which has double intersection with the finite members of the system at a point O, 
the two limiting points coincide at O, and of the three degenerate circles of the 
system the two that are nul coincide. 


*8. We have seen that 


In general in an anisotropic plane the segment determined by the distinctive 
common points of a coaxal system in the radical axis is the associate of the 
segment determined by the limiting points of the system in the central aars. 


The symmetry of the relation between associated segments prompts us to 
*associate with the coaxal system through OD and about AB the coaxal 
system through AB and about CD. 


In general, with a coaxal system of circles in an anisotropic plane can be 
associated a second coazal system such that the radical axis of each system is 
the central awis of the other and the limiting points of each system are the 
distinctive common points of the other. . 


Through any point Q which is distinct from the common points and limiting 
points and from the focal points there passes one circle of each system, and if 
Q is accessible and is not on either of the lines AB, CD, the circle QCD has 
for centre an accessible point P on AB and the circle QAB has for centre an 
accessible point R on CD. Also if 0 is the common midpoint of AB and CD, 


PY=PC=PO?+0C?, RY=RA?= RO? + OA? 
since AB and OD are perpendicular; for the same reason 
. PR? = PO? + RO, 
and therefore by ‘28 PR? = PO + RO: 
the steps PQ and RQ are perpendicular. To suppose one of the steps PQ; RQ 


to be zero 1s to suppose not only that the corresponding circle is nul but that 
Q is at the centre of this circle, that is, at one of the points A, B, OC; D.:This 
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being contrary to the assumption already made, it follows that the circles 
QAB, QCD have definite tangents at Q, and that these tangents contain the 
steps PQ, RQ and are perpendicular to each other. We may allow Q to be on 
AB if only it is kept distinct from A and B and from O: if Q is on AB but 
not at A or B or at infinity, the circle QAB is the infinite circle which includes 
the line AB, and the tangent to this circle at Q is the line AB itself; if Q is 
not at O, the circle QCD is a finite circle with its centre at an accessible point 
P of AB distinct from Q, and the tangent to this circle at Q is perpendicular 
to PQ, that is, to AB, and therefore perpendicular to the tangent at Q to the 
circle QAB. Similarly, Q may be on CD if it is not at C, D, or O. Lastly, if 
Q is at O, the circles QAB, QCD degenerate and have constituents AB, OD, 
the tangents at Q are the lines AB, CD themselves, and again the tangents 
are perpendicular. Hence 


Tf two circles belonging one to each of two associated coaxal systems intersect 
at an accessible point that is not a common point of either system, they intersect 
at right angles. 


Briefly, 
Associated coaxal systems of circles are mutually orthogonal. 


Neither °83 nor 85 requires modification in the case in which the limiting 
points coincide, provided that the system presents no other peculiarity, that 
is, provided that the plane and the radical axis are anisotropic and the point 
in which the distinctive common points coincide is accessible; the formulae 
used in the proof of 85 are simplified, but not invalidated. 

From ‘84 we can derive an excellent example of the services which complex geometry 
can render to real geometry. From ‘29 it is evident that in a real plane there are no pairs 


of associated segments except segments of zero length in perpendicular lines. But we can 
express °84, except for special cases, in the form that 


If A, B are distinct accessible points in an anisotropic plane and Q ws any accessible point 
of the plane that is neither on AB nor on the perpendicular bisector of AB, the circle through 
Q about A and B and the circle through Q which contains A and B are perpendicular at Q. 


If the plane is supposed to be real, this proposition remains significant and therefore is 
true; it is a well-known and important theorem, but there is no proof of it in terms of real 
points alone which compares for simplicity with the deduction of ‘84 from the theorem of 
Pythagoras. 


For subsequent use we must render the proof of ‘84 independent of reference 
to the point O. If A, P, C, R are any four points of space, then identically 


G§ P0?=G (PA+ACY=GPA?+ IG AC? 4+2I9PA.AC, 
G AR = § (AC + CRP = OR? + 9AC?+2.F AC.CR, 


G§ PR=§(PA+ AC + OR) 
=G§PA24+GCR + GAC+ 29 PA.ACH2G AC.CR+2GPA.CR; 
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hence 

For any four points A, P, C, R of space 

GOP4+9 AR =F PR?+GAC4+2IF AP.CR, 

so that in particular 

If A, P, O, R are four points in space, then 

OP?+AR?= PR?+ AC? 

if and only if the steps AP, OR are perpendicular, 
and further 

If the steps AP, CR are perpendicular and the step AC is nul, then 

CP?+ AR?= PR? 

Pythagoras’ theorem is the special case of ‘88 in which AC is not merely nul 
but zero. To deduce ‘84 we have only to add as a corollary to ‘88 that 

If AP and OR are coplanar and perpendicular and AC is nul, then of a 
circle through C with centre P and a circle through A with centre R cut im an 
accessible point Q the tangents to these circles at Q are perpendicular. 


556. EXCEPTIONAL FORMS OF COAXAL SYSTEMS. 


‘1. Having discussed the form which a coaxal system of circles normally 
assumes in an anisotropic plane, we must examine the exceptional forms that 
are possible, and the nature of coaxal systems in an isotropic plane. If the 
system contains any finite members, the classification is made to depend on 
the relation of the system to its radical axis. 

The existence of a central axis has been deduced virtually from 3°79. An 
alternative deduction, from 587, is subject to different exceptions and is more 
useful to us at this stage. Let a coaxal system have an accessible common 
point OC and a unique radical axis, and let one circle of the system ‘have an 
accessible centre #. Then by 4°12, if G and @ are any two accessible points 
of the plane, the powers of Q fer the circles through C with centres /’, G are 
FQ? — FC, GQ’ — GC, and by 5:87 these two powers are equal if and only if CQ 
and FG are perpendicular. Taking Q in the radical axis, we infer from 5°64 
that G is a centre of a circle of the system if and only if FG is perpendicular 
to the radical axis. If ¥, G, H are three points that are not collinear, the lines 
FG, FH can not both be perpendicular to a given line in the plane FGH 
unless the plane is isotropic and the given line is nul. Hence 

If a coaxal system has a unique radical axis and vf there is one accessible 
common pornt, then unless the plane of the system ts isotropic and the radical 
awis is nul, the accessible centres of circles of the system are the accessible points 
of a definite line, and this central axis is perpendicular to the radical axis. 

It follows from 3:55 that for an anisotropic plane the contrast between-5°75 
and ‘11 is that in the later proposition °the radical axis may be supposed nul; 
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the central axis, whose existence is proved, is then parallel to the radical axis. 
Combining ‘11 with 3:57, we find that 


One exceptional form of coaxal system of circles in an anisotropic plane is 
composed of the circles with centres on a given accessible nul line and a com- 
mon pornt that is accessible and is not on the central axis; the radical axis of 
the system is the nul line through the common point parallel to the central axis. 


°The only finite nul circle of the system is formed of the central axis, which 
we will denote by II, together with the nul line complementary to II through 
the common point C. The centre A of this nul circle is the only accessible 
limiting point. But °the circle formed of the radical axis P and the line at 
infinity serves not only in its ordinary capacity as the infinite circle of the 
system but also as one of the nul circles, and the focal point on the radical 
axis acts therefore not only as one of the distinctive common points but also 
as one of the limiting points; this same focal point is also the centre of the 
system, for it is the point common to the radical axis and the central axis. 

To regard the present system as degenerating from the usual form we have 
only to suppose the common point D to coincide with the focal point J while 
‘the line DJ assumes the position of a definite accessible nul line II and C0 
-remains accessible and does not lie in II]. Then A is the intersection of CI 
and II, and DI is the line at infinity and cuts CJ nowhere except at J: °the 
two point pairs AB, CD are associated if B and D coincide in one focal point 
and A and C are collinear with the other focal point. 

°The system of circles to be associated with the coaxal system having II for 
central axis and C for common point is the system of the same kind with P 
for central axis and A for common point. As in general, the radical axis and 
the common points of each system are the central axis and the limiting points 
of the other. Moreover, 5°89 is valid to shew that the two systems are 
orthogonal. 


*2. The radical axis of a system, if nul, may be an asymptote or a con- 
stituent of one member of the system, and therefore of every member; in 
other words, the centres of the finite circles of the system may belong to the 
radical axis. From 4°12, any point on a nul line through a centre of an 
ordinary circle of radius g has power — q’ with respect to the circle. Hence “if 
two finite circles have centres in a nul line P, no point of P is equipotent for 
the two circles if they are unequal, but every point of P is equipotent for 
them if they are equal; that is, P is the radical axis in the latter case but not 
in the former. Hence °if in an anisotropic plane the central axis and the 
radical axis of a system coincide in a nul line P, the finite circles belonging 
to the system are all equal; P is a constituent of the circles if they are nul, 
but not otherwise. Further, if P is a given nul line and Q is any accessible 
point not on P, and if q is any given number, the circle with centre Q and 
radius g has one of its asymptotes parallel to P and distinct from P and 
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therefore cuts P in one and only one accessible point R; the circle with 
centre R and radius q is the only circle with centre on P and q for a radius 
which passes through @. From this it follows that 


If the radical amis of « coaxal system im an anisotropic plane 2s an 
asymptote but not a constituent of the finite circles of the system, the finite 
circles are those circles with a given radius different from zero which have their 
centres in the radical axis. 

°In this system, the distinctive common points and the limiting points all 
coincide in the focal point on the radical axis. The only degenerate member 
is formed of the radical axis and the line at infinity. 

The system to be associated with a system of this kind must have its own 
radical axis and central axis coincident in the line P that plays the double 
part for the original system, and must have no accessible common points or 
limiting points; that is, the associated system must share the peculiarities of 
the original system. This condition does not define the associated system, for 
it leaves the size of the circles undetermined, and we appeal to the property 
of orthogonality to suggest a definition. If P, R are two accessible points of 
a nul line, PR? is zero, and therefore two accessible steps PQ, RQ are perpen- 
dicular if and only if PQ?+ RQ? is zero. For this reason we °define two. 
systems of the present type to be associated if they have a common axis and 
the sum of the squared radii of the finite members of one and the squared 
radi of the finite members of the other is zero. With this definition, °asso- 
ciated systems are orthogonal. 

If a nul line P is a constituent of a finite circle &, it is a constituent of 
every member of the coaxal system which includes = and has P for radical 
axis; that is to say, every finite circle of the system is a nul circle with its 
centre on P. Conversely, since through any accessible point Q that is not on 
P there passes one and only one nul circle with P for a constituent, namely, 
the circle formed of P itself and the nul line through Q that is not parallel to 
P, every nul circle with its centre on P belongs to the system. 


Lhe circles obtained by combining a definite nul line P with the line at infinity 
and with the nul lines that are complementary to P form a coaxal system of 
which P is at once the radical axis and the central axis. 


“Every point of the axis P is both a common point and a limiting point. 
Every member of the system is degenerate, but only one member is infinite. The 
system is its own associate, and is orthogonal to itself, for if Q is any accessible 
point that is not on the axis P, the tangent at Q to the member of the system 
through Q is the nul line which combines with P to form the circle, and this. 
tangent is self-perpendicular. 

The system of 27 can be regarded as degenerating from every one of the 
cases already treated. The circles of this system have in common distinct. 
accessible points, but these points are on a nul line and there are more than 


556 CIRCLES IN IDEAL COMPLEX SPACE 337 


two of them. All the circles have multiple intersection with a line at the same 
accessible point, but the line is nul and the point is not unique. The circles 
have their centres in one nul line and have a common accessible point, but 
there is no common point that is not on the line of centres. The circles are 
equal and have their centres in a nul line, but they have no common radius 
other than zero. The radical axis is asymptotic to all the circles, but it is also 
a constituent of them. 

Taken together, ‘25 and ‘27 enable us to remove one of the restrictions from 
‘11, for they shew that if the radical axis is itself accessible, the common 
points may be coincident at infinity: 

If a coaxal system in an anisotropic plane has an accessible radical axis and 
does not consist only of infinite circles, then it has an accessible central axis and 
the two axes are perpendicular. 


‘3. For an anisotropic plane, the forms possible to a coaxal system of circles 
with a unique accessible radical axis have all been described. There remain 
two possibilities to consider. 

The form of the system which has the line at infinity for radical axis and 
includes an ordinary circle = is shewn by 5°67: since the points which have a 
constant power with respect to > are the points at a constant distance from 
the centre of =, and since there is only one circle with a given centre which 
passes through a given point, 

A coaxal system of which the line at infinity is the only radical axis is a 
family of concentric circles. 
°The duplicated line at infinity is the only infinite member of the system, the 
nul lines through the common centre form the only finite nul member. The 
focal points are the distinctive common points, and the common centre is one 
limiting point, but it proves useful to regard every point at infinity also as a 
limiting point of the system, a convention that we may justify by recalling 
that the duplicated line at infinity has all points at infinity for centres and 
has zero for a radius about every one of them. 

The coaxal system described about two infinite circles 2, T has no finite 
members. If the point of intersection of the distinctive constituents of & and 
T is an accessible point C, every circle of the system consists of the line at 
infinity together with a line through C, and conversely every line through C 
combines with the line at infinity to form a circle coaxal with = and T. 

In one form of coaxal system, the various circles are formed by combining 
the line at infinity with the different lines through a definite accessible point. 

* This system has for its distinctive common points the vertex C of the pencil 
formed by the distinctive constituents and also all the points at infinity in 
the plane. The only members of the system that can be called nul are the 
two that involve the nul lines through CO, and although each of these circles 
has every point at infinity for a centre, it is only about a focal point that zero 
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is a possible radius, and therefore only the focal points are to be regarded as 
limiting points. The system to be associated with this must have the focal 
points for its distinctive common points, and the point C and the points at 
infinity for its limiting points; hence °the associated system 1s formed of con- 
centric circles, the common centre being C. And to say that in this case also 
the two systems are orthogonal is only to repeat that at any point of an 
ordinary circle the diameter and the tangent are perpendicular. 

One difficulty must not be overlooked. There is nothing unnatural in 
describing the line at infinity, which is the radical axis of a concentric system, 
as the central axis of the associated system of infinite circles. But the grounds 
for regarding every radical axis of the latter system as a central axis of the 
former are more obscure, for the lines through the common centre are not 
composed of centres of finite circles of the system, and it may be urged that 
the name of central axis is misleading. Nevertheless, these lines do acquire 
properties that in general belong to the central axis alone, since each of them 
is a diameter of every finite circle of the system and an axis of symmetry of 
every circle. Since it is not easy to see in what sense the line at infinity can 
be an axis of symmetry of some circles and not of others, we may be content 
to define a central axis of a coaxal system as a radical axis of the associated 
system. With this definition, the significant propositions are that in every 
case a central axis contains a centre of every circle and that in general the 
central axis is unique and is composed of centres of circles belonging to the 
system. 

There remain for consideration the cases in which = and T are infinite and 
their distinctive constituents intersect at infinity. Then any circle about > 
and T is an infinite circle whose distinctive constituent has no accessible point 
in common either with the distinctive constituent of } or with the distinctive 
constituent of T. 


In one kind of coaxal system, lines all parallel to each other are combined 
severally with the line at infimty to form the circles. 


Systems of this kind have the duplicated line at infinity for one member, and 
therefore share some of the characteristics of systems of concentric circles as 
well as some of those of systems of the type of 33. The common points of the 
system compose the line at infinity, and the distinctive constituents, including 
among them the line at infinity, are all radical axes. Every point at infinity 
is a hmiting point, for the same reason as in °32; the distinctive constituents 
may form one of the two families of nul lines in the plane, and then every 
circle of the system is nul, but as a rule the duplicated line at infinity is the 
only nul member of the system. 

’The associate of a system of this kind is a system of the same kind, chosen 
to preserve the property of orthogonality, that is, formed with distinctive 
constituents perpendicular to those of the original system. The two systems 
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coincide if and only if the distinctive constituents are nul. In any system of 
the kind described in ‘36,°every line that is perpendicular to the parallel 
constituents is a central axis. 


‘4. A contrast is to be observed between the association of segments and 
the association of coaxal systems. If B and D coincide in J, the condition for 
AB and CD to be associated does not render one of these segments determinate 
when the other is given. Also °the focal segment IJ is itself an associate of 
any infinite segment, and is actually the associate of any infinite segment 
whose axis is not nul; for this very reason, there is no segment that can be 
called the associate of JJ. In fact, we have to admit that 

No infinite segment whose axis contains a focal point has a unique associate. 
But the assertions with regard to associated coaxal systems in an anisotropic 
plane are perfectly general : 

In an ansotropic plane, every coaxal system, whatever its form, has a definite 

associate ; 
“the common points of each of two associated systems are the limiting points 
of the other; °through any ordinary point, that is, any point which is neither 
a focal point nor one of these common and limiting points, there passes one 
and only one circle of each system; °the two circles through any ordinary 
point have definite tangents there, and these tangents are perpendicular. 


‘°5. No attempt to adapt to an isotropic plane an argument dependent on 
associated segments can be successful. If AK is the focal point and AB is a 
given segment, the lines AK, BK either cut in K alone or coincide. If AB 
is not nul, the associate of AB is an improper segment KK to which it is 
natural to ascribe for axis the nul line bisecting AB. If AB is nul, different 
comparisons provide different suggestions for the associate: it would seem 
absurd that AK in the axis of AB should not be one associate, or that AB 
should not be self-associated, or that the zero segment OO in any line through 
the midpoint O of AB should not serve. 

But the reasoning in articles 54, 5:5, 5-6, and in the beginning of article 5°7 
is valid, and it is unnecessary for us to reassert any of the results from 5°41 
to 5°72. °In general, a coaxal system consists of the circles through some 
definite segment. The axis of this segment is the radical axis of the system, 
and the only infinite member of the system is formed of the radical axis and 
the line at infinity.” The circumstances to be regarded as normal are those in 
which the radical axis is not nul. The distinctive common points C, D are 
then accessible points, and the system has one degenerate member that is 
finite, namely, the ordinary circle formed of the nul lines through C and D; 
it is only if C and D coincide that this finite degenerate circle is of zero radius 
about any centre except the focal point K. 

°Coaxal systems of infinite circles have the same form in an isotropic plane 
as in a plane that is not isotropic; the members of such a system consist of 
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the line at infinity together with the various lines through some definite point, 
accessible or inaccessible. The systems for which a special investigation 1s 
required are those for which the radical axis is unique but nul or inaccessible. 

We saw in 3°9 that if vectors of reference are suitably chosen the typical 
equation of a finite circle = in an isotropic plane iS 

n? + (2g€ + 2fn + cr) 7 = 0. 

This circle is degenerate if g is zero, and two circles >,, =, are equal if g, and 
go are equal. For 7 to be a factor of s=,—r=, we must have r and s equal : 
the radical axis of the coaxal system defined by the two circles >, Ds 


2(g1— go) E+2(fi- fan +(a-%) t= 0. 
Hence follows a proposition fundamental in the classification of coaxal systems: 

The radical axis of the coaxal system described about two finite circles in an 
isotropic plane ts accessible and anisotropic if and only if the circles are unequal. 

Since a nul line which is not a constituent of a circle can not cut the circle 
in more than one accessible point, ‘55 implies that 

Two equal undegenerate circles in an isotropic plane can not have two accessible 
points in common. 

It follows from ‘55 that each of the systems that we have yet to consider is 
formed, except for its infinite member, of equal circles. Suppose first that a 
system includes one finite undegenerate circle = and has for radical axis an 
accessible nul line P. Then, by 3°56, the intersection of P with > at K is 
simple, and there is one accessible common point C. Every finite circle of the 
system is a circle through C equal to =. Conversely, if T is a circle through 
C equal to © and Q is any accessible point of T other than C, the circle 
through Q belonging to the coaxal system is a circle equal to T, and, by 
‘56, this circle, since it has the two points C, Q in common with T, is T 
itself: every circle through C equal to = belongs to the system. 


In one form of coaxal system in an isotropic plane, the distinctive common 
pownts are the focal point and an accessible point C ; the radical axis is the nul 
line through C, and the circle formed of the radical axis and the line at infinity 
as the only degenerate member of the system ; the undegenerate members of the 
system form a complete family of equal circles through the common point. 

The nature of a system which contains an undegenerate circle > and has 
the line at infinity for radical axis is now evident by mere exhaustion: the 
finite circles are the circles parallel to =. This conclusion is confirmed by the 
simplest analysis, for if the equation of > is 


. mn + 2gér = 0, 
the equation . n? + 2g&r + c7? =0 
for variable values of ¢ represents both an arbitrary circle parallel to = and 


an arbitrary finite member of the system described about S and the duplicated 
line at infinity. 
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In an isotropic plane, a family of parallel undegenerate circles forms together 
with the duplicated line at infinity a coaxal system which has the line at infinity 
Sor radical aais and the focal point for the only common point. 


‘6. In conclusion we have to suppose a coaxal system in an isotropic plane 
to include an ordinary circle, that is, a circle formed of a pair of accessible 
nul lines, and to have a radical axis that is either an accessible nul line or the 
line at infinity. 

Suppose first that the radical axis is accessible and is taken for the first 
axis of reference. Then the infinite circle formed of this axis and the line at 
infinity has the equation 

nt =0, 
and if one ordinary circle of the system is 
n+ 2fnt + cr? =0, 

any other ordinary circle of the system is 

n+2(f+k)nr+cr?=0, 
where & is a variable parameter. Since the product of the distances of the 
constituents of this circle from the radical axis, in either aspect of the plane, 
is c, a number independent of k, 


One form of coaxal system in an isotropic plane consists of pairs of nul lines 
such that the product of the distances of the lines in each pair from a definite 
nul line in the plane is constant, the distances being measured in the same aspect 
of the plane; the fixed nul line is the radical axis of the system. 

° A special case occurs when the constant is zero; in this case, which is covered by 
‘27 as well as by ‘64, the radical axis is a constituent of every circle of the system. 
If the radical axis is the line at infinity, the infinite member of the system 
has the equation 
qT = 0), 
and the equation of a typical member is 
a+ 2fnrt+(ectkh)r=0: 

In one form of coaxal system in an isotropic plane, the members are pairs of 
nul lines such that the nul line midway between them is fixed; the radical axis 
is the line at infinity. 

It must not be overlooked that there is a system in which the line at infinity 
is combined with the nul lines of the plane; every nul line, including the line 
at infinity, is a radical axis. But this system is covered by ‘52 and is in no 
respect peculiar to the isotropic plane. 

The reader will recognise that ‘64 and ‘68 can be expressed together in the form that 
the pairs of lines cut any anisotropic line in pairs of points 7 involution, and that the 
radical axis is the nul line through the centre of the involution. The nature of involution, 
and the intersection of coaxal systems in general with a transversal, are not merely outside 
our scope to discuss, but are projective matters that it would be a mistake to approach 
from our metrical standpoint. 
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CHAPTER V 6 
SPHERES IN IDEAL COMPLEX SPACE 


561. Ordinary spheres; nul spheres; the centre and the radii of an ordinary sphere ; 
infinite spheres. 562. Sections of spheres by planes the focal circle; tangents and 
tangent planes. 563. Generators. 


561. ORDINARY SPHERES; NUL SPHERES; THE CENTRE AND THE RADII 
OF AN ORDINARY SPHERE ; INFINITE SPHERES. 


‘1. An°ordinary sphere is the locus of a point in space at a given finite 
distance from a definite accessible centre. 

The ideal vector (r, R) is the vector of a step from @ to some point of the 
ordinary sphere with centre Q and radius q if and only if 


Vite Mill the 
°The section of an ordinary sphere by a plane through its centre is an 
ordinary circle with that centre. If the sphere had two centres P, Q, the 
section by any plane through the line PQ would be an ordinary circle with 


more centres than one, and therefore the plane would be isotropic; since no 
line has the property that every plane through it is isotropic, 


An ordinary sphere has only one centre, and the square of its radit vs unique. 
*2. Many of the arguments used in the last chapter can be adopted almost 


word for word. For example, we need only refer to the proof of 51:13 and 
51:14 to realise that corresponding propositions are true: 


Lf an ordinary sphere has centre Q and radius different from zero, an aniso- 
tropic line through Q cuts the sphere in two distinct accessible points, and an 
isotropic line through Q cuts it at infinity only ; 


Lhe points of an ordinary sphere with centre Q and radius zero are the points 


belonging to the nul lines through Q; an anisotropic line through Q cuts the 
sphere nowhere except at Q. 


A sphere of zero radius is called a°nul sphere; *22 implies that 


A nul sphere is a cone whose vertex is the centre of the sphere. 


‘3. From ‘21 and -22,°an ordinary sphere, whatever its centre and radius, 
contains all the focal points of space, and contains no other points at infinity. 
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Also, with coordinates (&, n, £ 7) derived from a vector frame as in 21-4, the 
equation of the ordinary sphere with centre Q and radius q is 
BGO XG) = re 7, 

which is homogeneous and quadratic. Hence 

An ordinary sphere is a conicoid that contains all the focal points. 

For a conicoid to contain all the focal points and no other points at infinity, 
the equation of the conicoid must be of the form 

bSy? + 2uér + 2unr + 2wer + dr? = 0, 
with & different from zero, and this, for arbitrary values of Eg, ng, Sa, Ta, is 
equivalent, if Tg is not zero, to 
BS (tex — TXQ)’ + 27Q ((KS'xQ + Ura) E+ (bS'yQt TQ) 7+ (KS8XQ+ wTQ) §} 7 
= (kSy@ — dr?) 7’. 
Since neither & nor the value of the determinant [[S]] is zero, it is possible to 
satisfy the set of equations 
kS'yqtutg=0, kSygtutg=0, kSyqtwrg=0 


by a set of values £9, ng, 9, Ta such that Tg is not zero and &g, nq, fq are all 
finite. If @ is the accessible point whose coordinates satisfy ‘36, the equation 


“35 is equivalent to ‘32 if 
P= (kSxQ — dra’) [kr a, 


and since this value of q? is finite 
Every conicoid that contains all the focal points and no other points at in- 


jinity ts an ordinary sphere. 


-4. With & different from zero, ‘34 is the general equation of an ordinary 
sphere. Writing EgS'yvqt neS’xqt SoS’ XQ for Sx in 37 and substituting 
from ‘36 we can replace ‘37 by 

G =—(uEa + rng + Wha + adra)/kra, 
and if we express this last formula in the form 
u—gtengt what (d+ ke) ta=09 
and eliminate the coordinates of Q between ‘36 and ‘42 we find that 
The square of the radia of the sphere 
kSy? + 2uér + 2unr + 2QwEr + dr? =0 
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by —k?J®, where J? denotes the value of 


Teta 0 
RM P 
Q P N| 


‘5. There are fewer varieties of spheres to be considered than of circles. 
This is not merely because we are not contemplating isotropic space, for in 
isotropic space there are planes with properties different from those of any 
planes in anisotropic space, and a discussion of isotropic space while it would 
involve new kinds of spheres would introduce also new kinds of circles. 

The general definition in anisotropic space is that a°sphere is a conicoid 
that contains all the focal points. It follows that 

The general equation of a sphere, referred to a vector frame attached to an 
accessible origin, ws 

kSy? + 2u&r + Qunt + 2wGr + dr? = 0. 

If k& is not zero, the equation in ‘52 has already been shewn to represent an 
ordinary sphere. If & is zero, the equation reduces to 

(Qué + 2un + 2w$+dr)7r =0 
and represents the combination of two planes of which one is the plane at 
infinity and the other is arbitrary; such a combination, regarded as a sphere, is 
called an ° infinite sphere. The infinite sphere whose equation is ‘53 has the plane 

Qué + 2un + 2w&+dr=0 | 

for its ° distinctive constituent. 


562. SECTIONS OF SPHERES BY PLANES; THE FOCAL CIRCLE; 
TANGENTS AND TANGENT PLANES. 

‘1. From 1°31 and 47:28, combined with 53°41, 53°42, and 53°48, it follows 
that 

The points common to an accessible plane and an ordinary sphere compose 
in all cases a finite circle. 

This result is more general than 1:13, since the plane is not required to contain 
the centre of the sphere, but it is to be observed that the circle is now described 
only as finite, not as ordinary. 

If the plane is anisotropic, the circle is of course ordinary—there is no finite 
circle in the plane that is not. We can confirm this conclusion by direct 
calculation. There is a line through the centre Q of the sphere perpendicular 
to the plane, and because the plane is anisotropic this line is not parallel to 
the plane but cuts it in a definite accessible point O. If P is any point of the 
plane, the steps OP, OQ are perpendicular, and therefore the equation 

OP? = g 
is equivalent, for points in the plane, to 


OP? = g@— QO» 
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The curve of section of an ordinary sphere of radius q by an anisotropic 
plane ts an ordinary circle whose radii have the square q?—n®, where n is a 
perpendicular distance of the centre of the sphere from the plane ; the centre of 
the circle is the foot of the perpendicular from the centre of the sphere on the 
plane. 


‘2. It follows from ‘12 that the ordinary spheres which contain a given 
finite circle in an anisotropic plane all have their centres in a definite line 
perpendicular to the plane. An alternative proof of this proposition dispenses 
with the condition that the plane is anisotropic and enables us to describe the 
section of a sphere by any plane. If AB, BOC are finite segments inscribed in 
a finite circle, with axes /, m that are not parallel, it follows from 52:12 that 
every ordinary sphere through AB has its centre in a definite plane perpen- 
dicular to J and that every ordinary sphere through BC has its centre in a 
definite plane perpendicular to m; since J and m are not parallel, the planes 
are not parallel but intersect in an accessible line which is perpendicular to / 
and m, that is, to the plane of the circle, and if Q is any accessible point of 
this line, the sphere with centre @ which contains the point B contains both 
the segments and therefore contains the circle through them. 


The centres of ordinary spheres through a given finite circle are the accessible 
points of a definite line perpendicular to the plane of the circle. 


The line is called the °aais of the circle. 
For an anisotropic plane the latter part of 12 is reproduced. But ‘21 implies 
also that 


Every ordinary sphere through an ordinary circle in an isotropic plane has 
ats centre in the line of the plane which contains the centres of the circle itself, 


and that 


The centres of ordinary spheres through an undegenerate circle in an vsotropic 
plane occupy a nul line parallel to the plane but not included in the plane. 


We have only to look at these same propositions from a different point of 
view to assert that 


The finite circle in which an tsotropic plane cuts an ordinary sphere vs de- 
generate or undegenerate according as the plane does or does not contain the 
centre of the sphere. 


‘3. Suppose that we are given a finite circle, not necessarily ordinary, and 
a finite segment AB which has one end A in the circle but is not inscribed in 
the circle. Then the ordinary sphere with centre Q which contains A includes 
the whole circle if and only if Q is in the axis of the circle, and cireumscribes 
the segment if and only if Q is in the perpendicular bisector of the segment. 
The axis of the circle is parallel to the perpendicular bisector of the segment 
if and only if the axis of the segment is parallel to the plane of the circle, that 
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is, since the latter axis and plane have the point A in common, if and only if 
the axis of the segment is in the plane of the circle. 


Given a finite circle and a finite segment with one end in the circle, then unless 
the axis of the segment is in the plane of the circle there is one and only one 
ordinary sphere which includes the circle and is circumscribed to the segment. 


Since the infinite sphere through the circle contains the segment if the axis 
of the segment is in the plane of the circle or if the segment is infinite, but 
not otherwise, and since the circle must be the complete intersection of its 
plane with any ordinary sphere that includes it, 31 admits of an extension in 
which the restriction on the segment is removed. Moreover, a sphere contains 
an infinite circle if and only if* the sphere is an infinite sphere whose dis- 
tinctive constituent includes the distinctive constituent of the circle, and since 
the addition of an accessible point not on the circle or of an accessible line 
intersecting the distinctive constituent of the circle renders the distinctive 
constituent of the sphere determinate the restriction on the circle can be 
removed also. 

Given any circle, and any segment which has one end in the circle but is not 
inscribed in the circle and has neither end at a focal point, there is one sphere, 
and unless the circle is infinite and the aais of the segment is at infinity there is 
only one sphere, which includes the circle and is circumscribed to the segment; 
the sphere is infinite if the circle or the segment is infinite, or if the axis of the 
segment is in the plane of the circle, but not otherwise. 


If we separate the case of a proper segment from that of a degenerate 
segment we have propositions simpler in form than ‘31 and ‘32: 


Given a circle and a point that is neither a focal point nor a point of the 
circle, there is one and only one sphere that includes the circle and contains the 
point; the sphere rs infinite if the point is at infinity or ts in the plane of the 
circle, or if the circle is infinite, but not otherwise ; 

Given a circle and an accessible line which has simple intersection with the 
circle at a point P that is not a focal point, there is one and only one sphere 
that includes the circle and has double intersection with the line at P; the 
sphere ws infinite if the line is in the plane of the circle or if the circle is infinite, 
but not otherwise. 


From ‘33 can be deduced the fundamental propositions relating to spheres 
through given points: 
Through any four points a sphere can be passed ; 


An infinite number of spheres can be passed through four given points if the 
points are concylic, if one of the points is focal, or if two of the points are at 
infinity ; except in these cases, the sphere through the points is unique ; 


* The convention that renders this statement true if the circle is a duplicated line at 
infinity is easy to frame. 
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Four points are not on any finite sphere if they are coplanar but are not con- 
tained in any finite circle, or if one of them is inaccessible but not focal ; 

v4 op four points are on more than one infinite sphere, every sphere through them 
is infinite. 

‘4. “If two ordinary spheres have the same centre, they have no common 
accessible points, and therefore no common points except the focal points, 
unless they have the same radii. Hence °the sections of two distinct concentric 
spheres by any plane, isotropic or anisotropic, are two circles which have no 
common points except the focal points of their plane. If the plane is aniso- 


tropic, the circles are concentric circles, as we have seen already in ‘12. But 
we now see also that 


The parabolic circles in which an isotropic plane cuts a number of concentric 
spheres are parallel circles. 

“The circles in 43, being parallel, are equal, and their size depends only on 
the relation of the plane to the centre of the spheres. Let x be a proper 
nul vector in the plane, let y be a unit vector in the plane, and therefore 
perpendicular to x, and let z be the vector of a step from the centre Q of a 
sphere to some point O of the plane. Then if P is any accessible point of the 
plane, the vector QP can be expressed in the form x+y +z, and since £x° 
and /xy are zero and fy?’ is unity, the condition for P to belong to the sphere 
with centre @ and radius q is 


WtZeFSxZ+2n Gy¥Zt+ IS V=Q’; 
hence the circle is measured, with respect to the nul vector x, by the projected 


product xz, which is of course independent not only of the radius q but of 
the position of O in the plane. 


If x is a proper nul vector, the isotropic plane whose equation with respect to 

a given point Q is 
f xr= A, 

where A is a constant and r is the vector of the step from Q to a variable point 
of the plane, cuts every ordinary sphere whose centre is Q in a circle whose 
measure with respect to xis A. 
If A is zero, Q is in the plane and the circle degenerates into the ordinary 
circle whose radii are the radii of the sphere. That the circles for different 
spheres are in any case parallel as well as equal is apparent in ‘45 from the 
fact that the coefficient of 7 as well as the coefficient of & is independent of gq. 


-5. Since every accessible plane cuts any ordinary sphere in a circle, the 
name of circle is allowed to the aggregate of points common to an ordinary 
sphere and the plane at infinity; the focal points of space, the points at 
infinity on nul lines, are said to compose °the focal circle. This circle is a 
conic, but no definite centre or radii can be ascribed to it. The focal points 
of any plane are the points in which the plane cuts the focal circle, that is, in 
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which the line at infinity in the plane cuts the focal circle; °if the line is a 
tangent to the circle, the focal points of the plane coincide and the plane is 
isotropic. 

No conic in the plane at infinity except the focal circle is given the name 
of circle, for no other conic contains all the focal points that are in that plane; 
the focal circle can therefore be called °the circle at infinity. 

If the focal circle had a constituent line J, any accessible plane through / 
would be such that every line in it was nul, and the corresponding vecplane 
would include no anisotropic vectors; we have seen in 415°24 that no such 
vecplane exists. Hence 

The focal circle is not degenerate. 


‘6. For the complete generalisation of ‘11 we must examine not only the 
cases in which the plane is inaccessible but also the cases in which the sphere 
is infinite. If the sphere is infinite, any plane which is neither the plane 
at infinity nor the distinctive constituent of the sphere cuts the sphere in two 
lines of which one is at infinity; that is, the section is an infinite circle whose 
distinctive constituent is the line in which the plane cuts the distinctive con- 
stituent of the sphere. If the plane is parallel to the distinctive constituent 
of the sphere, the circle is a duplicated line at infinity. 

The points common to a plane and a sphere compose a definite circle unless 
the sphere is infinite and the plane is one of its constituents; the circle is an 
ordinary circle if the plane is accessible and the sphere is finite, an infinite 
circle if the plane is accessible and the sphere ws infinite, and the focal circle if 
the plane is at infinity and the sphere is finite. 


*7. If a line has double intersection with a sphere at a point P, it has 
double intersection at P with the section of the sphere by any plane that 
includes the line, and in particular with the section by a plane that includes 
the line and contains the centre Q. And conversely, if a line has double 
intersection at P with this one circle it has double intersection at P with the 
sphere. Hence from 52°35, 

A line through an accessible point P of an ordinary sphere whose centre is Q 
has double intersection with the sphere at P if and only if it is perpendicular to 
the step QP. 

Two cases are to be distinguished, for the line is unrestricted or is limited 
to a definite plane according as the step is or is not a zero step. For the step 
to be a zero step, the sphere must be a nul sphere, since the radii of the sphere 
are the lengths of the step, and even for a nul sphere there is no exception 
unless P is at the centre. It is obvious that a line through the centre of a 
nul sphere has intersection with the sphere there of order two or of order 
greater than two according as it is anisotropic or isotropic: 

The centre of a nul sphere is a double point on the sphere, and the tangents 
there are the nul lines that compose the sphere. 
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And from -71, 


Every accessible point of an ordinary sphere that is not nul, and every 
accessible point of a nul sphere except the centre, is a simple point of the surface; 
the tangents at a simple accessible point of an ordinary sphere compose the 
plane through that point perpendicular to the diameter. 


It is sometimes useful to have for reference the explicit statement, implied 
in 3/3, that 


Lf an ordinary sphere has a double point, the sphere is nul and the point is 
ats centre. 

As for the inaccessible points, they are all simple. For if K is a focal point, 
then because the focal circle is undegenerate, every line at infinity through K 
except the tangent to the focal circle has simple intersection with the focal 
circle at K, and therefore also has simple intersection with any ordinary 
sphere there. The tangent at K to the focal circle is one line having double 
intersection with the sphere at K; also the diameter QK has multiple inter- 
section with the sphere at K’; hence the tangent plane at K is the isotropic 
plane through the nul line QK, 

We can verify this conclusion without reference to the focal circle. If K is 
a point at infinity on an ordinary sphere with centre Q, and if P is any ac- 
cessible point, the ine PX is a nul line, and the isotropic plane through PK 
cuts the sphere in an undegenerate parabolic circle unless this plane contains 
-@. Hence by 53°56 the line PX has simple intersection at K with this section, 
and therefore with the sphere, unless the plane contains Q. But if the plane 
does contain Q, the section is an ordinary circle in the isotropic plane, that is, 
is a pair of lines through K, and the intersection of PK at K is double even 
if PK is not itself one of the lines. 


The focal points are all simple points on any ordinary sphere ; the tangent 
plane at a focal point is the isotropic plane through the nul line joining that 
point to the centre of the sphere. 

It follows from ‘75 that 

Ordinary spheres that are concentric are asymptotic to each other, 
and therefore that 

The nul sphere concentric with a given ordinary sphere is a cone asymptotic 
to the surface. 


563. GENERATORS. 


-1. If a nul line has double intersection with an ordinary sphere at an 
accessible point P, then since the line also has one intersection with the 
sphere at infinity every point of the line belongs to the sphere. To say that 
if P is a double point of the sphere then every nul line through P lies wholly 
in the surface is merely to associate 1:22 with 2°74. But if P is any accessible 
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simple point of the sphere, the tangent plane at P includes two nul lines, 
distinct or coincident, through 2, and these lines do have double intersection 
at P. 

A different argument, more powerful because it allows P to be at infinity, 
has been used already in 43°3. Lf through a point P of a sphere there passes 
a plane such that every line through P in the plane has double intersection 
with the sphere at P, then the section of the sphere by the plane is a circle 
such that every line through P in the plane has double intersection with the 
circle at P. The circle is therefore degenerate, and its constituents are lines 
that lie in the surface. Such lines are necessarily nul and accessible, since 
they can have no points at infinity that do not belong to the sphere, that is, 
that are not focal, Thus °in every plane through the centre of a nul sphere 
the nul lines through the centre lie in the surface, and “the tangent plane at 
any simple point, accessible or inaccessible, of any ordinary sphere cuts the 
surface in a pair of complementary nul lines, 

The lines whose existence we have just proved, which lie wholly in a given 
ordinary sphere, are called the “generators of the sphere. Because these lines 
are nul lines, it is unprofitable to study complex space without paying atten- 
tion to the peculiarities of nul lines and isotropic planes, 


*2. In all that concerns generators, nul spheres and spheres that are not 
nul have little in common. What we have to say of generators on nul spheres 
ran be said at once, 

*The generators of a nul sphere are the nul lines through the centre of the 
sphere. ° Every anisotropic plane through the centre cuts the surface in a pair 
of distinct generators. “An isotropic plane through the centre touches the 
surface at every point of the nul lime through the centre which it includes, 
except at the centre itself. “Planes which do not contain the centre cut the 
sphere in undegenerate circles, 


3. If P is an accessible point of an ordinary sphere that is not nul and 
that has centre Q and radius q, the step QP is not a zero step since g is not 
zero, and the line QP is not nul since P is not at infinity. There is a definite 
plane through P perpendicular to QP, this plane is anisotropic, P is itself the 
foot of the perpendicular from @ on the plane, and g, being a distance from 
Q to P, is a perpendicular distance from Q to the plane. Hence by 2°12 the 
section of the sphere by this plane is a circle of radius zero with centre P, 
that is, has the form of the two nul lines through P in the plane. Conversely, 
if two nul lines J, m through P both belong to the surface, the section of the 
surface by the plane which includes both lines has P for centre and therefore, 
by 2:12, QP is perpendicular to this plane. Thus we have a direct verification 
of the conclusions already reached : 

Through any accessible point P of an ordinary sphere with centre Q and 
radi different from zero there pass two and only two generators of the sphere ; 
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these ore the nul lines through P in the plane perpendicular to QP, and they 
are distinct. 

At a focal point, the tangent plane is an isotropic plane through the centre, 
and because this plane contains the centre the section is an ordinary circle 
with the same radii as the sphere. If the sphere is not nul; the circle is not 
nul and the nul lines that form it are distinct. 

Through « focal point K there pass two and only two generators of an ordinary 
sphere with centre ( and radu different from zero; these wre nul lines in the 
isotropic plane through QK, and they are distinct. 

To a certain extent 31 and 32 can be combined: 

Through ony point of an ordinary sphere that 18 not nul, there pass two and 
only two generators ; these ore distinct nul lines in the tangent plane at the point. 
“In al) cases the generators determine both the tangent plane and its point 
of contact, but the point and the plane suffice to determine the generators 
only if the point is accessible. 

Since a circle that contains all the points of one line is a degenerate circle 
formed of this line together with a second line, the section of a sphere by any 
plane through one generator consists of this generator together with a second 
line; if the two lines have a point P in common, every line in the plane which 
passes through P has double intersection with the sphere at P, and therefore 
the plane is the tangent plane at P and the two lines are the two generators 
through P. 

Any plane through one generator of an ordinary sphere that 1s not mul includes 
a second generator distinc from the first, and 1s the tangent plane at the point, 
accessible or inaccessible, in which these two coplomar generators intersect; the 
two generators together form the complete intersection of the plone with the sphere. 


‘4, Not only are the two generators through any one point distinct, but 
it is possible by means of 35 to divide al) the generators of the sphere into 
two distinct families. Let a be a given generator, and P a point of the sphere 
that is not on a. The plane through a which contains P includes a second 
generator p distinct from a. Since the two generators a, p together form the 
complete intersection of the plane with the sphere, the point P which is 
coramon to the plane and the sphere and is not a point of a is necessarily a 
point of p; that is, p is one of the generators through P. Also p, being 
coplanar with a, intersects a. But the second generator through P is not 
identical with p, since the two generators through P are distinct, and is not 
identical with a, since P belongs to one of the lines and not to the other; 
hence this second generator has points that do not belong to either a or p, 
and these points, since they belong to the surface, are not in the plane whose 
complete intersection with the sphere consists of the lines a and p. It follows 
that the second generator through P does not lie in the plane through P and 
g, and therefore does not intersect o. 
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If a is any generator of an ordinary sphere that ws not nul, and P is any 
point of the sphere that is not on a, then one of the generators through P inter- 
sects a and the other does not. 

Next let a, b be two generators that do not intersect, and let p be a 
generator distinct from b which intersects b. If P is the point in which p 
cuts b, then that one of the generators through P which intersects a is not b 
and therefore is p: 

If iwo generators of an ordinary sphere that is not nul do not intersect, the 
generators which intersect one of them are the generators which intersect the other. 


Note also that if two distinct generators p, g both intersect a generator @ 
distinct from them both, then p and q can not intersect each other in a point 
of a, since there can not be three generators through one point, and can not 
intersect each other in a point that is not on a, since of the two generators 
through any such point one does not intersect a. In short, 


If two generators of an ordinary sphere that is not nul both intersect a third 
generator, they do not intersect each other. 


Suppose now that p, q are two generators each of which intersects a given 
generator a, but does not coincide with a, and that m,n are two generators 
each of which either coincides with @ or does not intersect a. Then by ‘43 
p does not intersect g, by ‘42 both p and q intersect both m and n, and there- 
fore by ‘43 m does not intersect n. That is to say, 


The generators of an ordinary sphere that 1s not nul fall into two mutually 
exclusive families such that every member of each family cuts every member of 
the other but no two members of either family cut each other. 


Briefly, “generators do or do not intersect according as they belong to different 
families or to the same family. 


It is an immediate deduction from 47:29 that in complex space all conicoids 
have generators, and one reason why the treatment of conicoids in general 
and of spheres in particular is in many respects easier for complex space than 
for real space is that the existence of these lines renders available both 
geometrical arguments and analytical devices which in elementary geometry 
are valid only for hyperboloids. In ‘3 the nul character of the generators was 
assumed, but the whole of -4 will be recognised to be verbally indistinguishable 
from a discussion of the generators of an ordinary hyperboloid, and to be 
verbally applicable to the general conicoid in complex space. 


‘5. Ifa is any generator of an ordinary sphere that is not nul, °an individual 
generator of the family that does not contain a may be identified by means 
of the point in which it intersects a. This point, which we will denote by R, 
can not be determined by distances along a, for a is nul, but it can be deter- 
mined by the ratios of vectors. For example, if a is a given proper vector in 
the vecline of a and A is a given point of a, the vector of the step AR is a 
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definite multiple ra of a, and the number r characterises the point R and the 
generator distinct from a through R. Or again, if A,, A, are given distinct 
points of a, the vectors of A,R and RA, are collinear, and two numbers having 
the ratio of these two vectors can be used as homogeneous coordinates for R. 

*There is no reason why a variable generator that intersects a should not 
be identified directly by means of the plane through a in which it lies, instead 
of by means of its intersection with a. The plane can be determined by means 
of the point in which it cuts some line not coplanar with a. To suppose this 
line itself to be a generator b is merely to identify the variable generator by 
its intersection with b instead of by its intersection with a. Thus the second 
method includes the first as a special case. It is essentially the more adaptable 
method, but properties of the sphere are likely to take a far more elegant 
form if associated with a line related intrinsically to the sphere than if 
developed by means of an arbitrary line in space. 

To say that 


Through every point of an ordinary sphere that 1s not nul passes one and 
only one member of each family of generators 


is merely to call attention to the fact that every generator belongs to one of 
the two families. But any method of identifying the two generators in their 
respective families is implicitly a method of identifying their point of inter- 
section. Thus the considerations of the last two paragraphs lead to various 
plans for associating with each point on the sphere a definite pair of numbers 
to serve as coordinates, in an extended sense of the word, or even a pair of 
pairs of numbers to serve as homogeneous coordinates. For developments the 
reader must look elsewhere; should mathematics make no aesthetic appeal 
to him, he will still find that the ideas, far from remaining abstract, yield 
immediately in Darboux’s skilful hands the practical formulae of spherical 
trigonometry. 
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APPENDIX 
POINTS AS LIMITS IN COMPLEX SPACE AND IN IDEAL SPACE 


For elementary geometry, the p-neighbourhood of a point P is the aggregate 
of points at distances numerically less than p from P, and P is a limit of a 
set of points I’ if every existent * neighbourhood of P includes some member 
of T other than P. 

If we attempt to apply these definitions either to complex space or to ideal 
space simply by using the modulus of a distance, we meet with difficulties. 
For complex space, the p-neighbourhood of P would include every point on 
every nul line through P, and if Q is any member of a set I’, every point 
except @ on any nul line through Q would satisfy the definition of a limit of 
I. For ideal space, a finite neighbourhood of a point at infinity would not 
include any accessible points, unless the point was focal, and there would be 
no analytical interpretation of our instinctive conception of a point at infinity 
as a limit of a set of accessible points. One natural method of avoiding the 
difficulty for actual complex space can be modified to apply to ideal space, 
real or complex. 

We require first to associate with any pair of points some number which is 
zero if and only if the points coincide. Given a finitely numerous set of 
numbers (p,, 2, ... Pn), real or complex, let the greatest among the moduli 
| Pi|,|Pol,---| Pn! be called the number dominating the set and be denoted by 
|p|. And if (p,, po, --» Pn), (Gis Jo) ++» Qn) are ordinally similar sets of numbers, 
let the number dominating the set of differences (p,— 1, P2— 2; +++» Pn — In) 
be called the gap+ between the sets of numbers and be denoted by | p —q]. 
The number dominating a set is zero if and only if every constituent of the 
set is zero; the gap between two sets is zero if and only if the sets coincide. 

If a finite vector r is referred to a vector frame xyz, the number that 
dominates the set of coefficients (&r, nr, Sr), a number that we denote by | yr, 
is zero only if the vector is zero, not if the vector is nul; we will call | yr| the 
number that dominates r with reference to xyz. If r is the vector of a step 
PQ, the number | yr | may be called the gap between P and Q relatively to xyz. 


* In real space, the zero-neighbourhood of P has no members, and in this sense is 
non-existent. 
+ For the purposes of this note, Jordan’s ‘écart’, which is the sum 
|pi-Gil+]P2-92|+.--+] Pn Gul, 
could be used instead of the gap as here defined. But it is the gap that lends itself to the 
extensions, of which every day shews more clearly the importance, in which the number of 
variables is not restricted to be finite. 
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It is impossible to express the number that dominates a vector with reference 
to one frame in terms of the number that dominates the same vector with 
reference to another frame. But it follows from the ordinary formulae of 
transformation, given in 355°43 on p. 184 above, that if the greatest among 
the moduli of the nine elements in a scheme giving the coefficients of the 
vectors x, y, Z in a frame x°y’z’ is m, the dominating number | x°r| 1s not 
greater than 3m|xr|. Similarly if m° dominates the reciprocal scheme, | xx | 
is not greater than 3m°| y"r|. Hence there are definite numbers f, g, dependent 
only on the two frames, such that for any vector r, the number | y°r| is some- 
where in the interval from f| yr| to g| xr]. 

If a class of finite vectors and a vector frame xyz are given, the numbers 
each of which dominates one or more of the vectors form a definite class, and 
this class, whether finitely numerous or not, has a lower bound J, which may 
be either an isolated member of the class, or an attained lower limit, or an 
unattained lower limit. From the result of the last paragraph, it follows that 
if f and g have the same values as there, the lower bound /° with reference to 
a frame x°y®z° is necessarily in the interval from fJ to gl. Hence 7° is zero if 
and only if J is zero: 

If a class of vectors is such that the lower bound of the class of numbers 
dominating its members with respect to one frame of reference is zero, then the 
lower bound of the class of numbers dominating its members with respect to any 
other frame is zero also. 


In general, a change in the frame of reference may change the character of 
the lower bound of the class of dominating numbers associated with a given 
class of vectors, but if the lower bound is zero such a change is impossible. 
For zero is a member of the class of numbers dominating a class of vectors 
with reference to a particular frame if and only if the class of vectors has the 
zero vector for one of its members, and in this exceptional case zero belongs 
to the class of dominating numbers for any frame of reference. Hence 


If the class formed of the numbers that dominate the vectors belonging to a 
gwen class with reference to some one vector frame has zero for an unattained 
lower limit, the class formed of the numbers that dominate the vectors belonging 


to the same class with reference to any other vector frame also has zero for an 
unattained lower limit. 


Now let C denote a class of vectors of which the zero vector is a member, but 
not the only member, and let C’ denote the class consisting of all the members 
of Cc except the zero vector. Whatever the frame of reference, zero is the lower 
bound of the class of numbers dominating members of C; but zero is a limit 
as well as a member of this class only if it is the lower bound of the class of 
numbers dominating members of OC’, and this is a condition independent of 
the choice of frame. Thus 


If the class of numbers dominating the members of a given class of vectors 
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with reference to one frame has zero for a limit, the class of numbers dominating 
the members of the same class of vectors with reference to any other frame also 
has zero for a limit. 

We are now in a position to frame a definition: 


The zero vector is a limit of a given set of finite vectors if when the vectors 
are referred to some one vector frame the numbers which dominate them form 
a class of which zero is a limit. 

The proposition that concludes the preceding paragraph implies that with 
this definition, 

If a gwen set of finite vectors has the zero vector for a limit, then if the vectors 
are referred to any vector frame whatever, the numbers which dominate them 
form a class of which zero ts a limit. 


We add that a set C of vectors is said to have a vector s for a limit if the set 
whose typical member is obtained by subtracting s from the typical member 
of C has the zero vector for a limit. 

Returning from vectors to points, we say that an actual or accessible point 
P isa limit of a set I’ of actual or accessible points if the set of vectors each 
of which is the vector of the step from P to some member of T has the zero 
vector for a limit. Reduced to more elementary terms, this definition is 
equivalent to the following theorem: 

The point P is a limit of the set Tif gwen a vector frame of reference and 

an arbitrary signless number p other than zero, independent of the frame, there 
is some member of T distinct from P separated from P relatively to the given 
frame by a gap that ws less than p. 
In other words, P is a limit of I if given an attached frame Oxyz and an 
arbitrary number p that is not zero, there is always some member @ of T° 
such that the moduli | &p— &g|, |np—nQ\, | fp — aq] are all less than p but 
are not all zero. This is only the result at which it is natural to aim, but it 
has been necessary to establish that it is not possible for the result to hold 
for some frames of reference and not for others. 

To be of practical value in analytical geometry, a discussion of limits that 
is designed to be applicable equally to accessible and to inaccessible points 
must admit of being put into relation with the theory of homogeneous co- 
ordinates. And we recognise at the outset that if coordinates are homogeneous, 
the simple gap between a set of coordinates of a point P and a set of co- 
ordinates of a point Q can not be of fundamental importance, for the coordinates 
individually, and therefore the gap between two sets of them, can be made 
arbitrarily small without ceasing to refer to the same two points P, Q, while 
on the other hand the gap between two different sets of coordinates of one 
given point with reference to a given tetrahedron is not zero. 

Let ¢ denote as in Chapter V 4 an umbra of the coordinates with reference 
to a definite tetrahedron. Then |¢p| is the greatest among the numbers | ap|, 
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'Bp|,\yp|, |p|, and for a given pair of numbers h, k, | hep — keg| is the gap 
between the set of numbers (hap, hBp, hyp, hdp) and the set of numbers 
(kag, kBa, kya, k8Q)- 7 

Although with assigned values of the coordinates of P and @ the gap 
|hep—keg| may be made to assume any value whatever by an appropriate 
choice of h and k, this gap is not arbitrary to the same extent when & alone 
is allowed to change. To prove this, let us consider the gap |ep—keg| as a 
function of k. Since for any two values k’, k” of k we have 


leal, 
|ep—keg| is a continuous function of k. Hence for variation of k, this gap 
has a lower limit which is either approached as & tends in some manner to 
infinity or attained for one or more finite values of k. The first alternative is 
impossible, since the gap tends to infinity with |k|. It follows that the lower 
bound of the class of numbers of which | ep — keg| is the typical member is a 
minimum that is attained. In general there is only one critical value of & for 
which the minimum is reached, but this uniqueness is irrelevant to our purpose 
and we will not delay to establish it. 

The minimum of |ep—keg| may be zero. That is, there may be a number 
k, such that simultaneously 

ap — kag = 0, Bp—k.Ba=9, yp—keyq= 9, dp —k,da=0. 

But this set of equations, which implies incidentally that in this case &, is not 
zero, expresses that Q is the same point as P. Since zero, if it is a value of 
|ep —keg|, 1s necessarily the minimum, the converse also is true. | 


lep— keg|~|ep—kh'eg|<|k’ —k’ 


The minimum of |ep—keg!, regarded as a function of k, is zero if and only 
uf Q coincides with P. 

This result proves that to say for a given specification of P and a given 
point Q that there are some sets of coordinates of Q that are separated from 
the given set of coordinates of P by gaps less than an assigned number p is 
to make a statement that is significant provided only that Q is distinct from 
P. Hence further, to say that a set of points Tis such that some member of 
I distinct from P has some sets of coordinates that are separated from a given 
set of coordinates of P by gaps less than an assigned number p is to describe 
a relation of P to I that is not the less definite because it involves both the 
tetrahedron of reference and the particular load attached to P. 

In other words, if from a given set of coordinates of a point P and a given 
set of points I’ is formed the class of numbers each of which is the gap between 
the set of coordinates of P and some set of coordinates of some member of T° 
distinct from P, the lower bound of this class of numbers is not necessarily 
zero, and if this bound is zero it is an unattained limit. Arguing from formulae 
of transformation for tetrahedral coordinates, that if the gap between two sets 
of coordinates relative to one tetrahedron is g then the gap between the 
corresponding sets relative to another tetrahedron is not greater than 4mq, 
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where m is a constant depending only on the two tetrahedra, we deduce that 
if the class of numbers derived from P and T’ by means of one tetrahedron 
has zero for its lower bound, then the class derived from P and I by means 
. of any other tetrahedron also has zero for its lower bound. 

There is still a tacit reference to a particular set of coordinates of P. But 
if |ep—keg| is 1, then |hep—hkeg| is |h|1; hence if the lower bound of the 
class of gaps derived from ep and I is g, the lower bound of the class derived 
from hep and I’ is |h|g, and if either bound is zero, so also is the other, since 
h must not be zero. 


A point P is a limit of a set of points T of given any one tetrahedron of 
reference, and any one set of coordinates of P in that tetrahedron, the class of 
numbers each of which is the gap between the given set of coordinates of P and 
some set of coordinates relative to the given tetrahedron, of some member of T 
distinct from P, has zero for its lower bound. 


In other words, given any number p other than zero, it must be possible to 
find some specification (ag, Ba, yq, a) of some member Q of I distinct from 
P such that |ep—eg| is less than p. And if this condition is satisfied with any 
one set of coordinates of P in any one tetrahedron, then it is satisfied also with 
any set of coordinates in any tetrahedron. 

It will be noticed that the condition that Q is to be distinct from P is not 
avoided in this method of presenting the result, for if P is a member of I, 
zero is for that reason alone a limit of the class of gaps that has been used, 
and can not be an isolated minimum. For this reason, it 1s perhaps worth 
while to associate with P and Q not every gap of the form | ep—keg| but only 
the least gap of this form. If to emphasise that this minimum is not derived 
symmetrically from the two points and depends on the actual coordinates in 
use for P we call the minimum the gap from ep to Q, the validity of the earlier 
arguments is restored, with the result that 


The point P is a limit of the set T vf, given one tetrahedron of reference and 
one set of coordinates of P in that tetrahedron, the class of numbers each of 
which is the gap from ep to some member of TV has zero for a limit. 


But in practice it may be tiresome as well as superfluous to find the minimum 
of Cpa keg |. 

If the gap from ep to Q is y, the gap from hep to Q is |h|y. Hence the 
quotient y/|ep| is independent of the load attached to P. Since | ep| is itself 
the value of | ep— keg| when k is zero, | ep| can not be less than the minimum 
of |ep—keg|. That is, the quotient y/|¢p| is a number which can be used to 
measure, relatively to a given tetrahedron of reference, the gap from P to Q; 
this number is independent of any load attached to either point, it is zero only 
if the points coincide, and unity only if the critical value of & is zero, and in 
every other case the number has a definite value between zero and unity. 
The number is however not symmetrical as between P and Q, and its value 
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in relation to one tetrahedron is not deducible from its value in relation to 
another. 

As an example of the application of the definition of a limit, consider the set of points 
of which the typical member Q, has in a frame Oxyz the coordinates (4+38n, 5+7, 6+2n), 
for an integral value of x; this is a set of points uniformly spaced on a line. With homo- 
geneous coordinates, the typical set of coordinates is (4+ 8n, 5+, 6+2n, 1), and one loaded 
point at infinity on the line is (3, 1, 2, 0), which does not belong to the set. The gap from 
the loaded point at infinity to Q, is the smallest value possible for the greatest among the 


numbers 
|3-—(443n)h|, |1-(5+n)4], |2-(6+2n)k|, |-A}. 


It is not necessary to determine this value, since it is certainly not greater than the greatest 
among the four numbers that correspond to the particular value 1/n of 4, which are 4/| 7], 
5/\n|, 6/|n|, 1/|z|. That is, the gap is not greater than 6/|”|, and therefore the class of 
gaps has zero for a limit, and the class of points has the point at infinity for a limit. 
Actually, for any positive value of 7 the critical value of / is 4n/(4n+9) and the gap is 
11/(4n+9). 

If we transform coordinates (&, 7, €) in a vector frame into homogeneous 
coordinates (&, , & 7), we have for accessible points two definitions of a limit 
that are not literally identical; if P is a given accessible point and Q a variable 
point that belongs to a set I’ but is distinct from P, then according to one 
definition, P is a limit of I if zero is a limit of 


hep eo; NP Nos Gp — call, 
but according to the other, it is sufficient if zero is a limit of 
| Ep —kag, np—kBa, Sp— kya, 1- k8sQ|, 
where & is variable, 5g is zero if Q is at infinity, and 
ag: Ba: va: 8e= Ea:ng: fa:1 
if Q is accessible. In proving that the second condition does imply the first, 
it 1s not necessary to assume the multiplicative axiom. 
Let the set Ibe divided into two parts [,, I, of which the second contains 
all the points of I’ at infinity and also any accessible point for which 
Ixi22|xp|+1; 
we shew first that |ep—keg|>4 for every point Q of T, and for every value 
of k. If Q is at infinity, then |1—ég|=1, and therefore |ep—keg|>1. If Q 
is not at infinity, and if | 1 —k3e| <4, then |k3g| >4, and we have 
jep —hea| >| Ep—k8SaEq, np— kd ana, Sv—kbakQ| 
> |k8dQEQ, k8ang, kSakq|~| Ep, np, Sr| 
>412|xp|+1}-|xp >, 
as required. It follows that zero is a limit of |ep—skeg| when Q belongs to TP 


if and only if it is a limit when Q is confined to T,; that is, we may replace 
the gap | ep—keg| by the gap 


|Ep—k&g, OP aa kna, fp— kfq, uf —k ts 


POINTS AS LIMITS 363 


with the condition | yg |< m, where m is a definite finite number independent 
of the position of Q in I, and not less than unity. 


Suppose now that the lower limit of |yp—yg| when Q is confined to I, is 
a number J that is not zero. We have 


Ixp—kxe|2|xe—xel~|1—--ilxel; 
if & has any value such that | 1—k|< 41/m, then if Q is confined to T,, 
Ixp—xel24 |1-k||xel< 4h 
and therefore |yp—kyg|>4l. That is, if Q belongs to T,, one of the two 
conditions 
lxp—kye|>4l, |1-—k| >41/m 
must be satisfied whatever the value of k. But the gap 


| Ep—kEq, np— kn, Se—kba, 1-k | 
is itself the greater of the two numbers | yp— kya}, |1—%|, and since m >1, 
it follows that the gap is greater than 4//m, a number independent both of 
the value of & and of the position of Q. Hence the lower limit of the gaps for 
different values of & and different positions of Q in I’, is not less than 4//m, 
and is not zero since / is not zero. 


For accessible points, the definition of a limit in terms of tetrahedral co- 
ordinates is equivalent to the definition in terms of an attached vector frame. 
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INDEX OF DEFINITIONS 


The references are to pages. As in the text, actual is opposed to ideal. 


Accessible line 250, plane 253, point 247 

adapted components, coordinatés 173, cosines, 
projections 174, ratios 173 

addition of actual vectors 41, 190, of anchored 
vectors 65, of concurrent rotors 66, of couples 
82, 92, of ideal vectors 276, of infinite vectors 
277, of loads 264, of motors 85, of rotors 92, 
of steps 12 

altercontact 293 

altersection 291 

amount of actual vector 38, 207, of ideal vector 
273 

anchored frame 109, 112, vector 65 

angle of plane frame 110, subtended by pair of 
points 323 

angles between directions 5, 9, 213, between 
measured vectors 211, betweén prepared planes 
24, of frame in space 112, 231, of spherical 
triangle 98 

angular excess of spherical triangle 100, mea- 
surement of ordered line-pair 323 

anisotropic: see isotropic ' 

annihilation of loaded point 263, of set of ideal 
points 265 

area of triangle 17 

areal magnitude of plane vector frame 168, 
product of two vectors 56, 217, vector of tri- 
angle 60 

aspect of isotropic plane 210 

associated coaxal systems 332, 336, seorisiiin 826 

asymptote of plane curve 296 

asymptotic directions and veclines 296 

attached vector frame 171 

axis of accessible ideal line 250, of Cartesian 
frame 109, 112, of circle 345, of motor 85, of 
ray 9, of reduced set of rotors 83, of rotor 66, 
of segment 289, of step 12 


Bound vector 65 


Cartesian axes 109, 112, 230 

central axis of coaxal system 331, 338, of set of 
rotors 85 

centre of circle 302, 315, of sphere 342 

chain oi steps 12 

circle about pair of circles 329, about pair of 
points 325, about segment 327, at infinity 
348, in ideal complex plane 302, 311 

circular point at infinity 304 

coaxal system of circles 329 

codirectional measured vectors 208 

coefficients of vector in frame 163, 169, 190, 278 

cohesion of actual plane with ideal line 250, 
with ideal point 249 

collinear actual vectors 198, ideal points 250, 
257, ideal vectors 274 

colunars of spherical triangle 100 

complementary nul lines 307 


component symbol of frame 123, 128, 134 

components of actual vector 44, 48, 116, of 
motor 150, of rotor 147, of set of rotors 149 

composite locus 283 

compound of sets of rotors 75 

concentration of set of loaded points 52, 264 

congenial directions 210, measured vectors 209 

congruent angles 5, frames 110, 115, specifica- 

~ tions of ideal vector Qh, steps 12, 230, tetra- 
hedra 21, triangles 16 

conic 298 

conicoid 298 

constituent of locus 283 

contracted notation: see umbral notation 

coordinates of ideal point 255, of line 154, of 
point 116, of ray 151 

coplanar actual vectors 39, 200, directions 4, 
ideal points 252, 258, ideal vectors 274 

cosine scheme 178 

cosines of direction 117 

cotractorial lines 13 

countersymmetry 111 

couple 78 

cyclic convention 4, directions 10, 212 

cyclically codirectional traversed vector-pairs 

‘ 212 


Degenerate circle 303, 312, locus 283 

degree or order of locus 283 

direct polar of plane frame 111 

directed triplet 196: see also prepared 

direction of nul vector 209, of proper measured 
vector 208 

directions of anisotropic vector 209, of ideal 
step 279, of ideal vector 273, of proper actual 
vector 38, of zero vector 39, 209, 273 

distance of point from prepared plane 21, from 
ray 17 

distances between lines 13, in algebraic space 
230, 231, in ideal space 279 

distinctive constituent of infinite circle 312, of 
infinite sphere 344 

dominating number, of set of numbers 357 

dyname 85 


Effective specifications of ideal vector 271 
ends of segment 289 

equal parabolic circles 318 

equivalent sets of rotors 75 

erection of vector in prepared plane 47, 217 


Finite segment 290: see also infinite 

focal circle 347, point 280 

frame 109, 112 

frame triangle 112 

free vector 65 

fundamental magnitudes in plane 170, 219, in 
space 166, 194 


AJiio ok N/E 
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Gap between sets of numbers 357 
Gaussian representation of direction 3 
generator of sphere 350 


Homogeneous coordinates 261, 266, 353, speci- 
fication 143, 146, 154, 254 


Ideal line 250, 257, plane 252, 258, point 247, 
254, step 275, vecline 274, vecplane 274, 
vector 271 

image of direction 4 

impotent rays and lines, for a given set of rotors 
90 


inaccessible: see accessible 

index of altercontact 293, of contact 293 

index of measurement of plane triangle 97, of 
spherical triangle 106 

ineffective: see effective 

infinite circle 311, ideal vector 271, sphere 344: 
see also finite 

infinity 247 

inner product of triplets 192 

inscribed segment 290 

intensity of motor on screw 86 

isotropic line 224, plane 224, space 197, vecline 
205, vecplane 205: see also nul 


Lagrange’s identities 139 

lengths of actual step 12, 230, of ideal step 279 

limit of set of points 359, 361 

limiting points of coaxal system 331 

line at infinity 250, in algebraic space 223, in 
ideal space 250, 257 

linear function of vector 54, segment 289 

load in ideal space 262 

loaded actual point 51, Cartesian frame 173, 
ideal point 263, tetrahedron 266 

localised vector 65 

locus 283 


Mass of load in ideal space 264 

mean centre of set of points 51, of set of loaded 
points 52, 264 

measure of parabolic circle 318, of separation 
from circle 328 

measured vector 207 

moment of couple in plane 79, of rotor about 
ray 71, of rotor in plane 67, of set of rotors 
about ray 76 

momental components and projections of motor 
150, of rotor 147, of set of rotors 150 

momental product of two motors 87, of two 
rotors 70, of two sets of rotors 76 

momental square of set of rotors 76 

momental vector of couple 79, of rotor about 
point 69, of set of rotors about point 76 

motor 85 

multiple point on locus 286 

multiplication of actual vector 39, of ideal 
sear 271, of load 265, of measured vector 

multiplicity of intersection 284 

mutual moment of two rays 73 


Negative countersymmetry 111 

norm of spherical triangle 100 

normal direction to prepared vecplane 213, 
distance 17, 21, 231 

normal projection 26, 28 
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normals of Cartesian frame 113, to prepared 
plane 21, to ray 17 

nul circle 303, direction 208, ideal vector 273, 
sphere 342, vector 204: see also impotent and 
isotropic 


Oblique distance between nul lines in isotropic 
plane 236, projection 26, 28 

order of altercontact 293, of altersection 291, 
292, of contact 293, of intersection 284, of 
line as constituent 291, of line in locus 291, 
of locus 283, of point on locus 286 

ordinary circle 302, sphere 342 

ort 39 


Parabola 299 

parabolic circle in isotropic plane 311 

parallel circles in isotropic plane 319, lines and 
planes in algebraic space 224, vectors 198 

parallel projection in plane 26, on line or plane 28 

perpendicular ideal vectors 273, veclines 199, 
vecplanes 200, vectors 199 

perverse of frame 115, of screw 86, of tetrahedron 
21 

pitch of motor and screw 86 

plane at infinity 253, in algebraic space 223, in 
ideal space 252, 258, of couple 78, of reduced 
set of rotors 83 

plane curve 283 

Poinsot axis, moment, and rotor, of set of rotors 
85, set of rotors 84 

point at infinity 247, in algebraic space 191, in 
ideal space 247, 254, of application of load 263 

polar coefficients of vector 164, 169, 198, 220, 
magnitudes of vector frame 166, 170 

polar of Cartesian frame 111, 113, of loaded 
frame 174, of spherical triangle 99, of vector 

' frame 164, 169, 198, 220 

power of point with respect to circle 320 

prepared or directed circle 5, line 9, plane 10, 
space 10, 196, vecplane 213 

principal directions, moment, and rotor, of set 
of rotors 85 

product: see multiplication 

projected product of two actual vectors 54, 190, 
ot two ideal vectors 274 

projection symbol of frame 123, 128, 134 

projections of point or vector in frame 116, of 
vector on line, plane, or ray 45, 48 

proper load 262, segment 289, step 12, vector 38 


Quadriplanar coordinates 261, 266 


Radial 39 

radical axis of coaxal system 330 

radius of circle 302, 316, of sphere 342 

radius vector 65 

ratio scheme 178 

ratios of direction 117 

ray 9 

real points in complex space 243 

reciprocal schemes 179 

reduced set of rotors 83 

reducible or composite locus 283 

representation of direction by point 3, of vector 
by step 40 

retrograde polar of plane frame 111 

reverse of actual vector 38, of couple 78, of 
cyclic direction 10, 213, of direction 4, 208, 
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of frame 110, of ideal vector 272, of prepared 
plane 10, of ray 9, of rotor 66, of screw 86, 
of set of rotors 75, of step 12, of triangle 16 
rotation in prepared plane 47, 219 
rotor 66 


Screw 86 

segment of line 289 

sheaf of lines 247 

side of point in ray 11, of prepared plane 20, 
of ray in prepared plane 15 

sides of spherical triangle 98 

sign of Cartesian frame 110, 112, of parallel 
projection 26, 29, 32, of spherical triangle 98, 
of step 12, of tetrahedron 20, of triangle 15 

simple point on locus 286 

sine of Cartesian frame 114, of solid angle 22, 
103, of spherical triangle 99 

skew, of lines 13 

spatial convention 8, directions 196, magnitude 
of vector frame 163, product of three actual 
vectors 62, 196, product of three ideal vectors 
274 

spatially codirectional directed triplets 196 

specification of ideal point 254, of ideal vector 
271, of load 262 

sphere in ideal complex space 342, 344 

spherical image of direction 4 

step 11, 223, 275 

subtraction of vectors 44, 191 

suitable load 263 

sum: see addition 

surface 283 
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Tangent cone 289, plane 289 
tangent to locus 287 

tensor 39 

tetrahedral coordinates 261, 266 
tractor 13 

transposed scheme 183 
traversed vector-pair 212 
triplet 192 


Umbral notation for determinants 127, for mul- 
tilinear functions 123 

umbral symbols, particular 123, 124, 127, 128, 
129, 134, 137, 147, 149, 164, 166, 170, 172, 
178, 190, 194, 195, 219, 268, 283 

unit circle 4, point 261, sphere 4, vector 39 


Vecline 199 

vecplane 199 

vecspace 191 

vector 38, 39, 191 

vector frame 163, 191, product of two actual 
vectors 57, 201, product of two ideal vectors 
275 

vector of step 40 

vector-components and vector-projections 45 

vertex of accessible ideal point 247 

virtual coefficient of two screws 87 


Wrench 85 


Zero actual vector 39, 191, couple 79, ideal vector 
271, rotor 66, step 12 
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Baker \.8, c.chtasttpeennceees 244 
Ball! , east eases 85, 88, 175 
Butali-Forti: ....2c.0e.c000% 53, 62 
Cagnoliy cceascivessconmanteress 106 
Cayley cava. cecncstessenseeeaneee 13 
Chasles v.05 ancsecusterare teens 84 
Gifford ees.cesceeesctnrccine 66, 85 
Darboux it<- Preface, 97, 235, 
279, 323, 324, 353 

de Candollecs Grccsstccsteattecsee: 8 
Delambrese eecsresseceteteers 106 
De Morgan’ \.....cen ces x, 244 
Desarpues cess cece ceeeueese 247 
HOW Ore oneatas iesiskerns coeeneee 298 
BANCO Wasi ccesiaecnesiec tases vili 
BPegen ota crcttedengeteuaate 91 
GaUSE set. caer ette cnsoe tees 3 
GIDDS Seance stances oe viii, 54 
GYASSMANNT seers eee viii, 54 
Hamilton, sccccrence 8, 9, 38, 39, 
53, 54, 62, 189 

Joachimethal vnc heae 2838 
SOLOSIY aesee ease ctee eneetes xii, 357 
Kepler? cctissccussrees vouctesvess 247 


GA OTAN GC cocauren sant eames: 139 
Laguerre ........... 204, 281, 323 
LIAM Ne. Pe Gaucavateeete et 124 
edbhent oi iearotrcottaccormaces 97 
hwilier es ceec. sige tectogei esas 107 
BStIN gg GAP Sewanee ater tenee 8, 21 
IMG DItise cease sua nto ocee teen dares 175 
Neville sent eos: 191, 211, 212 
PORNO’ Faraccdsoesesse cases soon x 
Pickers 7t.e nseknt eee 323 
PLIGK Er Re EE sae renee nee 85 
POINSOtA or conte se weatieeetes 84 
Poncelety site, s.ctences 303, 310 
ROUtN Ee Renee tere ano oer 85 
Russell ...Preface, 91, 193, 244 
Salmontweeeseess cones 100, 137 
Scotia scinaces seckhociowen Seneee 281 
Silberstein ccc ecee eee x 
Sommerville soe. ceecaeccces 223 
Sy lvesteraer acces 124 
Podhunterpes senate sce 97 
von Staudt ......... 22, 100, 247 
Wihitehend a.e--pssee xi, 53 
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